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Foreword

The first courseusually is an appetizer. In the caseof RaymondYeung’s
A First Course in InformationTheory, however, anotherdelectabledish gets
servedup in eachof thesixteenchapters.Chapters1 through7 dealwith the
basicconceptsof entropy andinformationwith applicationsto losslesssource
coding.This is thetraditionalearlyfareof aninformationtheorytext, but Ye-
ungflavorsit uniquely. No onesinceShannonhashadabetterappreciationfor
themathematicalstructureof informationquantitiesthanProf. Yeung. In the
earlychaptersthis manifestsitself in a carefultreatmentof informationmea-
suresvia both Yeung’s analyticaltheoryof

�
-Measureandhis geometrically

intuitive informationdiagrams.(Thismaterial,neverbeforepresentedin atext-
book,is rootedin worksby G. D. Hu, by H. Dyckman,andby R. Yeungetal.)
FundamentalinterrelationsamonginformationmeasuresandMarkovianness
aredevelopedwith precisionandunity. New slantsareprovidedonstapleslike
thedivergenceinequality, thedataprocessingtheorem,andFano’s inequality.
Thereis alsoa clever, Kraft-inequality-freeway of proving that the average
lengthof thewordsin a losslessprefix sourcecodemustexceedthesource’s
entropy. An easilydigestibletreatmentof the redundancy of losslessprefix
sourcecodesalso is served up, an importanttopic in practicethat usually is
slightedin textbooks.

Theconceptof weaklytypical sequencesis introducedandthenusedto an-
chorYeung’s proof of thelosslessblock sourcecodingtheorem.Theconcept
of stronglytypical sequencesis introducednext. Laterextendedto joint typ-
icality, this providesa foundationfor proving the channelcodingtheoremin
Chapter8, thelossysourcecoding(rate-distortion)theoremin Chapter9, and
selectedmulti-sourcenetwork codingtheoremsin Chapter15. Although the
proof of the channelcodingtheoremfollows standardlines, Yeung’s tasteful
developmentof the interplaybetweeninformationquantitiesandMarkovian-
nessreadiesone’s palatefor a rigorousproof that feedbackarounda discrete
memorylesschanneldoesnot increaseits capacity. In mostinformationthe-
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ory booksthisbasicresultof Shannoneitherdoesnotappearor is relegatedto
a problemin which theseveralstepsareoutlinedin orderto guidethe reader
towardthegoal.Rate-distortiontheoryandShannon’s lossysourcecodingthe-
oremaretreatedin familiar ways.Whenproving thelatter, oneconfrontslack
of independenceof theevents �������	��
������������� , where� is arandomsource
word, ��
���� is the � th word in a randomlychosensourcecode,and � � is the
setof jointly typical vectorpairs. In thoseinstancesin which this widely un-
appreciatedstumblingblock is not overlookedentirely, it usuallyis addressed
via eithera non-selfcontainedreferenceor a mammothproblemat theendof
the chapter. However, Yeung’s thoroughearlierdevelopmentof strongjoint
typicality conceptsallows him to tackleit head-on.

Chapter10 dishesup a careful treatmentof the iterative algorithmsfor
computationof channelcapacityand rate-distortionfunctionspioneeredby
R. E. BlahutandS.Arimoto, which is generallyacceptedastoday’s preferred
approachto computationalinformationtheory. Moreover, it hastheextra ad-
vantagethat iterative optimizationalgorithmsare finding widespreadappli-
cationto areasasdiverseasdecodingof turbo andlow-densityparity-check
codesandbelief propagationin artificial intelligenceandin realandartificial
neuralnets.

Chapters11 through16 area uniquetour de force. In asdigestiblea fash-
ion ascould possiblybe expected,Yeungunveils a smorgasbordof topics in
moderninformationtheorythatheretoforehavebeenavailableonly in research
papersgeneratedprincipally by Yeungandhis researchcollaborators.Chap-
ter 11 is a strongtreatmentof single-sourcenetwork codingwhich develops
carefullytherelationshipsbetweeninformationmulticastingandthemax-flow
min-cuttheory. Yeungmakesaniron-cladcasefor how nodesmustin general
performcoding,not just storingandforwarding. Chapters12, 13 and14 on
informationinequalitiesof both Shannonandnon-Shannontype constitutea
definitive presentationof thesetopicsby themasterchefhimself.Connections
with linearprogrammingareexploited,culminatingin explicationof Informa-
tion TheoryInequalityProver (ITIP) of R. YeungandY.-O. Yanfor inequali-
tiesof Shannon-typewhichcomeswith thisbook(alsoWWW-available).This
leads,in turn,to thefascinatingareaof non-Shannon-typeinformationinequal-
ities, pioneeredby R. YeungandZ. Zhang. This materialhasbeenfound to
possessprofoundimplicationsfor the generalareaof informationstructures
beingstudiedby mathematicallogiciansandmay alsocontribute to thermo-
dynamicsandstatisticalmechanicswhereintheconceptof entropy originated
andwhich continueto be heavily concernedwith variousfamiliesof general
inequalities. The theoryof

�
-Measureintroducedin Chapter6 provides the

essentialinsight into thoseof thenon-Shannontype inequalitiesthat aredis-
cussedhere.Multi-sourcenetwork codingin Chapter15 is aconfoundingarea
in which Yeungand othershave madeconsiderableprogressbut a compre-
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hensive theoryremainselusive. Nonetheless,the geometricalframework for
informationinequalitiesdevelopedin Chapters12 and13 rendersa unifying
tool for attackingthis classof problems.Theclosingchapterlinking entropy
to thetheoryof groupsis mouthwateringlyprovocative,having thepotentialto
becomeamajorcontribution of informationtheoryto this renownedbranchof
mathematicsandmathematicalphysics.

