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Abstract

Strong typicality, which is more powerful for theorem proving than weak typicality, can be applied
to finite alphabets only, while weak typicality can be applied to countable alphabets. In this paper, the
relation between typicality and information divergence measures is discussed. The new definition of
information divergence measure in this paper leads to the definition of a unified typicality for finite or
countably infinite alphabets which is stronger than both weak typicality and strong typicality. Unified
typicality retains the asymptotic equipartition property and the structural properties of strong typicality,
and it can potentially be used to generalize those theorems which are previously established by strong
typicality to countable alphabets. The applications in rate-distortion theory and multi-source network

coding problems are discussed.

I. INTRODUCTION

Weak typicality was first introduced by Shannon [1] to establish the source coding theorem,
while strong typicality was first used by Wolfowitz [2] for proving channel coding theorems and
then by Berger [3] for proving the rate-distortion theorem and various results in multi-terminal
source coding. The concept of typicality was elaborated by Wolfowitz in the book [2]. Together
with others works (more history can be found in [4]), the ideas in [2] were systematically
developed into the method of types by Csiszar and Korner [S]. Both strong typicality and weak

typicality are widely used in information theory, and their details can be found in standard
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textbooks [6][7]. Strong typicality possesses stronger properties compared with weak typicality
[6], and hence it is instrumental to proving stronger results. The additional power afford by strong
typicality is particularly useful in universal coding, rate-distortion theory and large deviation
theory [7, P. 357]. For example, the rate-distortion theorem established by strong typicality is
stronger than the one established by weak typicality [7, Sec. 13.6]. Strong typicality is also used
in proving results in source coding with side information [7, P. 579], rate distortion with side
information [7, P. 585] and relay channel [8]. The remark on [8, Sec. II] asserts that strong
typicality is crucial in the proof of [8, Theorem 6].

Unfortunately, strong typicality can only be used for random variables defined on finite
alphabets, and hence those theories proved by it suffer the same limitation. When it is important
for a theorem, e.g., the source coding theorem, to be independent of the alphabet size [9], we
can only use weak typicality in the proof because weak typicality can be applied to countable
alphabets!. Therefore, weak typicality and strong typicality are used in different problems in
information theory. In other words, a notion of typicality that can fully characterize the asymptotic
behavior of a memoryless source is lacking. One of the aims in this paper is to define a new
typicality which can be applied to countable alphabets while retaining the structural properties of
strong typicality. Then those theories that have been established by strong typicality can readily
be extended to countable alphabets. Furthermore, researchers can apply this new typicality in
place of strong typicality to avoid the assumption of finite alphabet and to prove some results
which cannot be proved by weak typicality.

This paper also serves to characterize the asymptotic behavior of a memoryless source. New
results on estimating the source distribution and entropy which are independent of the alphabet
size are obtained. These results can improve some existing results for those source distribution
that have a finite but long tail. They are also instrumental in proving the main results in this
paper, and they may have further applications in different problems.

The most important observation in this paper is the one-to-one correspondence between
different definitions of typicality and divergence measures. We first express the definitions of
weak typicality and strong typicality in terms of information divergence measures in Section II.

After that, we define in Section III a new divergence measure which induces a new typicality for

!Countable alphabet means an alphabet which can be finite or countably infinite
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univariate distributions. Then in Section IV, we extend the results to bivariate distributions. The
new typicality, called unified typicality, shares the same asymptotic equipartition property with
both weak and strong typicalities. Moreover, it satisfies a conditional asymptotic equipartition
property that is satisfied by strong typicality but not weak typicality. After that, the applications
of unified typicality to rate-distortion theory and multi-source network coding are discussed

before we conclude our paper in Section VI. In this paper, the base of the logarithm is 2.

II. WEAK TYPICALITY AND STRONG TYPICALITY

The main observation in this section is that the definitions of weak typicality and strong
typicality can be expressed in terms of entropy and information divergence measures. Consider
an information source {Xj,k > 1} where X are ii.d. with distribution P = {p(x)} on a
countable alphabet X'. We use X to denote the generic random variable and H(X) to denote
the common entropy for all X}, where H(X) < co. Let X = (X, Xo, ..., X,,). For a sequence
X = (21,22, ..., T,) € X", we call @ = {q(z;x)}* the empirical distribution of the sequence X,
where q(z;x) = n"!N(z;x) and N(x;x) is the number of occurrences of x in the sequence X.
The empirical distribution of the sequence x is also called the type of x [5]. Then the probability
of observing a sequence x from the source {Xj} is

p(x) = [ p(@)N = ] p(x) e,
zEX zeX

so that the empirical entropy can be written as

—% logp(x) = —% Z nq(x;x) log p(z)

= Detsniog 5 =5 toin) st

T

T

= D(Q[|P)+ H(Q), )]

where D(Q||P) is the Kullback-Leibler divergence between the empirical distribution of the
sequence X and the probability distribution of X. Thus the definition of weak typicality [6][7]
can be rewritten as follows.

“When there is no ambiguity, ¢(z;x) is simplified as g(x).
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Definition 1 (Weak typicality): For any € > 0, the weakly typical set W with respect to

p(z) is the set of sequences X = (x1,Zo, ..., ,,) € X™ such that

ID(QIIP) + H(Q) — H(P)| < e 2)

Strong typicality has been defined in slightly different forms in [3][5][6], but these definitions
are essentially the same when the alphabet is finite. Here we adopt the definition in [6] which
is the simplest and also the most convenient for our discussion. By using the same notation
except that X is assumed to be finite, the definition of strong typicality in [6] can be rewritten

as follows.
Definition 2 (Strong typicality): For any 6 > 0, the strongly typical set T}y)s with respect
to p(z) is the set of sequences x = (x1, Z2, ..., z,,) € X™ such that ¢(x;x) = 0 for p(z) = 0 and
V(Q,P) <o, 3)
where V(Q,P) = > |¢(x;X) — p(x)| is the variational distance between the empirical
distribution of the sequence x and the probability distribution of X.

