The Interplay between Entropy
and Variational Distance Part I:
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Abstract

For two probability distributions with finite alphabets, a small variational distance between them
does not imply that the difference between their entropies is small if one of the alphabet sizes is unknown.
This fact, seemingly contradictory to the continuity of entropy for finite alphabet, is clarified in the
current paper by means of certain bounds on the entropy difference between two probability distributions
in terms of the variational distance between them and their alphabet sizes. These bounds are shown to
be the tightest possible. The Lagrange multiplier cannot be applied here because the variational distance
is not differentiable. We also show how to find the distribution achieving the minimum (or maximum)

entropy among those distributions within a given variational distance from any given distribution.

I. INTRODUCTION

When we want to find the maximum or minimum value of the Shannon entropy,

of a probability distribution P = {p;} subject to some constraints, a typical approach is to apply
the Lagrange multiplier [1]. By using differentiation and solving some equations, the solution
satisfying the given set of constraints would be obtained. The powerful Lagrange multiplier can

usually solve this kind of problems, but sometimes it fails. For example, suppose a probability
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distribution P = {p1,ps,...,pr} is given and we want to find a probability distribution Q =
{q1,q2, ..., qp} attaining the maximum entropy subject to the variational distance being less than

or equal to e, i.e.
L
V(P,Q) = Z pi — @il < e
i=1

The Lagrange multiplier cannot be applied here because V (P, Q) is not differentiable with
respect to p;. Some literatures [2][3] tackled a similar problem for finding an upper bound on the

H(P)— H(Q)|, subject to V (P, Q) < e. They used some fundamental

difference of entropies,
inequalities to obtain the bounds but the bounds are not tight. At the same time, we may want
to know the minimum entropy and the lower bound on the difference of entropies in the above
problems. These mathematical problems will be solved in Section II and their applications in
entropy estimation, rate-distortion theory, generalization of the Fano inequality and complexity
of random number generation will be shown in Part II of this paper. All the logarithms denoted
by log in this paper are in the same base. The natural logarithm is denoted by In and the natural

number to the power x is denoted by exp(z).

II. NEw BOUNDS

The following theorem refines Theorem 3 in [4] regarding the discontinuity of the Shannon
entropy H(-) with respect to the variational distance. The variational distance between two
probability distributions P = {pi,ps,...,pr} and Q = {q1, ¢, - .., qu} with different support
is defined as

L M
V(P Q)= Z Ipi — @il + Z |63
i=1

i=L+1

Theorem 1: Suppose 6 > 0 and ¢ > 0 are given. For any probability distribution P with L
probability masses, there exists a sufficient large integer M > L and a probability distribution Q
with M probability masses such that the variational distance V' (P, Q) < e but H(Q)—H(P) > 4.

Proof: Let P = {p1,ps,...,pr} and let

Q = p1 — D pz‘f’L
Viog M’ M+/logM’ "’

b1 h D1
Pt N log i Mylog 3T’ M\/logM} '
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be a probability distribution with A/ 41 probability masses for M/ > L. Then it is readily checked
that for any positive € and 0, V(P, Q) < e but H(Q) — H(P) > 6 when M is sufficiently large.
]

The four quantities 6, €, L and M play critical roles in Theorem 1 and the relation among them

will be explored through a possible application in this section. For n € N, let

Fn:{P:(p17p277pn>zpj:17p]2071§.]§n}7

j=1
and let
j=1

Suppose a probability distribution

P:<p17p27"'7pL)€FL7 (1)

where L is finite, is obtained from an iterative algorithm. Let Q = (¢1, o, - .., qun) € T be the
exact solution where QO and M are unknown. We are interested in the case that M > L which
can model a truncation error caused by a program implementing the iterative algorithm. Let d;

be real such that

Q= (p1+di,pr+ds....pL+dp,dry,. ... du). (2)

Then the variational distance between P and Q can be written as

L M M
V(P,Q) =) Ipi—(pi+d)[+ > |di| =) |dil-
=1 i=L+1 =1

Suppose our iterative algorithm has obtained P, within the neighborhood of Q with respect to

the variational distance, say
V(P,Q) < e 3)

Note that if M is infinite, there exists a Q such that H(Q)— H(P) = oo from Theorem 3 in [4].
Therefore, no matter how small € is, if the program can only generate probability distributions

with finite support to approximate an exact solution with infinite support, then the error in
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the estimated entropy can be unbounded. If M is finite but unknown, Theorem 1 says that

H(Q) — H(P) can be any value. However, if M is finite and known, the quantity
SZPIH(Q) — H(P)| 4)

is finite and in this paper we will obtain lower and upper bounds on this quantity. For given P,
€, L and M, it turns out that the probability distribution Q achieving the supremum in (4) can
be found easily. Note that

where d;’s are defined in (2). In order to satisfy V (P, Q) < ¢, the choice of d; must satisfy the

condition

€

1:d; >0 i:d; <0

We also require that p; + d; > 0 for all 7. Define the function

f(p,0) = —(p+0)log(p+d) + plogp,

for p >0 and —p < 6 < 1 — p and define f(0,0) = —dlogd. In the proofs of this paper, we

will frequently use the following two identities:

1) For0<d <dor0>4d >,
f(p,6) = f(p,d")+ flp+,—0"+4).
2) Forp<p <p+dorp>p >p+9,
f(p,6) = flp,—p+p)+ f(',—p +p+0).

Two other properties of f(p,d) are given in the following two lemmas.