Savor thisbook;I think youwill agreetheproof is in thepudding.

TobyBerger
Irwin andJoanJacobsProfessorof Engineering
CornellUniversity, Ithaca,New York





Preface

Cover andThomaswrote a book on informationtheory[52] tenyearsago
which coversmostof the major topicswith considerabledepth. Their book
hassincebecomethe standardtextbook in the field, and it was no doubt a
remarkablesuccess.Insteadof writing anothercomprehensive textbookonthe
subject,which hasbecomemoredifficult asnew resultskeepemerging, my
goal is to write a book on the fundamentalsof the subjectin a unified and
coherentmanner.

During thelasttenyears,significantprogresshasbeenmadein understand-
ing theentropy functionandinformationinequalitiesof discreterandomvari-
ables. The resultsalongthis directionnot only areof core interestin infor-
mationtheory, but alsohaveapplicationsin network codingtheory, probability
theory, grouptheory, Kolmogorov complexity, andpossiblyphysics.Thisbook
is anup-to-datetreatmentof informationtheoryfor discreterandomvariables,
which forms the foundationof the theoryat large. Thereareeight chapters
on classicaltopics(Chapters1, 2, 3, 4, 5, 8, 9, and10), five chapterson fun-
damentaltools(Chapters6, 7, 12, 13, and14), andthreechapterson selected
topics(Chapters11, 15, and16). The chaptersarearrangedaccordingto the
logicalorderinsteadof thechronologicalorderof theresultsin theliterature.

What is in this book

Out of thesixteenchaptersin this book,thefirst thirteenchaptersarebasic
topics,while the last threechaptersareadvancedtopicsfor themoreenthusi-
asticreader. A brief rundown of thechapterswill give a betterideaof what is
in thisbook.

Chapter1 is a very high level introductionto thenatureof informationthe-
ory andthe main resultsin Shannon’s original paperin 1948which founded
thefield. Therearealsopointersto Shannon’s biographiesandhis works.
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xii A FIRSTCOURSEIN INFORMATIONTHEORY

Chapter2 introducesShannon’s informationmeasuresandtheirbasicprop-
erties.Useful identitiesandinequalitiesin informationtheoryarederivedand
explained.Extracareis takenin handlingjoint distributionswith zeroprobabil-
ity masses.Thechapterendswith a sectionon theentropy rateof a stationary
informationsource.

Chapter3 is adiscussionof zero-errordatacompressionby uniquelydecod-
ablecodes,with prefix codesasa specialcase.A proof of theentropy bound
for prefix codeswhich involvesneithertheKraft inequalitynor thefundamen-
tal inequalityis given. This proof facilitatesthediscussionof theredundancy
of prefix codes.

Chapter4 is a thoroughtreatmentof weaktypicality. Theweakasymptotic
equipartitionpropertyandthe sourcecoding theoremarediscussed.An ex-
planationof the fact that a good datacompressionschemeproducesalmost
i.i.d. bits is given. Thereis alsoa brief discussionof theShannon-McMillan-
Breimantheorem.

Chapter5 introducesa new definition of strongtypicality which doesnot
involve thecardinalitiesof thealphabetsets.Thetreatmentof strongtypicality
hereis moredetailedthanBerger[21] but lessabstractthanCsisz�� r andK �� rner
[55]. A new exponentialconvergenceresultis provedin Theorem5.3.

Chapter6 is anintroductionto thetheoryof
�
-Measurewhich establishesa

one-to-onecorrespondencebetweenShannon’s informationmeasuresandset
theory. A numberof examplesaregiven to show how theuseof information
diagramscansimplify theproofsof many resultsin informationtheory. Most
of theseexamplesarepreviouslyunpublished.In particular, Example6.15is a
generalizationof Shannon’s perfectsecrecy theorem.

Chapter7 exploresthe structureof the
�
-Measurefor Markov structures.

Set-theoreticcharacterizationsof full conditional independenceand Markov
randomfield arediscussed.Thetreatmentof Markov randomfield hereis per-
hapstoo specializedfor theaveragereader, but thestructureof the

�
-Measure

andthesimplicity of the informationdiagramfor a Markov chainis bestex-
plainedasaspecialcaseof aMarkov randomfield.

Chapter8consistsof anew treatmentof thechannelcodingtheorem.Specif-
ically, a graphicalmodelapproachis employed to explain theconditionalin-
dependenceof randomvariables.Greatcareis takenin discussingfeedback.

Chapter9 is an introductionto rate-distortiontheory. The versionof the
rate-distortiontheoremhere,proved by usingstrongtypicality, is a stronger
versionof theoriginal theoremobtainedby Shannon.

In Chapter10, the Blahut-Arimoto algorithmsfor computingchannelca-
pacityandtherate-distortionfunctionarediscussed,andasimplifiedproof for
convergenceis given. Greatcareis taken in handlingdistributionswith zero
probabilitymasses.
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Chapter11 is anintroductionto network codingtheory. Thesurprisingfact
thatcodingat theintermediatenodescanimprove thethroughputwhenanin-
formation sourceis multicast in a point-to-pointnetwork is explained. The
max-flow boundfor network codingwith a single informationsourceis ex-
plainedin detail.Multi-sourcenetwork codingwill bediscussedin Chapter15
afterthenecessarytoolsaredevelopedin thenext threechapters.