Weak typicality has significant implications due to the weak Asymptotic Equipartition Property
(weak AEP) [6][7].

Theorem 1 (Weak AEP): For any ¢ > 0:
1) If x e W[’}qe, then

9~ nHX)+e) < g(x) < 2 HX) =)
2) For sufficiently large n,
Pr{Xe Wi} >1-e
3) For sufficiently large n,

(1— 6)271(H(X)—6) < |W[7)l(]€| < on(H(X)+e)

Strong typicality applying to finite alphabet shares similar properties with weak typicality,
namely the strong AEP [6], which will not be repeated here. As we will see later, strong typicality
can show properties which cannot be shown by weak typicality. That is why strong typicality
is more powerful comparing with weak typicality. However, strong typicality cannot be applied

to countable infinite alphabets. Since |X| is involved in the proofs of strong AEP [3][7][6], the
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proofs become invalid when |X'| = co. Therefore, the theorems proved by using strong typicality
cannot be applied to any distribution with countable infinite alphabet. Although strong typicality
applying to countable alphabet does not have properties similar to Property 1 and Property 3 in

Theorem 1, a property similar to Property 2 still holds which is stated in the following lemma.

Lemma 2: For any § > 0,

—nd?
Pr{X € Tlys} = Pr{V(P,Q) <4} > 1— (2M —2) exp ( IL8 ) : 4)
where M is the smallest integer satisfying
> )
> pl) <3 (5)
i=M

Proof: In this proof, we use [10, Prop. 1] which says that if the true distribution P has a

finite number of probability masses, say L, then

Pr{V(P,Q) <4} >1— (2L —2)exp (—%52) : (6)

Let M be the integer as prescribed in the lemma. Let

P = {p(1),p(2), (M —=1), Y p(w)}

=M

and
Q = {q(l;X),q@;X), (M= 15x%), ) Q(i;X)} 7
i=M
where P’ and Q' both have M probability masses®. Assume V(P’, Q') < &, ie.,

M-1

o o 5
VP, Q)= Ip(x) —ql@;x)[+| Y plz) = > alw;x)| < 3 (7
=1 =M =M
Let
M-1
Y=Y Ip(z) — g(x;x)| ®)
r=1
and
Y=Y p(x) =Y alw;x)], ©)
=M =M

3A similar trick can be found in [11].
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so that v; + 7, < g. Consider

p(x) —q(zx)] < > qlx)+ Y pla)
= ) qlmx) = > pla)+2) plx)
=M x=M x=M
< S gwn) - 3 o)+ 2
— ’ 3
=M =M
< n 20
> 2 3 )
where the second inequality follows from (5) and the last inequality follows from (9). Then by
(8), we get
20
le )= < nt oty <0 (10)

Since (7) implies (10), we have

{Z\p —qxx)|<5} > Pr{V(P/,Q')S }

0
3
S
> 1—(2M—2)exp( ms), (11)

where the last inequality follows from (6). [ ]

Remarks:

1) This lemma says that the variational distance between the true distribution and the empirical
distribution converges to 0 in probability as long as the alphabet is countable. This is in
some sense an enhancement of [10, Prop. 1].

ii) If the true distribution has a long tail, this result can give a bound tighter than that in [10,
Prop. 1].

iii) Neither finite alphabet nor finite variance is assumed in this lemma. This is important in

the later parts of the paper.

When we consider a finite alphabet &, strong typicality is more powerful than weak typicality
as a tool for theorem proving for memoryless problems. In this case, strong typicality is in fact
stronger than weak typicality because for any x € X", if x € T&] s> then x € W&]e where

e = —dlog(min, p(z)) [6, p. 82]. However, this does not hold when we consider a countable
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alphabet X'. We now argue that strongly typical set may not be a subset of weakly typical set no
matter how small ¢ is. By the discontinuity of the Shannon entropy [12], there exist probability
distributions P and Q defined on a countable alphabet such that both D(Q||P) and V(Q,P)
are small but |H(Q) — H(P)| is large. This means that P and Q satisfy the condition in (3) but

not the condition in (2) since
[D(QI[P) + H(Q) — H(P)| = |D(Q[|P) — |[H(Q) — H(P)||

In short, strong typicality does not imply weak typicality when the alphabet is countable.
Moreover, the strong AEP does not necessarily hold for countably infinite alphabet. We refer

the reader to Problem 3 in Chapter 6 in [6].

IIT. UNIFIED TYPICALITY

We have seen in the last section that weak typicality and strong typicality can be defined in
terms of properly chosen information divergence measures. In this section, we introduce a new
information divergence measure and discuss the properties of the typicality it induces. We will
show that this new typicality unifies both weak typicality and strong typicality.

We again consider an information source {Xj, k > 1} where X} are i.i.d. with distribution

P = {p(x)} defined on a countable alphabet X and H(P) < oo.

Definition 3 (Unified typicality): For any n > 0, the unified typical set U[’}(]n with respect

to p(x) is the set of sequences x = (71, xa, ..., T,) € X™ such that

D(QI[P) + |H(Q) — H(P)| <. (12)

Note that in the above definition, we do not specify any constraint on |X’|. The support of the
distribution P of the generic random variable X can be either finite or countably infinite. The
former case can be regarded as equivalent to requiring |X’| to be finite as in the definition of
strong typicality.

Unified typicality shares a similar AEP with weak and strong typicalities to be proved in the
following theorem. The proof can also illustrate the relationship among weak typicality, strong

typicality and unified typicality.