Lemma 2: For a fixed 6 > 0, f(p,d) is a strictly decreasing function on p. In particular,

f(()?(s) = _510g5 > f(pv(s)

forall 0 <p<1-—6.
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Lemma 3: For a fixed 6 <0, f(p,d) is a strictly increasing function on p. In particular,

f(1,0) = f(p,0)

for all —6 <p <1.

Proof of Lemma 2 and 3
0

fp,8) = 8—pf(p,5)
_ (%(1112)_1(—(194‘5) In(p +6) +plnp)
= (In2)"(=1—In(p+4)+1+Inp)
= log P .
p+o

For a fixed 6 > 0, f'(p,0) < 0 so that f(p,d) is a strictly decreasing function on p and f(p,J)
is the largest at p = 0. For a fixed 6 < 0, f’(p,d) > 0 so that f(p,d) is a strictly increasing
function on p and f(p,d) is the largest at p = 1. [ |

By Lemma 2 and Lemma 3, we will prove the following two lemmas which will be used
frequently in this paper.

Lemma 4: Let {p;,d;} and {pj,d;} be two sets of real numbers such that for all 7 and j,
0<pi+di<p <1

and

0<p)+d <pi <1,
where d; and d;f <0.If
D di=>d; (5)
i J
and
min{p; + d;} > max{p;}, (6)
{ J

then

7

> flpidi) > Zf(P;fad;)-
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Fig. 1. An illustration of the partition {e;}

Proof:

We first consider a simple example in Fig. 1 which illustrates the assumptions in this lemma.
The bars in Fig. 1(a) have lengths {d;} while the bars in Fig. 1(b) have lengths {d}}. Consider
a partition {e;}, a set of positive real numbers, satisfying that d; = e3, dy = €1 + €9, d} = €
and dj = ey + es. Such partition must exist because d; + dy = dj + d5. Let ;o be a real number

such that
min{p; + di} 2 p > max{pj}.
Then
f(p2,d2) + f(p1,di) = [(p2,—e1r —e2) + f(p1, —e3)

= f(p2,—e1) + f(p2 — €1, —ea) + f(p1, —e3)

[, —er) + f(u, —e2) + f(p, —es),

v

where the inequality follows from Lemma 3 and p; +d; > p for all i. Together with p > p7 for

all 7 and Lemma 3, we can further show that

f(p2,da) + f(pr,di) > fp,—er) + f(u, —e2) + f(u, —e3)

> f(p1,—e1) + f(p3, —e3) + f(p5 — €3, —e2)

f(p; _61) + f(p; —€2 — 63)

f(p1, di) + f(p3, d3).
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In general, we can always divide the areas covered by {d;} and {d}} into a suitable partition

{ex} and show

D Spindi) =Y flw—ex) 2 3 f(0]. ).

Lemma 5: Let {p;,d;} and {pj,d;} be two sets of real numbers such that for all 7 and j,
0<pi<pi+d <1

and

0<p; <pj+d; <1,
where d; and d;f > 0. If
Y-y o
i J

and
min{pj} > max{p; + d;}, ®)

then
E f(p;,d;) < E f(pi, d;).
j i

Proof: Note that

=D fpind) = 3 F(pi+ di, —do).
At the same time, Z 1
=D I d) = Do fW; + 5, —d))
> > [+ di,—dy)

= —Zf(pi,do,

where the inequality follows from Lemma 4. Therefore,
SOFwhd) < > flpids),
j i
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and the lemma is proved. [ ]

By using Lemma 4 and Lemma 5, a process to obtain Q achieving the supremum in (4) is

described in the next two theorems. We will first solve the problem

supg  H(Q) — H(P)

subject to  V(P,Q) <.

This problem can be solved by any convex optimization method. However, the solution will be
shown to be neat and compact in the following theorem. The theorem is useful to prove some
theorems in the later part of this paper and in Part II of this paper. In the following, we will use

the notations

if 7> 0
if 2 <0,

8

o

and

ifz <0
if x > 0.

8

o

Theorem 6: Suppose a positive number € < 2, P = (py,pa,...,pr) € 'y and a finite integer
M > L are given. Let p;’s be sorted in descending order and let py 1 = prio =+ =py =0.

Let 1 and v be real such that

€))

]
)
|
E
+
Il
|

and

dw-p)t==. (10)

=1

[NRNe

Ifv>up,letqg = ﬁ for 1 < < M. Otherwise, let

poif pi>p
G =9 p fv<p<p
v ifp,<v
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Fig. 2. An example demonstrating the choices of p and v according to Theorem 6 where L = 7 and M = 9. Here,

Q" = {u, 14, 1t, D1, D5, D6, V, V, V}.

for 1 <i < M and we denote Q* = {¢’}. See Fig. 2 for example. Then for any Q € I"); such
that V (P, Q) < ¢, we have

H(Q) - H(P) < H(Q') — H(P).