Informationinequalitiesaresometimescalledthelawsof informationtheory
becausethey govern the impossibilitiesin informationtheory. In Chapter12,
thegeometricalmeaningof informationinequalitiesandtherelationbetween
informationinequalitiesandconditionalindependenceareexplainedin depth.
The framework for informationinequalitiesdiscussedhereis thebasisof the
next two chapters.

Chapter13 explainshow the problemof proving information inequalities
canbeformulatedasa linearprogrammingproblem.This leadsto a complete
characterizationof all informationinequalitieswhichcanbeprovedby conven-
tional techniques.ThesearecalledShannon-typeinequalities,which cannow
beprovedby thesoftwareITIP which comeswith this book. It is alsoshown
how Shannon-typeinequalitiescanbeusedto tacklethe implicationproblem
of conditionalindependencein probabilitytheory.

All informationinequalitieswe usedto know wereShannon-typeinequal-
ities. Recently, a few non-Shannon-typeinequalitieshave beendiscovered.
Thismeansthatthereexist laws in informationtheorybeyondthoselaid down
by Shannon.Theseinequalitiesandtheir applicationsareexplainedin depth
in Chapter14.

Network coding theory is further developedin Chapter15. The situation
whenmorethanoneinformationsourcearemulticastin a point-to-pointnet-
work is discussed.Thesurprisingfactthatamulti-sourceproblemis notequiv-
alentto a few single-sourceproblemseven whenthe informationsourcesare
mutually independentis clearly explained. Implicit and explicit boundson
the achievable coding rate region arediscussed.Thesecharacterizationson
the achievablecodingrateregion involve almostall the tools that have been
developedearlierin thebook,in particular, theframework for informationin-
equalities.

Chapter16 explainsan intriguing relationbetweeninformationtheoryand
group theory. Specifically, for every information inequalitysatisfiedby any
joint distribution, thereis a correspondinggroup inequality satisfiedby any
finite groupandits subgroups,andvice versa. Inequalitiesof the latter type
govern the ordersof any finite group and their subgroups.Group-theoretic
proofsof Shannon-typeinformationinequalitiesaregiven. At theendof this
chapter, a group inequality is obtainedfrom a non-Shannon-typeinequality
discussedin Chapter14. The meaningandthe implication of this inequality
areyet to beunderstood.
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How to usethis book

You are recommendedto readthe chaptersaccordingto the above chart.
However, you will not have too muchdifficulty jumping aroundin the book
becausethereshouldbesufficient referencesto thepreviousrelevantsections.

As a relatively slow thinker, I feel uncomfortablewhenever I do not reason
in the most explicit way. This probablyhashelpedin writing this book, in
which all the derivationsare from the first principle. In the book, I try to
explain all thesubtlemathematicaldetailswithout sacrificingthebig picture.
Interpretationsof theresultsareusuallygivenbeforetheproofsarepresented.
The book alsocontainsa large numberof examples.Unlike theexamplesin
mostbookswhicharesupplementary, theexamplesin thisbookareessential.

Thisbookcanbeusedasareferencebookor atextbook.For atwo-semester
courseon information theory, this would be a suitabletextbook for the first
semester. This would alsobe a suitabletextbook for a one-semestercourse
if only informationtheoryfor discreterandomvariablesis covered. If the in-
structoralsowantsto includetopicsoncontinuousrandomvariables,thisbook
canbeusedasatextbookor a referencebookin conjunctionwith anothersuit-
abletextbook. Theinstructorwill find this booka goodsourcefor homework
problemsbecausemany problemsheredo notappearin any othertextbook.A
comprehensive instructor’s manualis availableuponrequest.Pleasecontact
theauthoratwhyeung@ie.cuhk.edu.hkfor informationandaccess.

Justlike any otherlengthydocument,thisbookfor surecontainserrorsand
omissions.To alleviate theproblem,anerratawill bemaintainedat thebook
homepagehttp://www.ie.cuhk.edu.hk/ITbook/. ��� �"!$#"%'&)(+*-,/.10'%-2



Acknowledgments

Writing a book is alwaysa major undertaking.This is especiallyso for a
bookon informationtheorybecauseit is extremelyeasyto make mistakesin
thewriting if onehasnotdoneresearchwork on thatparticulartopic. Besides,
the time neededfor writing a bookcannotbeunderestimated.Thanksto the
generoussupportof afellowshipfrom theCroucherFoundation,I havehadthe
luxury of takinga one-yearleave in 2000-01to write this book. I alsothank
my departmentfor thesupportwhichmadethisarrangementpossible.

Therearemany individualswho have directly or indirectly contributed to
this book. First, I am indebtedto Toby Berger who taughtme information
theoryandwriting. VenkatAnantharam,Dick Blahut,DaveDelchamps,Terry
Fine,andChrisHeegardall hadmuchinfluenceon mewhenI wasa graduate
studentatCornell.

I ammostthankful to ZhenZhangfor his friendshipandinspiration.With-
outtheresultsobtainedthroughourcollaboration,thisbookwouldnotbecom-
plete. I would alsolike to thankJuliaAbrahams,Vijay Bhargava, Agnesand
VincentChan,Tom Cover, Imre Csisz�� r, Bob Gallager, BruceHajek,Te Sun
Han,Jim Massey, Alon Orlitsky, ShlomoShamai,Sergio Verd �3 , Victor Wei,
FransWillems,andJackWolf for theirsupportandencouragementthroughout
the years. In particular, Imre Csisz�� r hascloselyfollowed my work andhas
given invaluablefeedback.I would alsolike to thankall the collaboratorsof
my work for theircontributionandall theanonymousreviewersfor theiruseful
comments.