Theorem 3 (Unified AEP): For any n > 0:
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1) If x e U&]n, then
9—n(HX)+n) < p(x) < 9—n(H(X)—n)
2) For sufficiently large n,
Pr{X € Ul},} >1-n.
3) For sufficiently large n,
(1— 77)Qn(H(X)—n) < |U[7)an| < onH(X)+n),
The following Lemma 4 [13, Theorem 8] will be used in the proof.

Definition 4: For an unnormalized distribution P = (p1, D2, - - -, pr,) Which can be normalized
by a positive constant o < 1 so that (o 'py, a 'ps, ..., pr) is a probability distribution with

L probability masses, let
L
—> " pilog pi.
i=1

Lemma 4: Let P = (py,po,...,pn) and @ = (G1,Ga,-..,Gn) be two unnormalized
distributions which can be normalized by two positive constants o < 1 and § < 1 so that

(a Py, atps, ..., Ppy) and (ﬂflcjl,ﬁflcjg, ..., 37 qy) are two probability distributions. If*

V(P,Q) ZZIPZ Gil <€,

then

|H(Q)—H(75)|< —eloge+elogN e<1
| logN e>1.

Proof of Theorem 3: To prove Property 1, we have for any x € U, (]2
n = D(QI[P)+|H(Q) - H(P)|
> |D(QI[P)+ H(Q) — H(P)|. (13)
Thus x € W[’}qn. By Property 1 in Theorem 1,

9= (X)) < py(x) < 9 n(HX)),

“Here, the definition of variational distance is extended to accept unnormalized distributions as arguments.
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This proves Property 1.
To prove Property 2, assume that a random sequence X is generated from the information

source { X,k > 1}. Fix n > 0 and let
n
_ 14
€ 3 (14)

For any probability distribution P = {p(x)} such that H(P) < oo, we can find an integer N

such that
€
— Z x)log p(x 5 (15)
r=N-+1
Let 0 < § < min {¢, 1} be a positive real number satisfying
—5logd + dlog N < % (16)
Such a ¢ exists because the L.H.S. of (16) tends to 0 as & — 0.
We now show that
Wi N Tas < Uy (n
Consider any x € W/, N 1[}),;. Then X satisfies
[D(Q[|P) + H(Q) — H(P)| < e (18)
and
V(Q,P) <é. (19)
By (18),
¢ =2 D(Q[|P)+ H(Q) — H(P) = H(Q) — H(P), (20)
and by (19),
N
5> V(Q,P) Zlq —p(@)| =) lg(x) = pla)]. @1)
r=1

If the two finite distributions P’ = {p(1),p(2),...,p(N)} and Q" = {q(1),¢(2),...,q(N)} were
normalized, then we have |H(Q') — H(P')| — 0 as § — 0 by (21) and the continuity of the

entropy function for finite alphabet. Although here P’ and Q' are not normalized, Lemma 4
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shows that |H(Q') — H(P’)| is upper bounded by the L.H.S. of (16). It then follows from (16)

that
N

% ;q z)log q(x ;p(x)logp(:v)gg.
So
H(Q) > —> q(x)logq(x)
> =" p(a)logplx) — 5
= H(P)+ Y plx)logp(x)
> H(P)—e,

|H(Q) — H(P)| <. (22)

An upper bound on D(Q||P) can also be obtained as

D(Q|IP) < D(Q|IP) - [H(Q) - H(P)| +¢
< |D(QIIP)+ H(Q) — H(P)| +¢
< 2

where the last inequality follows from (18). Together with (22), this gives
D(Q||P) + [H(Q) — H(P)| <3e=n (23)
(cf. (14)), ie., x € U[T;qn, proving (17). It then follows that
PI‘{X & U&M}
= 1-Pr{X € (W)U (Tx;)}
> 11— (Pr{X e (Wi )} + Pr{X € (Tx5)}) (24)
= PI‘{X € W[y)L(]e} -+ PI{X & 7}}]5} -1
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From Property 2 in Theorem 1 and Lemma 2, we have Pr{X &€ W[’}(]E} >1—¢ and Pr{X €
T&] 5} > 1—6 > 1—c¢, for sufficiently large n, where ¢ < € can be seen from the choice of § in
(16). By using € = 1 from (14), we obtain Pr{X € U/y,,} > 1—2e > 1 —n, proving Property 2.

To prove Property 3, we use the lower bound on p(x) for x € U[g(]n obtained in Property 1

and consider
Uy |27 "H ) < PriX e Ul } < 1,

which implies \U&]nl < 2n(H(X)+n) On the other hand, by using the upper bound on p(x) for
x € Uy, obtained in Property 1 and the lower bound on Pr{X € Uy, } obtained in Property

2 for sufficiently large n, we have
‘U&}n‘2in(H(X)in) 2 Pr{X < U[T_LX]”} Z 1— n,
which implies
‘U&]n‘ > (1— n)gn(H(X)fn).
Thus
(1-— n)zn(H(X)—n) < ’U&]n’ < onHX)+m),

The theorem is proved. [ ]

Remarks:

i) Since the weak law of large numbers for i.i.d. random variables requires only finite mean
[14], the assumption H(P) < oo implies lim, ... Pr{X € W/ } = 1. Together with
Lemma 2, here in Theorem 3 we only require that X" is countable and H(P) < oc.

ii) Theorem 3 shows that for a countable alphabet X, a) H(Q) converges in probability
to H(P), i.e., the entropy of the empirical distribution of the sequence X converges in
probability to the true entropy H(X) and b) Q converges in probability to P with respect
to Kullback-Leibler divergence, i.e., lim,, o Pr{D(Q||P) > n} = 0 for any > 0. Note
that the entropy of the empirical distribution, H(Q), is different from the empirical entropy
in (1).

iii) The bound |Ufy, [ < 2*(9+1) in 3) holds even for small n.