Proof: We follow the definitions of P and Q in (1) and (2), respectively. Let d}’s be some

real values such that

Q* = (qiaqgavq}k\l) = (pl +d1<7p2 +d;7”'7pL +dzadz+17"'7d}<\/]>7

where Q* is as specified in the theorem. If ¢/ = ﬁ for 1 <i¢ < M, then v > pu. For any
Qe 'y,

H(Q)— H(P) <logM — H(P)=H(Q") — H(P),
and
V(P,Q") <e.
Otherwise, we know that
* «_
POR T S
i:d; >0 i:df <0
and SV |di| = e. We first consider V (P, Q) = e. Then

.+ _ —
Zdi_zd’_ 2’

i:d; <0 i:d; <0
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and

. _6
D di=) di=3

i:dy >0 i:d; >0
Note that

(H(Q) — H(P)) - (H(Q") — H(P))

= (Z f(pi7di)> - (Z f(piadf))

= (Z fpirdi) = > f(Pud;'k)) + (Z Foidi) = > fpid;)

i:d; <0 i:dy <0 i:d; >0

Consider the first bracket on the R.H.S. of (11),

Z f(pi,di) — Z f(pi, d7)

1:d; <0 7:d; <0

_ Zf(pi, (d;)") — Zf(pz-, (d)7)
= Zf(pi +(d;)”, (di)” = (d;)7)

= Y @) )

i:dy >0

d;)”)

Y ) @) - @)

= - Z J(pi +(di)~, (d})™ — (di)™)

S e @) ) = (@),

ix(di) = —(d}) =<0
By the definition of ¢; and the assumption that ;1 > v, we have

pit+ (&) <pi+di=q¢ <u

for all 7. Then by Lemma 3,

> Fpid) = Y flpird;)

1:d; <0 3:d; <0

< - S i) — (d))

ir(dy)~ —(d¥) >0

Yl (d)T = (d)).

i2(di)~—(d7) = <0
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A
P+

(@) (b)

Fig. 3. A picture illustrating the magnitudes of the variables in (12)

In the first summation of (12), the summation is over all ¢ satisfying
(d7)” < (d;)~ <0. (13)
Since (df)~ < 0, we have df < 0 and p; + (df)~ = u. At the same time,
pi+(di)” > pi+ (d)” = p. (14)

By using the relations in (13) and (14), the terms inside f(-,-) in the first summation and the
second summation of (12) are picturised in Fig. 3(a) and Fig. 3(b), respectively. Note that the

area covered by the bar chart in Fig. 3(a) and Fig. 3(b) are the same because

Yoo )= - > (@)~ (d))

i:(di)~ —(dr)=>0 i:(ds) ~ —(d})~ <0
= D (d) =) (d)”
= 0.

By Lemma 4, it is readily seen that

> fpi+(d)7(d) = (di))

i:(di)= —(dr)=>0 i:(ds)~ —(d})~ <0

Y
=

F
=
i

I
£y
N
~—
|

By (12), we have

S Fpid) < >0 fpidy). (15)

1:d; <0 i:dy <0
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Consider the second bracket on the R.H.S. of (11),
Z f(pi,di) — Z f(pi, ;)

i:d; >0 i:dy >0

= > flpnd)) = D flpin (d)")

i:d; >0 i:d; >0

= D fon () = 3 F e (d)")
_ Xy@ﬁwﬁﬁxw+—wﬂﬂ
=S e @) ) - (@) +

it(di)+—(d2)+>0

Y. feit @) ()t~ (d))

ir(di)t—(d})+<0

_ ST flp+ (@) (d)t - (d)T) -

it(dg)+ —(dX)T>0

Yo S (d) )T~ (d)")

it(di)+—(d2)+<0
Since p; + (df)* > p; + df = ¢; > v, by Lemma 2, we have

> fpd) = Y flpid;)

i:d; >0 i:d >0

< D @t - Y fei+ ) d)T - (d)T) 16)
ix(di)+ —(d)+>0 ir(di)+ —(d})+<0
In the second summation of (16), we have

()" > ()" > 0. (17

Since (df)™ > 0, we have df > 0 and p; + (df)" = v. At the same time,
pi+ (d)T <pi+(d)T = (18)
By using the relations in (17) and (18), the terms inside f(-,-) in the first summation and the

second summation of (16) are picturised in Fig. 4 (a) and Fig. 4 (b), respectively. Note that the

area covered by the bar chart in Fig. 4 (a) and Fig. 4 (b) are the same because

Yo (@) =@ Y (@)t —(d)h)

i:(dg) T—(df)T>0 i:(di)t—(dy)*t<0
= D (d)t = (@)
= 0.
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A A

P+(d)"
0

(a) (b)

Fig. 4. A picture illustrating the magnitudes of the variables in (16)

By Lemma 5, it is readily seen that

Y. i@ @) =)= Y f ()t ()T

ix(di)+ —(d)+ <0 i:(di)+ —(d)+>0

By (16), we have

S Fpid) < >0 fpindy). (19)

i:d; >0 i:d; >0

By putting (15) and (19) into (11), for any O € 'y,

H(Q)— H(P) = Zf(pi,dn

< Zf(Pz‘,d;k)
= H(Q) - H(P),

which proves the theorem for V (P, Q) = e.

If V(P, Q) =n < e, then we first find Q™ and Q* according to the definition in this theorem

with respect to 77 and ¢, respectively. The previous part of this proof has already shown that

H(Q)—H(P) < H(Q™)—H(P).
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The proof is completed if we can show that H(Q*) > H(Q*). Note that for § > 0, p > 1 + 6
and p' < 57 — 0,

flp,=0) + f(¥',9) (20)
> f(]\14+5 5>+f (1)
> f(%Jré, 5)+f(——56) 22)
= %log ! +<1 +5>10g(%+5>+(M—(S)log(ﬁ—(S)
= 0,

where (21) follows from Lemma 3, (22) follows from Lemma 2 and (23) follows from that
fact that zlogx is a strictly convex function. Therefore, the additional decrements of the large
probability masses and increments of the small probability masses in Q** with respect to Q*
makes H(Q*) > H(Q*). Finally,

H(Q) - H(P) < H(Q™) - H(P) < H(Q") — H(P),
and the proof is completed. [ ]

From the proof of Theorem 6, it is readily checked the following corollary.