During the processof writing this book, I received tremendoushelp from
Ning Cai andFangweiFu in proofreadingthe manuscript. Lihua Songand
TerenceChanhelpedcomposethefiguresandgave usefulsuggestions.With-
out their help, it would have beenquite impossibleto finish the book within
thesettime frame. I alsothankYu He, AndriesHekstra,Siu-Wai Ho, Kingo
Kobayashi,FrankKschischang,Amos Lapidoth, Li Ping, PrakashNarayan,
Igal Sason,Wojtek Szpankowski, EmreTelatar, ChunxuanYe,andKenZeger

xv



xvi A FIRSTCOURSEIN INFORMATIONTHEORY

for their valuableinputs.Thecodefor ITIP waswritten by Ying-OnYan,and
JackLeehelpedmodify thecodeandadaptit for thePC.GordonYeunghelped
on numerousUnix andLATEX problems.The two-dimensionalVenndiagram
representationfor four setswhich is repeatedlyusedin thebookwastaughtto
meby YongNanYeh.

On thedomesticside,I am mostgratefulto my wife Rebeccafor her love
andsupport. My daughterShannonhasgrown from an infant into a toddler
during this time. Shehasaddedmuch joy to our family. I also thank my
mother-in-law Mrs. Tsangandmy sister-in-law Opheliafor comingover from
time to time to take careof Shannon.Life would have beena lot morehectic
without their generoushelp.



Contents

1. THE SCIENCEOFINFORMATION 1

2. INFORMATION MEASURES 5

2.1 IndependenceandMarkov Chains 5

2.2 Shannon’s InformationMeasures 10

2.3 Continuityof Shannon’s InformationMeasures 16

2.4 ChainRules 17

2.5 InformationalDivergence 19

2.6 TheBasicInequalities 23

2.7 SomeUsefulInformationInequalities 25

2.8 Fano’s Inequality 28

2.9 Entropy Rateof StationarySource 32

Problems 36

HistoricalNotes 39

3. ZERO-ERROR DATA COMPRESSION 41

3.1 TheEntropy Bound 42

3.2 PrefixCodes 45
3.2.1 Definition andExistence 45
3.2.2 HuffmanCodes 48

3.3 Redundancy of PrefixCodes 54

Problems 58

HistoricalNotes 59

4. WEAK TYPICALITY 61

4.1 TheWeakAEP 61

xvii



xviii A FIRSTCOURSEIN INFORMATIONTHEORY

4.2 TheSourceCodingTheorem 64

4.3 EfficientSourceCoding 66

4.4 TheShannon-McMillan-BreimanTheorem 68

Problems 70

HistoricalNotes 71

5. STRONGTYPICALITY 73

5.1 StrongAEP 73

5.2 StrongTypicality VersusWeakTypicality 81

5.3 JointTypicality 82

5.4 An Interpretationof theBasicInequalities 92

Problems 93

HistoricalNotes 94

6. THE
�
-MEASURE 95

6.1 Preliminaries 96

6.2 The
�
-Measurefor Two RandomVariables 97

6.3 Constructionof the
�
-Measure4 * 100

6.4 4 * CanbeNegative 103

6.5 InformationDiagrams 105

6.6 Examplesof Applications 112

Appendix6.A: A Variationof theInclusion-ExclusionFormula 119

Problems 121

HistoricalNotes 124

7. MARKOV STRUCTURES 125

7.1 ConditionalMutual Independence 126

7.2 Full ConditionalMutual Independence 135

7.3 Markov RandomField 140

7.4 Markov Chain 143

Problems 146

HistoricalNotes 147

8. CHANNEL CAPACITY 149

8.1 DiscreteMemorylessChannels 153

8.2 TheChannelCodingTheorem 158

8.3 TheConverse 160



Contents xix

8.4 Achievability of theChannelCapacity 166

8.5 A Discussion 171

8.6 FeedbackCapacity 174

8.7 Separationof SourceandChannelCoding 180

Problems 183

HistoricalNotes 186

9. RATE-DISTORTION THEORY 187

9.1 Single-LetterDistortionMeasures 188

9.2 TheRate-DistortionFunction56��78 191

9.3 TheRate-DistortionTheorem 196

9.4 TheConverse 204

9.5 Achievability of 5:9;��7� 206

Problems 212

HistoricalNotes 214

10.THE BLAHUT-ARIMOTO ALGORITHMS 215

10.1 AlternatingOptimization 216

10.2 TheAlgorithms 218
10.2.1 ChannelCapacity 218
10.2.2 TheRate-DistortionFunction 223

10.3 Convergence 226
10.3.1 A SufficientCondition 227
10.3.2 Convergenceto theChannelCapacity 230

Problems 231

HistoricalNotes 231

11.SINGLE-SOURCENETWORK CODING 233

11.1 A Point-to-PointNetwork 234

11.2 Whatis Network Coding? 236

11.3 A Network Code 240

11.4 TheMax-Flow Bound 242

11.5 Achievability of theMax-Flow Bound 245
11.5.1 Acyclic Networks 246
11.5.2 Cyclic Networks 251

Problems 259

HistoricalNotes 262



xx A FIRSTCOURSEIN INFORMATIONTHEORY

12. INFORMATION INEQUALITIES 263

12.1 TheRegion <>=� 265

12.2 InformationExpressionsin CanonicalForm 267

12.3 A GeometricalFramework 269
12.3.1 UnconstrainedInequalities 269
12.3.2 ConstrainedInequalities 270
12.3.3 ConstrainedIdentities 272