The proof of Theorem 3 implies the following corollary.
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Corollary 5: Let ¢ and § be as specified in (14) and (16), respectively. Then

Wixe N Tixys < Ulxyy: (25)

Together with the following theorem, the relationship among weakly typical set, strongly
typical set and unified typical set is illustrated. In the following theorem, we will prove that
unified typicality is stronger than both weak typicality and strong typicality for countable
alphabet. This is analogous to the fact that strong typicality is stronger than weak typicality

for finite alphabet as discussed in Section II.

Theorem 6: For any x € X", if x € Uf}qn, then x € W[’)‘q?7 and x € Tf}q&, where § =
vn-2In2.

Proof: For any x € U[’}qn, X € W&]n due to (13). Moreover,

1> D(Q|[P) + |H(Q) ~ H(P)| > DQIIP) > 51-V(Q,PY

by Pinsker’s inequality (see e.g., [6]). Thus V(Q,P) < /n-2In2. At the same time, ¢(z) = 0

for those z such that p(z) = 0 because D(Q|[P) is bounded. Therefore x € Ty;, where

§=+/n-2In2. ]

Remarks:
1) Theorem 6 can readily be extended to multivariate distributions. The proof is omitted.

i1) It can be seen from the above proof that the definition of strong typicality in Definition 2 can
be strengthened by replacing the variational distance by the Kullback-Leibler divergence,
while preserving the AEP.

iii) The unified AEP in Theorem 3 implies that for any countable alphabet X', both D(Q||P) and
|H(Q)— H (P)| vanish in probability as n — oc. Since D(Q||P) — 0 implies V (P, Q) — 0,
where the latter is in fact the strong AEP when X is finite. We conclude that the unified
AEP implies the strong AEP. However, the converse is not true.

The following theorem giving a bound on the probability of obtaining a non-typical sequence,

enhances Property 2 of unified AEP.

Theorem 7: For any probability distribution {p(z)} with finite entropy and finite
E[—log p(X)?], we have

Pr{X € (Uly,)} = O(n™).
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Proof: From Chebyshev’s inequality, we have

PriX e (W)} = Pr{ —%Zlogp(Xi) — H(X)| > e} < 7;'—;
where
7t = 2 p(X = a)(~logp(X = ))* = (H(X))"

is the the entropy “variance”. On the other hand, we have

—nd?
Pr{Xe (T[’}q(s)c} =1-—"Pr {XET[’}(](S} < (2M—2)exp( n ) :
from (11) where M depends on {p(x)} and 0. By (24), we have

Pr{X € (Ul,)} = 1-Pr{Xe€Ujx,}

< Pr{X e (W)} + Pri{X e (T7x)}
2 2
o M —nd
< 5t (2™ —2) exp ( 1 >
= O(n™1).
Hence we have proved the theorem. [ ]

Theorem 7 can be applied to the Kullback-Leibler divergence estimation and entropy

estimation [15][16], which we now discuss. If |X| < oo,
Pr{D(QHP) > 77} < 2—71(77 |X|10g(n+1)> (26)

is well known (see e.g., [7, Theorem 12.2.1]. By the definition of unified typicality, Theorem 7
implies that

Pr{D(Q||P) > n} = O(n™"), 27)

and

Pr{|H(P) — H(Q)| > n} = O(n™"). (28)

These results give new understanding on the Kullback-Leibler divergence estimation and entropy

estimation on countable alphabet.
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I'V. UNIFIED JOINT TYPICALITY

In this section, we discuss unified joint typicality with respect to a bivariate distribution.
Generalization to a multivariate distribution is straightforward. Consider a bivariate information
source {(Xx,Ys),k > 1} where (Xj,Yy) are i.id. with distribution Pxy = {p(zy)} and

H(Pxy) < oco. We use (X,Y) to denote the pair of generic random variables.

Definition 5: The unified jointly typical set Uy, with respect to p(zy) is the set of
sequences (X,y) € X™ x Y™ such that

D(Qxv|[Pxy) + |[H(Qxy) — H(Pxy)| +
|H(Qx) — H(Px)| + [H(Qy) — H(Py)| <, (29)
where Px and Py denote the marginal distributions {p(x)} and {p(y)}, respectively, while Qxy,
Qx, and Qy are the corresponding empirical distributions of the pair of sequence (x,y), i.e.,

Qxy = {q(=,y;x,y)}>. Here, q(z,y;x,y) = n~'N(x,y;X,y) and N(z,y;X,y) is the number of

occurrences of (x,y) in the pair of sequences (X,y).

Unified typicality preserves the consistency property and the preservation property [6] of strong

typicality as below.
Theorem 8 (Consistency): If (x,y) € Ulxyy, then x € Ufy,, and 'y € Uy,

Proof: By the log-sum inequality (see e.g., [6]), we have

> q(zy)log awy) > (Z Q(xy)> log —gyigiz;

p(zy) .

> Z q(z) log % (30)

T

Therefore,

n > D(@xv|[Pxy)+[H(Qxy) — H(Pxvy)| +
|H(Qx) — H(Px)| + |H(Qy) — H(Py)|
D(Qxy||Pxy) + [H(Qx) — H(Px)|

> D(Qx||Px) + |H(Qx) — H(Px)|,

v

SWhen there is no ambiguity, ¢(z,y;X,y) is simplified as g(zy).
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where D(Qx||Px) denotes the R.H.S. of (30). Therefore x € Ulxj,- By symmetry, it is readily

seen that y € Uﬁ/]n. [ |

Theorem 9 (Preservation): For any function f : X — ), denote (f(x1), f(z2),..., f(zn))
as f(x). If x € Ufy,,, then f(x) € Uf;x),, with vy — 0 as 5 — 0.
Proof: LetY = f(X) andy = (y1,¥2,...,¥yn) Where y; = f(x;) for 1 <i < n. Then
q(zy) = q(z){y = f(2)} 3D
and
plry) = p(x)H{y = f(z)}, (32)

where 1{y = f(z)} = 1 if and only if y = f(z). Since x € Uik

D(Qx|[Px) + [H(Qx) — H(Px)| <. (33)
Therefore,
D(QuvPxy) = 3 aletly = J()}ioe Zggﬂz - ?Efjﬁ (34)
= D(Qx||Px) (35)
< 0 (36)
Then
D(Qy||Py) < D(Qxv||Pxy) <, (37)

where the first inequality follows from the log-sum inequality (see for example [6]). So we have
D(Qy||Py)+|H(Qv)—H(Py)| < n+|H(Qy)—H(Py)|. By letting v = n+|H(Qy) —H(Py )|,
f(x) € Uf}xy, is shown.