Corollary 7: For any probability distribution P, let Q and Q' be the Q* as specified in
Theorem 6 with V (P, Q) < eand V (P, Q') < ¢, respectively. Assume ¢’ < €. If H(Q) < log M,

then

V(P,Q) =¢,
V(P,Q)=¢
and
H(Q) > H(Q).

In Theorem 6, when we find the distribution Q that maximizes H(Q) — H(P) subject to
V(P,Q) < e, it is necessary to impose an upper bound on the alphabet size of Q, because

otherwise H(Q)— H (P) is unbounded. However, when we find the distribution Q that maximizes
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Fig. 5. An example demonstrating the choices of ¢; ’s according to Theorem 8 where L = 7. Here, Q* = {p1+§,p2, P3, P4, Ps+

P6 +p7— 5}

H(P) — H(Q) subject to V(P,Q) < ¢, it is not necessary to impose an upper bound on the
alphabet size of O, as we will see in the next theorem. In Part II of this paper, this property is
used to give a simple proof that entropy is lower semi-continuous. In the following, we will use
majorization [5] to give a simple proof. We say that O* = {¢’'} € I'jy; majorizes Q = {¢;} € 'y,

where ¢;’s and ¢;’s are sorted in descending order, if

Z 4 = Z i
=1 =1

for 1 < n < M. Moreover, a function g(-) is strictly Suhur-concave if g(Q) > g(Q*) whenever

Q* majorizes Q.

Theorem 8: Suppose a positive number ¢ < 2 and P = (py,p2,...,pr) € 'y are given
where L can be infinity. Assume p;’s are sorted in descending order. If 1 —p; < 5, let QFf =

(1,0,...,0) € I'L. Otherwise, let K be the largest integer such that

L
S
' p1_2-
i=K
Let
p1+§ ife=1
G =19 pi ifl<i<K

SEepi— 5 ifi=K.
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We denote Q* = {¢;}. See Fig. 5 for example. For any Q such that V (P, Q) < ¢, we have

H(P) - H(Q) < H(P) — H(Q").

Proof: We follow the definitions of P and Q* as specified in the theorem. Consider
Q € I'yy with V(P, Q) < e where M > L is a positive integer or M = oco. If 1 —p; < 5,
Q* =(1,0,...,0) € T'y. Then

H(P) - H(Q) < H(P) - 0= H(P) - H(Q")

and
V(P,Q") <e.
Otherwise, we know that
V(P, Q") =e.
and
d = 5.

Since V (P, Q) < ¢, we have

€
E R E <
' dl . dZ — 27
i:d; >0 i:d; <0
and
Y d; < ‘ 24)
f= 2

i=1
for1<n< M. Let Q = {¢1, @, ..., qu} € T contain all the probability masses in Q (c.f.
(2)) but be sorted in descending order. At the same time, add ¢z, = ¢ 0 = - = q3y =0

into Q* such that Q* € I'y,;. Together with (24), it is readily seen that for any n < K,

izlq; =izlpi+§2 Z-Zl(pi—’_di) > ;qz

Furthermore, for K <n < M,
Y g=12> g
i=1 i=1
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Therefore, Q* majorizes Q. Since entropy H(-) is strictly Suhur-concave [5], we have
H(Q) > H(Q),
which means
H(P) - H(Q) < H(P) - H(Q").

The nice property that only p; is increased in Theorem 8 helps to show that the Q* in Theorem 8
majorizes all the feasible Q. Unfortunately, there is no such nice property for the Q* in Theorem 6
and therefore majorization may not shorten the proof of Theorem 6. From Theorem 8, it is readily

checked the following corollary.

Corollary 9: For any probability distribution P, let Q and Q' be the Q* as specified in
Theorem 8 with V(P, Q) < e and V (P, Q') < €, respectively. Assume ¢ < e. If 1 —p; > &,

then
V(P,Q) =e,
V(P,Q)=¢,
and
H(Q’) > H(Q).

Now, we are readily to obtain an upper bound on (4). Note that for any given P,
Sup |H(Q) — H(P)|

= max {sup (H(Q)— H(P)), —igf (H(Q) — H(P))}
Q

= max {sup (H(Q) — H(P) o (1(P) ~ ()}
= max{H(Q") - H(P),H(P) - H(Q")},
where

o = arg max (H(Q) — H(P))
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and

Q = arg max (H(P)— H(Q))

can be obtained from Theorem 6 and Theorem 8, respectively. Then the upper bound on (4) is
obtained by comparing H(Q") — H(P) with H(P) — H(Q™). Note that if P is an empirical
distribution obtained from a source, Theorem 6 and Theorem 8 can give us an estimated range
of the true entropy. This will give us the confidence interval of the true entropy in Part II of this
paper.

The value of (4) can be obtained by Theorem 6 and Theorem 8 and the value depends not only
on M but also on P. It is also interesting to obtain an upper bound on (4), which is independent
of P. Such a bound can be used to determine a stopping condition in an iterative algorithm
for obtaining P as an approximation of an unknown distribution Q whose alphabet size M is
known. We will first prove a more general result by assuming the probability masses in P and

Q are less than a. In order to make the expression simple, we assumed a = % for an integer

N.