12.4 Equivalenceof ConstrainedInequalities 273

12.5 TheImplicationProblemof ConditionalIndependence 276

Problems 277

HistoricalNotes 278

13.SHANNON-TYPEINEQUALITIES 279

13.1 TheElementalInequalities 279

13.2 A LinearProgrammingApproach 281
13.2.1 UnconstrainedInequalities 283
13.2.2 ConstrainedInequalitiesandIdentities 284

13.3 A Duality 285

13.4 MachineProving – ITIP 287

13.5 TacklingtheImplicationProblem 291

13.6 Minimality of theElementalInequalities 293

Appendix13.A: TheBasicInequalitiesandthePolymatroidal
Axioms 297

Problems 298

HistoricalNotes 300

14.BEYOND SHANNON-TYPEINEQUALITIES 301

14.1 Characterizationsof < =? , < =@ , and < =� 302

14.2 A Non-Shannon-TypeUnconstrainedInequality 310

14.3 A Non-Shannon-TypeConstrainedInequality 315

14.4 Applications 321

Problems 324

HistoricalNotes 325

15.MULTI-SOURCENETWORK CODING 327

15.1 Two Characteristics 328
15.1.1 TheMax-Flow Bounds 328
15.1.2 SuperpositionCoding 330



Contents xxi

15.2 Examplesof Application 335
15.2.1 Multilevel DiversityCoding 335
15.2.2 SatelliteCommunicationNetwork 336

15.3 A Network Codefor Acyclic Networks 337

15.4 An InnerBound 340

15.5 An OuterBound 342

15.6 TheLP BoundandIts Tightness 346

15.7 Achievability of ACB � 350

Appendix15.A: Approximationof RandomVariableswith
Infinite Alphabets 360

Problems 361

HistoricalNotes 364

16.ENTROPYAND GROUPS 365

16.1 GroupPreliminaries 366

16.2 Group-CharacterizableEntropy Functions 372

16.3 A GroupCharacterizationof < =� 377

16.4 InformationInequalitiesandGroupInequalities 380

Problems 384

HistoricalNotes 387

Bibliography 389

Index
403





Chapter1

THE SCIENCE OF INFORMA TION

In acommunicationsystem,wetry to convey informationfrom onepoint to
another, veryoftenin anoisyenvironment.Considerthefollowing scenario.A
secretaryneedsto sendfacsimilesregularly andshewantsto convey asmuch
informationaspossibleon eachpage.Shehasa choiceof thefont size,which
meansthatmorecharacterscanbesqueezedontoa pageif a smallerfont size
is used.In principle,shecansqueezeasmany charactersasdesiredon a page
by usingasmallenoughfont size.However, therearetwo factorsin thesystem
whichmaycauseerrors.First, thefaxmachinehasafinite resolution.Second,
thecharacterstransmittedmaybereceivedincorrectlydueto noisein thetele-
phoneline. Therefore,if the font sizeis too small, thecharactersmaynot be
recognizableon the facsimile. On the otherhand,althoughsomecharacters
on thefacsimilemaynot berecognizable,therecipientcanstill figureout the
wordsfrom thecontext providedthat thenumberof suchcharactersis not ex-
cessive. In otherwords,it is not necessaryto choosea font sizesuchthatall
the characterson the facsimilearerecognizablealmostsurely. Thenwe are
motivatedto ask: What is the maximumamountof meaningfulinformation
whichcanbeconveyedononepageof facsimile?

This questionmay not have a definite answerbecauseit is not very well
posed.In particular, wedonothave aprecisemeasureof meaningfulinforma-
tion. Nevertheless,this questionis an illustration of thekind of fundamental
questionswe canaskaboutacommunicationsystem.

Information,which is not a physicalentity but anabstractconcept,is hard
to quantifyin general.This is especiallythecaseif humanfactorsareinvolved
when the information is utilized. For example,when we play Beethoven’s
violin concertofrom a compactdisc,we receive themusicalinformationfrom
the loudspeakers. We enjoy this informationbecauseit arousescertainkinds
of emotionwithin ourselves. While we receive the sameinformationevery

1
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TRANSMITTER
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Figure 1.1. Schematicdiagramfor ageneralpoint-to-pointcommunicationsystem.

time we play thesamepieceof music,thekindsof emotionsarousedmaybe
differentfrom timeto timebecausethey dependonourmoodat thatparticular
moment. In other words, we can derive utility from the sameinformation
every time in adifferentway. For this reason,it is extremelydifficult to devise
a measurewhich canquantify theamountof informationcontainedin a piece
of music.

In 1948,Bell TelephoneLaboratoriesscientistClaudeE. Shannon(1916-
2001)publisheda paperentitled“The MathematicalTheoryof Communica-
tion” [184] which laid the foundationof an importantfield now known asin-
formationtheory. In his paper, themodelof a point-to-pointcommunication
systemdepictedin Figure1.1 is considered.In this model,a messageis gen-
eratedby theinformationsource.Themessageis convertedby thetransmitter
into a signalwhich is suitablefor transmission.In thecourseof transmission,
thesignalmaybecontaminatedby a noisesource,so that thereceived signal
maybedifferentfrom thetransmittedsignal.Basedon thereceivedsignal,the
receiver thenmakesanestimateof themessageanddeliver it to thedestination.