The proof is completed if we can show that v — 0 as  — 0. It is equivalent to showing
lim [ (Qy) ~ H(Py)| = 0. (38)

By (37), D(Qy||Py) — 0 and hence Qy — Py pointwise as 7 — 0. Consider any ¢ > 0. Since
entropy is lower-semicontinuous with respect to pointwise convergence [17], (37) shows that

there exists ¢ such that for 0 <n < ¢
H(Qy) > H(Py) - e. (39)
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Now, we find an upper bound on H(Qy ) as follows. For any € > 0, there exists sufficient large

L and M such that
M

H(Pxpy) < Zp(y)ﬁ(PX\Y:y) + €, (40)
y=1
where
) L
H(Pxjy—y) = — Y_ plaly) log p(x|y). 41)
r=1
On the other hand,
M
H(Qxy) = > ay)H(Qxy—y) (42)
y=1
M ~
> > qy)H(Qxpy=y), (43)
y=1

where the RHS of (43) is a continuous function in {¢(zy): 1 <z < L and 1 <y < M}. From
(36), as n — 0, we have D(Qxy||Pxy) — 0, so that ¢(x,y) — p(x,y) for all 1 <z < L and
1 <y < M. Following (43), by replacing ¢ by p and Q by P on the RHS, for any ¢ > 0, there

exists ¢’ such that for 0 < n < min{(, {'},

p(y)H(Pxjy=y) — ¢ (44)

M=

H(Qxy) 2

<
Il
—

> H(Px)y) — 2, (45)

where the last inequality follows from (40). Therefore,

H(Qy) = H(Qxy)— H(Qxy) (46)
= H(Qx)— H(Qx)y) 47
< H(Px)+n—H(Qxyy) (48)
< H(Px)+n— H(Pxy) + 2 (49)
= H(Pxy)+n—H(Pxpy)+2e (50)
= H(Py) +n+2e (51)

where (47) follows from y = f(x), (48) follows from (33), (49) follows from (45) and (50)
follows from Y = f(X). Together with (39),

|H(Qy) — H(Py)| < n+ 2e. (52)
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By choosing € > 0 to be arbitrarily small, (38) is shown and the proof is completed. [ ]
Note that Theorem 9 is somewhat weaker than [6, Theorem 6.8]. Nevertheless, since v — 0
as 1 — 0, Theorem 9 still preserves the essential property of [6, Theorem 6.8] and it is good
enough for the purpose in Section VI. In the following theorem, the unified joint asymptotic
equipartition property (unified JAEP) is proved.
Theorem 10 (Unified JAEP): Let
(X,Y) = (X1, Y1), (X2,Y2),.. ., (X0, Y2)),

where (X;,Y;) are i.i.d. with generic pair of random variables (X,Y"). The following hold for
any 1 > 0.

D) If (x,¥) € Ufxy,,, then

9 MHXY)+n) < p(x y) < 2 HXY)=n)
2) For sufficiently large n,
Pr{(X,Y) € Ulky},} > 1 —1n.
3) For sufficiently large n,
(1 —p)2rHEY)=n) < Uiyl < on(H(X,Y)+n)

Proof: We will first prove Property 2 by letting § = 3. By applying Property 2 of Theorem

3 to the information source {(Xj, Yx),k > 1}, we have
D(Qxvy||Pxy) + [H(Qxy) — H(Pxy)| <9 (53)

is true with probability greater than 1 — ¢ for sufficiently large n. By applying Property 2 of

Theorem 3 to the information source { Xy, k > 1}, we have
D(Qx|[Px) + [H(Qx) — H(Px)| <0 (54)
is true with probability greater than 1 — ¢ for sufficiently large n. Since (54) implies
|H(Qx) — H(Px)| <4, (55)

(55) is true with probability greater than 1 —J. Similarly for the information source {Y}, k > 1},

we have
|H(Qy) — H(Py)| <4, (56)
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which is true with probability greater than 1 — § for sufficiently large n. Note that if (53), (55)

and (56) are true, then (29) is true because § = . By the union bound, we have
Pr{(X,Y) € Uy, } >1-36=1-n,

for sufficiently large n, proving Property 2.
Finally, the proofs of Property 1 and Property 3 follow the same arguments as in Theorem 3,

so they are omitted. [ ]

In Definition 5, X and ) are assumed to be countable. If they are also finite, then a joint
typicality can be defined in a way simpler than (29). Since entropy is continuous when the
alphabet is finite, a small D(Qxy||Pxy) implies that the L.H.S. of (29) is small. In this case,
it is sufficient to require D(Qxy||Pxy) < 71 in order to define joint typicality. In the general
case that the alphabets are countable, the following example shows that omitting any term on
the L.H.S. of (29) will lead to a different definition. This will be illustrated by the following
probability distribution which has been used in [12] to show the discontinuity of entropy. For
a fixed real number v and an integer n, where v > 0 and n > 27, let D] be a probability
distribution such that one of the elements is 1 — &, n of them are $ and the rest are all