Theorem 10: If P € 'y, and Q € I'y; with M > L being two probability distributions such
that V(P, Q) < € and the probability masses in P and Q are less than a = - for an integer
N < L, then
€ M—N
2 <"mr
M-N

H({5.1-5}) +log 250 0
log M — log N

|H(Q) — H(P)| <

DN
(AVARRWAN

Proof: We follow the definitions of P and Q in (1) and (2), respectively. Assume p;’s are
sorted in descending order. Let v = {a,a,...,a,0,0,...,0} € I';, where the first N probability
masses are equal to a. We first prove that H(P) > H(~y). Consider

H(P)—H(y) = A £(0,p;) — Z £(0,a)
- Z f(0,pi) — Z f(pi, —pi +a). (25)
i=N+1 i=1

Before Lemma 5 can be applied, we need to check two conditions. It is easily checked that

N

Z pi = 1—ZPiZZ(—pi+a),

i=N+1 =1
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and

i:NTlaé)ggL{pZ} =Py i:gilg]v{pl}

By Lemma 5 and (25), we have
H(P) > H(v).

Together with H(Q) < log M, the upper bound

|\H(Q) — H(P)| <logM — H(v) =log M —log N

- 11 1\ _, M-N
,}/7 M’M’“.’M - M 9

we now consider 0 < £ < 2=X for a tighter bound on |H(P) — H(Q)|. For those Q' satisfying
V(7,Q) <e

is always valid. Since

max(H(Q) ~ H(7))

_ H({a—%,...,a—%,2<M€_N),...,2(M€_N)}) — H(y) (26)

— NY @,—%) (M~ N)f (0@) 27)

where (26) follows from Theorem 6. On the other hand, for any P € I';, and Q" = {¢/} € T,
with M > L such that V(P, Q") < ¢, we have

H(Q") - H(P) < H(Q) — H(P),

where Q is the Q* as specified in Theorem 6 subject to V(P,Q) < e. We first consider
V (P, Q) = € and we will show
H(Q) ~ H(P) < Nf (a,~5 ) + (M — N)f <o, ;) |
2 2(M — N)
When Q is obtained from Theorem 6, 1 and v are found. In Fig.2, it is easy to see that y
obtained in case 1) a = p; = py = ps is larger than p obtained in case ii) a = p; > ps > ps. Let

x be the 1 obtained in case i). We have (a — 2)N = §, so that 2 = a — . Hence, for all i,

€
2

ptdi<p<z=a-T. (28)
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Moreover, the v obtained in case i) p; = 0 is smaller than the v obtained in case ii) p; > 0.
Let y be the v obtained in case i). Since P has al least /V positive probability masses, we have
y(M —N) = -

17 Hence, for all i,

so that y =

€
2

pitdi >y >y= (29)

€
2(M — N)'
Note that

ae

H(Q)~ H(P) = Nf (4,5 ) = (M = N)J <OM)

ae

= Zf(??i,di) - Nf (%—5) —(M—=N)f (Oam)
- (Z [ di) = N (—%))

i:d; <0

+<Z f(pi,di) = (M = N) f <Oam>> (30)

i:d; >0
We first consider the first bracket on the R.H.S. of (30). Define two sets of positive integers

ae

Sy = {ngdZ<Oandp12a—5}
and

ST = {1dz<0andz§é50}
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Denote the sizes of the sets Sy and S by |Sy| and |5, . Then
S foid) = N (a.-5)
i:d; <0
= > (f(pi,di) —f(a ——)) > fpidy) —[Sol)f (a —%)
1€So 1€851
_ GZSO(f( 5 pl—ka—%) —i—f(a—% o+ 5 C +pz)
—fla,—a +p;) —f( i —Di +a— —>) > flpids) —|Sol) f (a —%)
i€5)
— iezso(f@—%,—a—i—%erﬂ—pi)—fapz >+Z€Z&fpz,z
(N = 1SS (.~ )
= (Zf(a—— a+ ‘14, +pz) +Zf(pi,di)>
€S0 €S
- (Z fla,pi—a) = (N = [So]) f (m—%)) , D
i€So

where —a + % + d; + p; < 0 follows from (28). Before we can apply Lemma 4 to show the
R.H.S. of (31) less than 0, we need to check the conditions in (5) and (6). Note that the canceled
terms do not affect that

S (cat S tdiap)+ > di=> (ri—a)+ (N =5 (-5 ).

1€Sy €51 1€So
Therefore, (5) is satisfied. Once (6) is also checked, the fact that the R.H.S. of (31) is less than

0 can be seen immediately from Lemma 4. The checking of (6) is done in the following three

cases.

Case 1: |Sp| = N. The R.H.S. of (31) becomes

(Zf(a—— - +—+d +pz> +Zf(pi,di)> - > fla,p;—a)

i€So €S i€So
We have
ae ae
mex{a = S} < moxfa= T}
= DN (32)
< mipr
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where (32) follows from py € .Sp.
Case 2: |Sp| < N and |S;| = 0. The R.H.S. of (31) becomes

(Zf(a—%,—a%—%j%lﬂ—pi)) - (Zf(a,pi—a)—(N—|So|)f (a—%))

i€Sp 1€S50
Then

. . { 4 } ae S mi {
1m1n § minya i — Qg4 — — ~mn<sa— —,a— —
1€S0 b 2
Case 3: |Sp| < N and |S;| > 0. Let b = |Sp|. Since p;’s are sorted in descending order,
maxp; = Pb1-

i€S]

Since pyi 1 & So but b+ 1 < N, it must be

ae
Dor1 < Q@ — o
Case 3a: N > |Sy| = b =0 and |S;| > 0. Then
a—= 2> p1 = Maxp;.
2 €S