In thisabstractmodelof apoint-to-pointcommunicationsystem,oneis only
concernedaboutwhetherthemessagegeneratedby thesourcecanbedelivered
correctlyto the receiver without worrying abouthow themessageis actually
usedby thereceiver. In away, Shannon’s modeldoesnot cover all theaspects
of acommunicationsystem.However, in orderto developapreciseanduseful
theoryof information,thescopeof thetheoryhasto berestricted.

In [184], Shannonintroducedtwo fundamentalconceptsabout ‘informa-
tion’ from thecommunicationpoint of view. First, informationis uncertainty.
Morespecifically, if apieceof informationweareinterestedin is deterministic,
thenit hasnovalueatall becauseit is alreadyknown with nouncertainty. From
this point of view, for example,the continuoustransmissionof a still picture
on a television broadcastchannelis superfluous.Consequently, an informa-
tion sourceis naturallymodeledasa randomvariableor a randomprocess,
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andprobability is employedto developthetheoryof information.Second,in-
formationto betransmittedis digital. This meansthat theinformationsource
shouldfirst be convertedinto a streamof 0’s and1’s calledbits, andthe re-
mainingtaskis to deliver thesebits to thereceiver correctlywith no reference
to their actualmeaning.This is the foundationof all moderndigital commu-
nication systems. In fact, this work of Shannonappearsto containthe first
publisheduseof thetermbit, whichstandsfor G1H narydigi I .

In thesamework, Shannonalsoproved two importanttheorems.Thefirst
theorem,calledthe source codingtheorem, introducesentropy asthe funda-
mentalmeasureof information which characterizesthe minimum rate of a
sourcecoderepresentingan informationsourceessentiallyfreeof error. The
sourcecodingtheoremis thetheoreticalbasisfor losslessdatacompression1.
Thesecondtheorem,calledthechannelcodingtheorem, concernscommuni-
cationthrougha noisychannel.It wasshown thatassociatedwith every noisy
channelis a parameter, called the capacity, which is strictly positive except
for veryspecialchannels,suchthatinformationcanbecommunicatedreliably
throughthe channelas long asthe informationrateis lessthanthe capacity.
Thesetwo theorems,which give fundamentallimits in point-to-pointcommu-
nication,arethetwo mostimportantresultsin informationtheory.

In science,westudythelawsof Naturewhichmustbeobeyedby any phys-
ical systems.Theselaws areusedby engineersto designsystemsto achieve
specificgoals. Therefore,scienceis the foundationof engineering.Without
science,engineeringcanonly bedoneby trial anderror.

In informationtheory, we studythe fundamentallimits in communication
regardlessof the technologiesinvolved in the actual implementationof the
communicationsystems.Thesefundamentallimits arenotonly usedasguide-
linesby communicationengineers,but they alsogive insightsinto whatopti-
mal codingschemesare like. Information theory is thereforethe scienceof
information.

SinceShannonpublishedhisoriginalpaperin 1948,informationtheoryhas
beendevelopedinto a major researchfield in bothcommunicationtheoryand
appliedprobability. After morethanhalf acentury’s research,it is quiteimpos-
sible for a bookon thesubjectto cover all themajor topicswith considerable
depth.Thisbookis amoderntreatmentof informationtheoryfor discreteran-
domvariables,which is the foundationof the theoryat large. Thebookcon-
sistsof two parts.Thefirst part,namelyChapter1 to Chapter13, is a thorough
discussionof thebasictopicsin informationtheory, includingfundamentalre-
sults,tools, andalgorithms. The secondpart, namelyChapter14 to Chapter
16, is a selectionof advancedtopicswhich demonstratethe useof the tools

1A datacompressionschemeis losslessif thedatacanberecoveredwith anarbitrarily smallprobabilityof
error.
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developedin thefirst partof thebook. Thetopicsdiscussedin this partof the
bookalsorepresentnew researchdirectionsin thefield.

An undergraduatelevel courseon probability is the only prerequisitefor
thisbook.For anon-technicalintroductionto informationtheory, we referthe
readerto EncyclopediaBritannica [65]. In fact,we stronglyrecommendthe
readerto first readthis excellent introductionbeforestartingthis book. For
biographiesof ClaudeShannon,a legendof the20th Centurywho hadmade
fundamentalcontribution to theInformationAge, we refer thereadersto [38]
and[197]. Thelatteris alsoacompletecollectionof Shannon’s papers.

Unlikemostbranchesof appliedmathematicsin whichphysicalsystemsare
studied,abstractsystemsof communicationarestudiedin informationtheory.
In readingthisbook,it is notunusualfor abeginnerto beableto understandall
thestepsin aproofbut hasnoideawhattheproof is leadingto. Thebestwayto
learninformationtheoryis to studythematerialsfirst andcomebackata later
time. Many resultsin informationtheoryarerathersubtle,to theextentthatan
expert in thesubjectmayfrom time to time realizethathis/herunderstanding
of certainbasicresultshasbeeninadequateor evenincorrect.While a novice
shouldexpectto raisehis/herlevel of understandingof thesubjectby reading
thisbook,he/sheshouldnotbediscouragedto find afterfinishingthebookthat
thereareactuallymorethingsyet to beunderstood.In fact, this is exactly the
challengeandthebeautyof informationtheory.