0, ie.,

pr=41- 1 7T 7 oo0.}. (57)
logn nlogn’ nlogn

The above distribution is a special case of the distribution D%* in [12] with loga = 7 and

(8 = 1. Then it can readily be checked (see (3) in [12]) that

lim H (D)) = ~. (58)

n—oo

Moreover, for any o > 0 and 3 > 0, we have

« 1 - loan
lim D(D?||P?) = lim (1— ] log ——5~ +
el nee ogn L= logn
] nlogn
s Z nlogn B
i=1 nlogn
= 0+ lim n a log a
n—oo  nlogn I}
= 0. (59)
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Thus we can find an integer m such that D(D. ||D?)), D(D3 ||D?),

H(D,,) — 1|, |H(D},) — 2|
and |H(D3)) — 3| are all less than e. Let the distributions of independent random variables ®J,
<I>g, (bg, oL, ®, and ®Y, be DL, D3, D!, D?, D? and D2 respectively. Now, the probability
distribution {q(zy)} is defined by letting X = (@5, ®5) and Y = (@), ®F). On the other
hand, the distribution of {p(zy)} is defined by letting X = (&%, d%) and Y = (%, ). The

)

probability distributions {¢(zy)} and {p(zy)} as prescribed by Fig. 1(a) and the information
diagrams [6] of {¢(zy)} and {p(xy)} are shown in Fig. 1(b) where the approximate values

shown in the diagrams have error range within €. Then it can readily be checked that
D(Qxy||Pxy) = D(DLIID2) + D(D3||D2) + D(DL|ID2) < 3e.

Moreover,
H(Qx) — H(Px)| = [H(D}) + H(DS,) — H(D2) — H(D2)| < 4e,

and similarly, |H(Qy) — H(Py)| < 4¢. However,

|H(Qxy) — H(Pxy)| = |H(D,,) + H(D;,) + H(D,,) = H(D;,) = H(D;,,) — H(D;,,)| = 1 — Ge.

Therefore, the example in Fig. 1(b) shows that if |H(Qxy) — H(Pxy)| is dropped from (29),
then the meaning of Definition 5 is changed and Theorem 10 may not be proved.

On the other hand, even if only |H (Qy)— H(Py)| is dropped from (29), Theorem 8 cannot be
proved which can be seen from the information diagram in Fig. 1(c). By repeating the setup used
in Fig. 1(b) except that we replace the distribution of ®}, by D, we have |H (Qxy)—H (Pxy)| <
6¢, and |H(Qx) — H(Px)| < 4¢, but |H(Qy) — H(Py)| > 1 — 4e. Thus we conclude that (29)
cannot be simplified.

For weak typicality and for a typical x, the number of y such that (x, y) is jointly typical is

approximately 271 (Y1X)

on the average. For strong typicality, this is not only true on the average,
but it is also true for every typical x as long as there exists at least a y such that (x, y) is jointly
typical [6]. This result is useful in the proof of a version of rate-distortion theorem (mentioned
in Exercise 10.16 in [7]) and it can be generalized to countable alphabet by using the unified

JAEP, as to be proved in Theorem 12.

Definition 6: For any x € U (x},» the conditional typical set is defined as
U&\X]n(") = {y < U[T}L/]n : <X7 Y) S U[Y)L(Y]n}
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Fig. 1. (a) To illustrate how to construct ¢(zy) and p(zy). (b)-(c) Two cases illustrating that (29) cannot be simplified.

Lemma 11: For any x € U&]n’
\U[ny|X]n(X)\ < on(H(Y[X)+2n)
Proof: Since x € U[’;qn, by the unified AEP (Theorem 3), we have

o-n(H(X)=m) >

v
(]
=
M
&

v

$ e

yeU[nYIX]n(X)

= |U[7;,|XM(X)| .2_"(H(XY)+77)’
so that

|U[7}L/\X]n(x)| < QMHYX)+2n)

Theorem 12 (Conditional AEP): For any x € U, [7;(} - if
|U[§L/|X]77(X)| > 1a
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then
2n(H(Y|X)7V) < |U[T§L/\X]r](x>| < 2n(H(Y|X)+1/)

where v — 0 as n — 0 and then n — oc.

Proof: In the following, we adopt the notations H.(XY) and H.(X) to represent the

entropies of {p(zy)} and {p(x)} in the unit of nat, respectively. Without loss of generality, we

L)

For any probability distribution P = {p(zy)}, let / be such that

assume 7 < 1 and let

A A
“Zzp@y) Inp(ry) — H(XY)| </ (60)

z=1 y=1

and

<. (61)

_ i (i p(xy)> In (i p(w)) — H.(X)

y=1

Here v/ — 0 as A — oo. Consider any x such that |Ujy v, (X)| = 1. Then there exists a

Y € U}y xy,(X) such that

D(n™'N(z,y;x,y)|[p(zy)) <7

so that
V(n™'N(z,y:x.y), p(ry)) < v/2n1n2 (62)
by Pinsker’s inequality. Now let

K(z,y) = N(z,y;x,y), (63)

o0

Kx(x) =Y K(z,y) = N(z;x),
and

A
Ky(e) = K(z,y)

y=1
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for 1 < x < A. Straightforward combinatorics reveals that the number of y satisfying the

constraint in (63) is equal to

H L K (z y)
Note that for any such y, the empirical joint distribution Q is the same. Let
A
K’ (x)!
M/(K) — H T X('x) ,
z=1 Hy:l K(z,y)!

which is obviously less than or equal to M (K).