Case 3b: N > |Sp| =b> 0 and |S;| > 0. Then

ae ae
maxqa— —,maxp; ¢, = mMaxsa— —,Ppr1
2 €51 2

and

. . ae . ae ae
min < minp;,a — — ¢ > min{a— —,a — —
IS

2 2 2
ae
= a — —
2
S ae
2 Max @ o, MAXp; o
Therefore, (6) is checked in all possible cases and we can apply Lemma 4 to (31) and show that
ae
> fpidi) = Nf (a5 ) <0. (33)
1:d;<0

Now, we consider the second bracket in (30). Define

€
So {z> dl>0andpz_2(M_N)}
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and
Sg = {zdz>0and2§é32}

Then

5 =001 (3

i:d; >0

Bl i)l )

i (Zf (07— ‘2<M€— V) *p’”i) "% (p“di))
- (iezsf(oapi) + (M =N —[%])f (QW)) , (34)

where — + p; +d; > 0 follows from (29). Before we can apply Lemma 5 to show the

2(M N)
R.H.S. of (34) less than 0, we need to check the conditions in (7) and (8). Note that the canceled
terms will not affect

Z(—m—i-pﬁ—di) +Zdizzpi+(M—N—|SgD-2(M—€_]V).

i€Sy i€S3 1€So
Therefore, (7) is satisfied. Once (8) is also checked, the fact that the R.H.S. of (34) is less than

0 can be seen immediately from Lemma 5. The checking of (8) is done in the following three
cases.

Case 1: |S3| = 0. The R.H.S. of (34) becomes

-0 (o55).

i€Ss
Then
€
WP > 5y
Case 2: |S3] > 0 and py > m We have

€

Tk
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€ < €
a a. e e— S o=
BRSSP o — N 2(M — N)

€
< ] _ .
= mm{Q(M N)’ ?emglp’}

Case 3: |S3] > 0 and py < 51wy Lhen |Sa] = M — N. The R.H.S. of (34) becomes
€
- i+ d; i di) — 0,pi) -
S 1 (57— sre )+ fnd) = 1 0
1€S9 1€S3 1€Sy
We have

€ €

€
e N e
mm{2(M—N) f?é?pl} = mm{2(M—N)’mm{pN’ 2(M — N)

== pN
> PN+l

= i

23

Therefore, (8) is checked in all possible cases and we can apply Lemma 5 to (34) and show that

i:d; >0
By putting (33) and (35) into (30), we have

H(Q)—-H(P) < Nf (a,—g)ﬂM—N)f <Om
= Qg}le%(H(Q/)—H(v)),

where the last equality follows from (27).

(35)

In the previous part of this proof, we have assumed V (P, Q) =e. If V(P,Q) = n < ¢, the

previous part of this proof tells
H(Q - H(P) < Nf(a,~F)+M-N)f (o, d
= max (H(Q") - H(v)),

Q"el \

o(M — N)

)

where Q" is obtained from Theorem 6 subject to V' (v, Q") < n. By Corollary 7, it is readily

seen that
H(Q - H(P) < gax (H(Q) - H()
< mmax (H(Q) — H(7))
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The theorem is proved when we can find an upper bound on H(P) — H(Q) for any P € T',
and Q € I'y; with M > L such that V(P, Q) < e. By putting P = Q” and € = 2 Zz Li
Theorem 8, we obtain Q* where H(Q*) < H(Q). Then Q" = {¢; + Zi:LH Qisq2,q3, - - - qL}

has at most L positive probability masses and the variational distance

1 ¢ into

L
VP.Q) = Yol
=1

L
= |P1—QT|+Z\Z?¢—Q;’
1=2

M L

< |P1—Q1|+Z%+Z|Pi—%|
i=L+1 =2

= V(P,Q)

< €

Since P and Q* have the same number of positive probability masses, we can apply the results

in the previous part and see that

max  (H(P') — H(y))

P el V(P! v)<e

v
=

— H(Q")
> H(P)—H(Q),
where the last inequality follows from H(Q*) < H(Q). Since M > L, it is readily checked that

H(PY—-H < H(Q)-H
pren W e H P HOD S B8, Q) ~ HOD
As a whole, for all P and O,

HQ) - H(P) < max  (H(Q)-H()

ae
:Nf(“_i) (M - N>f( 2(M — N)
) H{51-5)) +5log MEN 0< § < MEN
log M —log N £ > MN

When a = 1, we have the following important special case of Theorem 10.
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Theorem 11: If P € I';, and Q € I'y; with M > L being two probability distributions such
that V(P, Q) <, then

|H(Q) — H(P)|
H({51-5)) +5log(M—1) 0<§< M2
log M %Z%

Thus for any fixed finite L and finite M, we have

0 < lirr(l)sup|H(Q)—H(7D)|
v 9

IA

lim [ H ({%1 _ g}) + 5 log(max(L, M) - D)

e—0

= 0.

This can be interpreted as the Shannon entropy being continuous when the alphabet size is
bounded and known.

We now compare the bound given in Theorem 11 with similar results in some literatures. For
Peland Q € I'y, we let N = max(L, M) > 2 and V(P, Q) = € (c.f. (3)). Then (55) and

(56) in [3] can be combined to become
|H(Q) — H(P)| < ¢'(e, N),

where

elog N —eloge e <

g'(e,N) =

Wl Wl

€(1+1logN) —eloge €>
By Lemma 2.7 in [2], the bound ¢'(¢, N') can be improved to become

elog N —eloge € <
g(e,N) =

N= N

€(1+logN) —eloge € >

In order to compare g(e, N') with the upper bound in Theorem 11, we consider two cases. We

2(N—1)

¥ and let

first consider that 0 < € <

é(e, N) = g(e, N) — H (% 1— g) - glog(]\f 7).
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€

Fig. 6. A plotting of ¢(e,2) where the logarithms in ¢ are in base 2

Then our bound is tighter than g(e, N) if we can show that ¢ > 0 for all N and 0 < ¢ <

w < 2. Note that

do(e, N) € €
AN ~ Nh2 2(N—-1)In2
2Ne — 2¢ — eN
~ 2N(N —1)In2
(N —2)
~ 2N(N—1)In2
> 0

for N > 2. Therefore,

o(e, N) > ¢(e2).