Chapter2

INFORMA TION MEASURES

Shannon’s informationmeasuresrefer to entropy, conditionalentropy, mu-
tual information,andconditionalmutual information. They arethemostim-
portantmeasuresof information in information theory. In this chapter, we
introducethesemeasuresand establishsomebasicpropertiesthey possess.
The physicalmeaningsof thesemeasureswill be discussedin depthin sub-
sequentchapters.Wethenintroduceinformationaldivergencewhichmeasures
the“distance”betweentwo probabilitydistributionsandprovesomeusefulin-
equalitiesin informationtheory. Thechapterendswith asectionontheentropy
rateof astationaryinformationsource.

2.1 INDEPENDENCE AND MARK OV CHAINS
We begin our discussionin this chapterby reviewing two basicnotionsin

probability: independenceof randomvariablesand Markov chain. All the
randomvariablesin thisbookarediscrete.

Let J bearandomvariabletakingvaluesin analphabetK . Theprobability
distribution for J is denotedas ��L1MN��OPQ��OR�SK8� , with L1MN��OPUTWVYXZ�[J\T]O-� .
Whenthereis no ambiguity, L M ��O^ will be abbreviatedas L>��O^ , and ��L>��O^_�
will be abbreviatedas L	��O^ . The supportof J , denotedby ` M , is the setof
all Oa�aK suchthat L	��O^cbed . If ` M TfK , we saythat L is strictly positive.
Otherwise,we saythat L is not strictly positive, or L containszeroprobability
masses.All theabove notationsnaturallyextendto two or morerandomvari-
ables. As we will see,probability distributionswith zeroprobability masses
arevery delicatein general,andthey needto behandledwith greatcare.g/hji kml-kmn^k�o-lqpsr�t

Two randomvariables J and u are independent,denoted
by Jwv]u , if L	��O-��xjYTyL>��OPzL>��x� (2.1)

5
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for all O and x (i.e., for all ��O-��xj{�SK+|~} ).

For morethantwo randomvariables,we distinguishbetweentwo typesof
independence.g/hji kml-kmn^k�o-lqpsrzp����)�'n^�P�-�S�_l'�"hj�jhjl'�"hjl-��h��

For ����� , randomvari-
ablesJ8����J ? �Z�Z�Z����J � aremutuallyindependentifL>��O'�[��O ? �Z�Z�Z����O � YTyL>��O-�_zL	��O ? s�Z�Z��L	��O �  (2.2)

for all O'�[��O ? �Z�Z�Z� , O � .g/hji kml-kmn^k�o-lqpsr������>�-k�����k��[h
�Ql'�-hj�1hjl'�-h1l-��h��
For ����� , randomvari-

ablesJ8�[��J ? �Z�Z�Z����J � arepairwiseindependentif J/B and Jc  are independent
for all ¡�¢��¤£¦¥�¢�� .

Notethatmutualindependenceimpliespairwiseindependence.We leave it
asanexercisefor thereaderto show thattheconverseis not true.g/hji kml-kmn^k�o-lqpsr¨§+�_©:o"l'�"kmn^k�o-lP�"�
�_l'�"hj�jhjl'�"hjl-��h��

For randomvariablesJª�«u , and ¬ , J is independentof ¬ conditioningon u , denotedby Jv®¬N¯ u ,
if L>��O-��x��«°�zL>��xjUT�L>��O-��xjzL>��x��«°� (2.3)

for all O-��x , and ° , or equivalently,

L>��O"��xs�«°�±T ²f³µ´·¶µ¸ ¹�º»³µ´¼¹[¸ ½_º³µ´·¹�º TyL>��O-��xjzL>��°s¯ xj if L>��x�¤bqdd otherwise.
(2.4)

The first definition of conditionalindependenceabove is sometimesmore
convenientto usebecauseit is not necessaryto distinguishbetweenthecasesL>��x��b¾d and L	��x�¿TÀd . However, thephysicalmeaningof conditionalinde-
pendenceis moreexplicit in theseconddefinition.���^o-�so"�Ákmn^k�o-lqpsrzÂ

For randomvariablesJª�«u , and ¬ , JwvW¬Ã¯ u if andonly
if L>��O-��x��«°�YTÅÄ���O"��x�ÇÆµ��x��«°� (2.5)

for all O , x , and ° such that L>��xj{bad .
Proof The‘only if ’ partfollowsimmediatelyfrom thedefinitionof conditional
independencein (2.4),sowe will only prove the‘if ’ part.AssumeL>��O-��x��«°�YTÅÄ���O"��x�ÇÆµ��x��«°� (2.6)
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for all O , x , and ° suchthat L	��x�{bqd . ThenL>��O-��xjÈTWÉ ½ L>��O"��xs�«°�±TWÉ ½ Ä^��O-��xjÇÆÊ��x��«°�¤TËÄ���O"��x��É ½ Æµ��xs�«°�Q� (2.7)

L>��x��«°�UT É ¶ L>��O-��x��«°�YT É ¶ Ä^��O-��xjÇÆµ��xs�«°Ì±TÅÆµ��x��«°� É ¶ Ä^��O-��xjQ� (2.8)

and L>��xjYT É ½ L>��x��«°�YT\Í É ¶ Ä���O"��x�ÏÎÐÍ É ½ Æµ��xs�«°�ÏÎyÑ (2.9)

Therefore,

L>��O-��xjzL>��x��«°�L>��xj T Í Ä���O"��x� É ½ Æµ��x��«°� ÎÒÍ ÆÊ��x��«°� É ¶ Ä^��O-��xj Î
Í É ¶ Ä^��O-��xj ÎÒÍ É ½ Æµ��xs�«°Ì Î (2.10)

T Ä^��O-��xjÇÆµ��xs�«°Ì (2.11)T L	��O-��x��«°�QÑ (2.12)