By [6, Lemma 6.11], it can easily be verified that

n~tn M'(K)
A ! !
. {Km) (m K@) o
g n n
A
_ZK(x,y)H (IHK(:c,yHle)}
n n
y=1
Since
Kk(x)lnn_i([((x,y)—l—l)lnn
n n
y=1
Ky(z)lnn ZA: (K(m,y)lnn) B ZA:ln_n
B n n n
y=1 y=1
~ Aln
= —,
we have
n~'ln M'(K)
A
Kx(x) Kx(x)
S Kx(@)\ 1, (Ex(®)
= 2 (505
_EA:EA:(K(x,y)+1)ln(K(m,y)+1)
n n
rz=1 y=1
A%lnn
_ 64
- (64)

November 5, 2009 DRAFT



22

The proof can be completed if we can relate the R.H.S. of (64) to the entropies H.(X) and
H.(XY). By (62), we have

V2nin2 > YN n T K (z,y) - play)|

[V
[M] =
WE
I
5
8
<
s
g

(65)

AV
WE
-
3|
=
S
<
|
(]
,'B\
S

Then letting € and M in Lemma 4 be /2nIn2 and A, respectively, we can obtain the upper

S (K;;(@) - (K;;<x>) +§; (ip(w)) . (ip(w))

bound

where
d(M,e) = —eloge + elog M

for M > 1 and 0 < € < 1. Therefore,

- A A A
> > ZP(W)) In <Zp(ﬂsy)> — ¢(A, v/2n1n2)
> —H(X)—V —¢(A,\/2nn2), (66)

from (61). Now, we consider the second summation in (64) and let ¢ = exp(1). Since —zInx
is an increasing function for 0 < z < e~ !, we have

_K@y+l, Key+l K@y, K@y
n n n n
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for W < e . Let C be the number of (z,y) such that M > ¢~ !. Then

AZ
1+— >
n

ZB:ny A2

WE

xT

1 y=1

B
K(x
>
1 y=1
1

Ce™

WE

xT

Vv

Therefore,

2
C§e<1+A—>. (67)
n

(z,y)+1

Since —x Inx is a strictly concave function, it is easily checked that if K > e, then

K 1. K 1 K K —14+1 —14+1 —1 —1
o (‘ray)—i_ In (.Cl;,y)—l— + (%y) In (55731) 2 _TL + lnn + T n lnn '
n n n n n n n n

That is

K 1. K 1 K K -1

K@y 41, K@y +l Ky Key n-l —n
n n n n n n—1
Together with (67), we have
K 1
ey (M, (Kl
n
r=1 y=1
A A
K(x —1
> -y > (Kt (K)ot
n n—1
z=1 y=1
A A
A2 -1
zz( ) ( )_e<1+_)” "
n n n—1
z=1 y=1

By considering (65), we obtain

By an argument similar to the one leading to (66), we can show that
( (x,y +1) (K(x,y)—i—l)
3y In { ==
z=1 y=1 n
A? -1
¢(A2,\/2n1n2>— (1+—>n In —

vV

|

M>

=

0
Q@

=
=

0
Q@

n n—1

2
He(XY)—y’—¢(A2,\/2nln2)—e(l A)” L (68)

n

v
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from (60). By substituting (66) and (68) into (64), we have
n~'In M'(K)
> —H(X)—1 —¢(A,/2nIn2) +
HG(XY)—V’—gb(A?,\/m) _6<1+%2) n-1, n_ _Aln

n n—1 n

= H,(XY)—-H/(X)—1v"In2,

where
V' 1n2 (69)
A2 —1 A?]
= 2V 4+ ¢(A4,v/2nIn2 +¢(A2 vV 2n1n >+e(1+—)n In nl—l— nn
n n n — n
1 1 1\n—-1 n lnn
< 2/ — +/2nIn?2 —.1/2nln?2 14+ — | (70
< /+o () +o (4 vEmE) v (L4 0) S m s+ Tloo

By changing the base of the logarithm to 2, we have
ntlog M(K)>n"tlogM'(K) > H(Y|X) —".
Hence we have
Ul xgp(®)] = M(E) > 2P0,

We now check that v/ — 0 as 7 — 0 and then n — oco. When 7 — 0, A and B tend to infinity

so that ¢/ tends to zero. Moreover,

0 < ¢( 2771n)
< ( 2nln )

_ —<\/m>log<\/m>+2~<\/m>log%—>0.

At the same time, let \/n > % and let n tend to infinity. Then
1\n-—-1 n 1 n—1 n
0< 14+ — | < 14+ — 1 0
_e( +77n) n nn—l_e( +\/ﬁ)( n nn—l)_)

nn
0 <lim lim — < lim hm—:()
n—0n—oo NN n—0n—oo \/_

and

Therefore, v as defined in (70) tends to zero. This proves the lower bound on [U}y x), (X)]-
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The upper bound |Uf i, (x)| < 2"F1X)#20) has been obtained in Lemma 11. In summary,
by letting v = max{2n, "}, we have
2n(H(Y\X)—V) < |U[nY|X]n(X)| < 277/(H(Y|X)+V)’

where v — 0 as 7 — 0 and then n — oo. [ ]

In the above theorem, we see that the set containing all x such that Uy, (x)| > 1 exhibits
a nice property. Moreover, this set has essentially the same property as the set U[’_‘X]n that is
summarized as in the next theorem.

Definition 7: The set Sf}q , 1s defined as the set of all sequences x € Uy, such that Uy, v, 77(x)

is nonempty, i.e.,

xjn = 1% € Uixgy + Uy (%) > 0}
Theorem 13: For any n > 0:

1) Ifxe S[@qn, then

9= n(HX) 1) < p(x) < 9 n(HX)=n),

2) For sufficiently large n,
Pr{X € Sfy,} > 1—n.
3) For sufficiently large n,

(1- n)zn(H(X)*n) < ’5&]77’ < nHX)+m),
Proof:  Since S&]n C U{fx]n, Property 1 follows Theorem 3. To prove Property 2, we

consider
1—n <Pr{(X,Y) € Uy, } < Pr{X € Sk}, },
where the first inequality follows from Theorem 10 and the second inequality follows because
(X,Y) € Uxyy, = X € S[xy,-

Finally, the proof of Property 3 follows from the same argument as in Theorem 3, so it is

omitted here. [ ]
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Another nice property regarding the typical set SELX]n is presented in the next theorem. This
property is used in the proof of the achievability of the rate-distortion function in [6, Section
9.5].