Fig. 6 shows that ¢(¢,2) > 0 for 0 < e < 2.

On the other hand, for 1 < % < € < 2, we consider

g(e, N) —logN = €(1+1logN)—celoge—logN

e —eloge+elog N —log N

> e€—cloge
> e—eclog?2
= 0.
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Finally, we note that the condition V (P, Q) = e in [3] is a special case of the condition
V(P,Q) < € used in Theorem 11. The above calculations, however, show that our bounds
are still smaller than g(e, N'). Therefore, some tighter bounds are obtained in this paper.

Note that the condition V (P, Q) = € in [3] is a special case of the condition V (P, Q) < ¢
used in Theorem 11. However, our bounds are still smaller than g(e, N). Therefore, some tighter

bounds are shown in this paper. The bound given in Theorem 11 is, in fact, the tightest. Let
P =1{1,0,0,...,0}

and

€ € € M—-1
0= {1_572(M—1)""72(M—1)} 0 <7

{LL L} €
MYM> "M 2

We have V(P, Q) < e and |H(Q) — H(P)| attaining the upper bound in Theorem 11.

i N

—1

AVARRVAN
|

Furthermore, Theorem 11 can be generalized to describe some distributions which have not
been normalized. This result was used in [6]. We extend the definition of entropy to distribution

which is not normalized.

Definition 1: For an unnormalized distribution P = (p1, P2, - - -, pr.) which can be normalized

by a positive constant o < 1 so that (o™ 'py, a ps,...,a " 1py) € I, let
L
H(P) == pilogfi.
=1

Theorem 12: Let P = (j1,p2,....5) and Q = (Gi,Ga,---,Gy) be two unnormalized
distributions which can be normalized by two positive constants o < 1 and § < 1 so that

(a 'pr,a 'pe,...,atpr) €Ty and (8711, 87 Gy - ., 37 qur) € Ty with M > L. If
V(757 Q) <,

then

|H(Q)—H(75)]< —eloge+elogM e< 1
N log M e>1.

Proof: For any P = (py, P, ..., pr) and Q = (G, Ga, - - ., q1) such that V(P, Q) < e, let

d;’s be some real values such that
(@1, @2, qm) = (D1 + di,ps +ds, ..., Pr + JLadL-&-la e ,JM)-
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It is obvious that
|H(Q) — H(75)| < |log M — 0| = log M.

Suppose € < 1 in the following. For d; <0, by Lemma 3,

—(pi + di)log(p; + di) + pilogp; < —(1+d;)log(1+d;) + 1log1
= —(1+d;)log(1+d). (36)
We now consider two cases. If —1 < Ji < —0.5, let
df =14d; <0.5<|dj,

which gives d7 > 0. Then by (36)

—(pi + JZ) log(p; + Jz) +pilogp;, < —(1+d;)log(l+d;)

= —d'logd:.

If —0.5<4d; <0, let

which again gives d; > 0. Then by
—(1—ax)log(l —x) < —zxlogx

for 0 <z < 0.5 and (36), we have

—(pi + sz) log(p; + Jl) +pilogp; < —(1+d;)log(1+d;)
< —(1-d})log(1 - &)
< —d;logd;.

Furthermore, for c;li >0, let df = Ji. Then we have

—(ps + di) log(pi + d;) + pilogp; = f(pi,dy)
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where the inequality follows from Lemma 2. Therefore, d; > 0 for all < and

Sda<Yldl<e

but

7

|H(Q)— H(P)| = —Z(ﬁﬂ‘di) log(ﬁi+di)+2ﬁi10gﬁi
< Z | — (B + d;) log(p; + d;) + p; log il
< > | —d;logd;|

= =) d;logd;

€ €
< M- Elog S
= M B

= —cloge+ elog M.

As a whole, we have

|H(Q)—H(75)]< —eloge+elogM e<1
log M e>1.

The bound given in Theorem 12 is, in fact, the tightest. Let
P ={6,0,0,...,0}

and

€ €

—M,...,—M} O<ex1
1 1
o) €21,

where § ~ 0. We have V(P, Q)
Theorem 12.

e and |H(Q) — H(P)| attaining the upper bound in

Note that Theorem 12 is the same as Lemma 2.7 in [2] for € < 0.5 because the proof of
Lemma 2.7 in [2] has not used the fact that probability distributions are normalized although it is
implicitly assumed. This explains why their bound is not tight and looks similar with Theorem 12.

Moreover, Lemma 2.7 in [2] requires that € < 0.5 which is not required in Theorem 12.
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In Theorem 11 and Theorem 12, upper bounds on sup, |H(Q) — H(P)| have been obtained.
For the sake of completeness, a lower bound on supy |H(Q) — H(P)| is given after the proof

of the following theorem which is a refinement of Theorem 1.