Theorem 14: For any € > 0, let

M = 2n(I(X;Y)+e) ]

Define a set of sequences 2 = {y, € Uﬁf}n : 1 <4 < M} which is independently and randomly
picked from U[?/]n' If x e SE}(]", then

Pr{|Up x),(x) N Q[ > 0} > 1 — 1,

where 7 — 0 as  — 0 and then n — ooc.
Proof:
We have proved that |U[”Y]n| < 2nH(Y)+1 in Theorem 3. At the same time, if x € S[@qn, we
have shown that |U}}, ., (x)] > 2"#1X)=) in Theorem 12. Since the M sequences in € are

randomly and independently picked from U, V] We have

M
‘U" (x)’
n [YIX]n
Pe{|Uf (0 N Q] =0} = [ 1- 22
| [Y]n|
on(H(Y[X)-v)\ M
= (1_ 2n<H(Y)+n>>
_ (1 _ 2—n(I(X;Y)+V+n))M '
Then
InPr{|Uf x;,(x) N Q[ =0} < Mln (1 —2 )+
< _ Mo (X5Y)+vn) (71)
_ _2n(571/777)

?

where (71) follows from Ina < a — 1 for a > 0. Therefore, we have
Pr{|U[’§/|Xh(x) NQl>0=1- Pr{\U{},|X]n(x) NQ=0}>1—7,

where 7 = exp(—2"¢"="). According to Theorem 12, there exist 1’ < ¢ and n' > n% such
that v < ¢ for n <7’ and n > n’. Let n < 5 and v < £, so that € — v —n > £ > 0. Therefore,

v — 0 as 7 — 0 and then n — oo. [ ]
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V. APPLICATIONS

In this section, we show how the results we have obtained can be used for enhancing results
in information theory problems. Since this essentially involves nothing but replacing strong
typicality by unified typicality in the original proofs, instead of presenting a tedious complete

proof of the result, we will only point out the critical arguments.

A. Multi-Source Network Coding

In [6], a complete characterization of the information rate region is given in Theorem 21.5.
This characterization is in terms of I'}7, the set of all entropy functions defined on finite alphabets.
In this section, we will show that the information rate region so characterized is unchanged if
I\ is replaced by I'}/, the set of all entropy functions (possibly defined on countable alphabets).

For the converse proof of Theorem 21.5 given in Section 21.6, since I'y; C I}/, exactly the
same proof can be used without modification. So we only need to show that the achievability
proof of Theorem 21.5 given in Section 21.7, where strong typicality is used, continues to work
if unified typicality is used instead. Toward this end, we point out that in this proof, the essential
properties of strong typicality that are invoked are the joint AEP [6, Theorem 6.9], conditional
AEP [6, Theorem 6.10], consistency [6, Theorem 6.7] and preservation [6, Theorem 6.8]. Note
that the preservation property is instrumental in proving Lemma 21.9.

In Section IV of the current paper, we have obtained direct generalizations of the first three
properties for unified typicality. We also have obtained a somewhat weaker generalization of the
preservation property for unified typicality. In this regard, we need the following lemma which
is a modification of Lemma 21.9. In the following lemma, = denotes the unified typical set.

Lemma 15: Let
XS =xTs
Ys(zs) =ys € E%’g]&a

and for e € E, let C, take the value c., which by the code construction is a function of xg and

¥s. Then
UIn(t) (CIn(t)> = UIng (¥s)-
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and
(¥s) Ulng (CIn(t))) € E%/SUInm]g
for all ¢t € =, where £ — 0 as 6 — 0.
Then this lemma can be proved by essentially the same proof for Lemma 21.9. With this
lemma, the proof of the achievability of the information rate region can be completed accordingly.
The significance of characterizing the information rate region in terms of I'§, instead of
v 1s as follows. The set I'};, introduced in [18], has been studied extensive in the literature
[19][20][21][22]. On the other hand, relatively little about the set I'}; is known except that FX;,

the closure of I'}7, is equal to I'}, [6, Appendix 2.A].

B. Rate-Distortion Theory

The use of unified typicality can readily generalize some existing coding theorems on finite
alphabet to countably infinite alphabet. The version of the rate-distortion theorem for finite
alphabet in [7, Ch. 10.6] and [6, Theorem 8.17] is one of the examples, where the proof of
the achievability of the rate-distortion function R;(D) is established by using strong typicality.
By the same proof with strong typicality replaced by unified typicality, this version of the rate-
distortion can immediately be extended to countably infinite alphabet.

The same result has been obtained in [23, Prop. 2b]. In this work, they first prove a weaker
version of the rate-distortion theorem by using weak typicality and then strengthen the result
by constructing a supercode. Thus unified typicality gives an alternative direct proof. This
demonstrates the potential of unified typicality for generalizing coding theorems to countably

infinite alphabet which have previously been proved by strong typicality for finite alphabets.

VI. CONCLUSION

We have introduced a new notion of typical sequences, called unified typicality, which works
for countable alphabets. This notion of typicality is stronger than both strong typicality and
weak typicality that were previously defined in the literature. Fundamental properties of unified
typicality, including the asymptotic equipartition properties, have been proved. We have shown
how unified typicality can be used for obtaining a new characterization of the information rate
region for multi-source network coding and for giving a direct proof of a version of the rate-

distortion theorem for countably infinite alphabet. In summary, the notion of unified typicality
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provides a more complete understanding of the asymptotic behavior of a discrete memoryless

source.
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