Theorem 13: If P € '}, and Q € I'y; with M > L being two probability distributions such

that
V(P,Q) <e,
then
e e e M e  M—L
infsup (H(Q) ~ H(P)) = i;;::; log (3 1) 0 ; % @
Proof: 1t is not obvious that a lower bound on
sup (H(Q) — H(P)) (38)

Q
is given by taking P to be the uniform distribution, but it will be seen to be true. Let P € 'y,

and Q € I'y; be any two distributions where Q is obtained from P according to Theorem 6
subject to V (P, Q) < e. We use the notations in (1) and (2) for P and Q, respectively, and we

assume that p;’s are sorted in descending order. Furthermore, let

11 1
/— —_— — —
P_(L’L""’L>

be the uniform distribution in I';, and
1 1 1
Ql: (Z+d,17z+d,2’7z+dllﬂdllz+1’7d;\4)
be the distribution in I"); obtained by Theorem 6 subject to V (P’ Q') < e. We will show that
inf sup (H(Q) - H(P)) =H(Q)— H(P') (39)
P Qv(P,Q)<e
by considering three cases.
We first consider the case that V(P,Q) < e. Let u and v satisfy (9) and (10) where Q is
obtained from P in Theorem 6. If ;1 > v, then V(P, Q) = € from the construction of Q. By

contradiction, we have shown that
1 1 1
e= (M’M""’M)'
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Note that

e > V(P,Q)
L 1 1

P> 57 vpi<yf
= X (i) X () X ()
M S\ \M M
prZﬁ zpz*<ﬁ i:p;‘<ﬁ
L
1 1 L
= =) 2 ——pi) F1-—
S(n-g7) 2 X (5-m) 115
=1 i:pi<qr

Then
V(P,Q) =L G—%) +(M—L)~%:2~ (1—%) <e
Therefore, logM = H(Q) < H(Q') so that H(Q') = log M and hence Q' is the uniform
distribution. Since V(P’, Q') = V(P',Q) < € and H(P') > H(P), (38) is minimized when
P =P’ in this case.
Now we assume that V (P, Q) =€ and V(P’, Q') = €. By construction of Q,

d=d = .=d =
1 2 L 2L

and

Note that

i:d; >0 :d;>0
We claim that
> flpid) = > F(0.d)). (40)
i:d; >0 i:d;>0
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Otherwise, consider the example in Fig. 2 and let Q" = {u, pt, f1, pa, ps, ps, P, 5, 5} If (40) is
false, then H(Q') > H(Q*) in Theorem 6 which causes contradiction. We now use Lemma 4

to show that

1 €
> fpid) —Lf (Z’ —ﬁ) (1)
i:d; <0
is nonnegative. It is easily to check that p > % — 57 Assume 1 > % We have
1
mm {pZ +di}=p> T

Then, we can apply Lemma 4 to show that (41) is nonnegative. Assume p < % Define two sets

of positive integers

1
Soz{i:di<0andpi>z}

and

={i:d;<0andi¢ Sy}

Then

> fpid)— Lf G_i)

i:d; <0

= S (s (pap)) 2 (o (o))
/(5ar)

1
1 €
(L= 15l = 18f (7.5

(z
= i%(f(wpﬁ%) (2 7 ) f(%,—%-l—/ub)—f(ﬂa—ﬂ—i-%—i))
+Z< pi; di) —f(; 2 ) f(pz,dz)_f(/%_,u"i‘%—i))

i€S]

1 €
~-1si =185 (157
= > f (pz-,—pﬁ% — [Sol f (u, u+%—i)

i€So
1 1 1 1
(g ) 18 (mmn - o) - @=1sl =187 (457 )@
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Note that the canceled terms in the above calculation do not affect that (42) still satisfies the

requirement in (5). Furthermore,

. 1 1 1
?elgol pz_pz+L —L—max Lmu :

Then, we can apply Lemma 4 to show that (41) is nonnegative. Hence,
1 1 €
> fwid) = > fl5odi) = flpnd) = Lf (=57 ) =0
, _ L , L 2L
i:d; <0 i:d;<0 i:d; <0
Therefore,
1
A > —d.
3 fd) = Y 5 ( L,dz)
i:d; <0 i:d; <0

Together with (40), we can conclude that

H(Q) - H(P) = Zf(pi,d»

S rod)+ Y (%d)

:d;>0 i:d<0

= H(Q)- H(P).

v

Finally we assume that V(P,Q) = € but V(P', Q') = § < e. This means that Q' is the
uniform distribution. Then a Q* can be obtained from P according to Theorem 6 subject to

V(P,Q*) = 4. Therefore, we have

H(Q) - H(P)

v

H(Q") — H(P)
> H(Q)—H(P'),

where the first inequality follows from 6 < € and Corollary 7 and the second inequality follows
from the result in the last paragraph.

Thus we have proved (39) in all possible cases. The value of d; and Q' can be obtained from
Theorem 6. Therefore,

infsup (H(Q) — H(P)) = H(Q) - H(P)
Q

H(51-35)+5log(F—1) 0
log M — log L
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Note that
infsup[H(Q) — H(P)| > infsup (H(Q) - H(P)) (43)
Q Q
[ G- peseoy o<
log M —log L £> ML

from Theorem 13. Although the bound in (43) is not tight, Theorem 13 is strong enough to

subsume Theorem 1 because for any fixed ¢ > 0, the R.H.S. of (44) tends to infinity as M — oo.

III. CONCLUSION

We have introduced the way to find the distribution which attains the minimum or the
maximum entropy within a given variational distance from a given probability distribution. For
any two probability distributions, we have obtained the tightest upper bound on the difference
of their entropies in terms of their alphabet sizes and variational distance. The lower bound of
the difference has also been obtained. These bounds have related the continuity/discontinuity of
entropy and the alphabet size of a distribution. The applications of these results will be shown

in Part II of this paper.
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