Hence,JwvW¬Ã¯ u . Theproof is accomplished.g/hji kml-kmn^k�o-lqpsr�ÓÔ�����-�PÕ-o^Ö�©$×P�-k�l>�
For randomvariablesJ8�Z��J ? �Z�Z�Z�[��J � ,

where �R�q� , J8�¤ØÙJ ? ØÚ�Z�Z� ØÙJ � formsa Markov chain ifL>��O � ��O ? �Z�Z�Z�Á��O � zL>��O ? zL	��O @ s�Z�Z�ÛL>��O �ÝÜ � T L>��O-�Z��O ? zL>��O ? ��O @ s�Z�Z��L>��O �ÝÜ �Z��O �  (2.13)

for all O'�[��O ? �Z�Z�Z� , O � , or equivalently,

L>��O'�Z��O ? �Z�Z�Z����O � YTÞ L>��O-�[��O ? zL>��O @ ¯ O ? s�Z�Z��L>��O � ¯ O �ÝÜ �Q if L	��O ? Q��L>��O @ Q�Z�Z�Z����L>��O ��Ü �ß{badd otherwise.
(2.14)

Wenotethat JwvW¬Ã¯ u is equivalentto theMarkov chain JwØ�uÐØà¬ .���^o-�so"�Ákmn^k�o-lqpsrzá J � Ø J ? Ø �Z�Z�±Ø J � formsa Markov chain if and
only if J � ØÙJ �ÝÜ �¤ØÚ�Z�Z�ÌØÙJ8� formsa Markov chain.

Proof This follows directly from thesymmetryin thedefinitionof a Markov
chainin (2.13).
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In the following, we statetwo basicpropertiesof a Markov chain. The
proofsareleft asanexercise.���^o-�so"�Ákmn^k�o-lqpsr�â J8�ãØ J ? Ø �Z�Z�¤Ø J � formsa Markov chain if and
only if J8�¤ØÙJ ? ØÙJ @��J8�[��J ? YØÙJ @ Ø�J/ä

...��J � ��J ? �Z�Z�Z�Á��J ��Ü ? YØÙJ ��Ü � ØÙJ �
(2.15)

formMarkov chains.���^o-�so"�Ákmn^k�o-lqpsr�å J8�ãØ J ? Ø �Z�Z�¤Ø J � formsa Markov chain if and
only ifL>��O-�[��O ? �Z�Z�Z�[��O � ÈTÅæ��Á��O-�[��O ? Çæ ? ��O ? ��O @ s�Z�Z�Qæ �ÝÜ �Á��O �ÝÜ �Z��O �  (2.16)

for all O'�[��O ? �Z�Z�Z� , O � such that L>��O ? Q��L	��O @ Q�Z�Z�Z�Á��L	��O ��Ü �ß¤bad .
NotethatProposition2.9isageneralizationof Proposition2.5.FromPropo-

sition 2.9,onecanprove thefollowing importantpropertyof a Markov chain.
Again, thedetailsareleft asanexercise.���^o-�so"�Ákmn^k�o-lqpsr�t;ç+�����-�PÕ"o�ÖÐ�Á�-è��s×'�-kml"�Ê�

Let é � Tw�Ý¡µ�_êÌ�Z�Z�Z�����	� and
let J8�NØëJ ? Ø �Z�Z�	ØìJ � form a Markov chain. For anysubsetí of é � ,
denote��J B ���±�Sí> by J6î . Thenfor anydisjointsubsetsí � �_í ? �Z�Z�Z���_í'ï of é �
such that ð ��£ ð ? £Å�Z�Z�1£ ð ï (2.17)

for all
ð  ñ�~í�  , ¥NTÒ¡µ�_êÌ�Z�Z�Z����ò ,J îÌó ØÙJ î;ô ØÚ�Z�Z�ÌØÙJ î�õ (2.18)

formsa Markov chain. That is, a subchain of J8��ØöJ ? Ø÷�Z�Z�1ØöJ � is also
a Markov chain.øúù'�"û¿�j��hypsr�t�t

Let J � Ø J ? Ø �Z�Z�üØ J �þý form a Markov chain andíÈ�{TÒ�Ý¡µ�_ê�� , í ? TÒ�[ÿ � , í @ Te���Ì����� , and í'ä$Te�Ý¡ZdÌ� besubsetsof é �þý . Then
Proposition2.10saysthat��J8����J ? ÈØ�J/ä¿Ø ��J��µ��J��ÁYØ�J8�þý (2.19)

alsoformsa Markov chain.
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We have beenvery careful in handlingprobability distributions with zero
probabilitymasses.In therestof thesection,we show thatsuchdistributions
arevery delicatein general.We first prove thefollowing propertyof a strictly
positive probabilitydistribution involving four randomvariables1.���^o-�so"�Ákmn^k�o-lqpsr�t�p

Let J8�[��J ? ��J @ , and J/ä berandomvariablessuch thatL>��O'�Z��O ? ��O @ ��O1ä� is strictly positive. ThenJ8�¤vËJ/ä�¯¨��J ? ��J @ J8�¤vËJ @ ¯¨��J ? ��J/äµ �	� J8�¤vÐ��J @ ��J/ä�Z¯ J ? Ñ (2.20)

Proof If J � v]J ä ¯¨��J ? ��J @  , we have

L>��O-�[��O ? ��O @ ��Osä�YT L>��O � ��O ? ��O @ zL	��O ? ��O @ ��O ä L	��O ? ��O @  Ñ (2.21)

On theotherhand,if J8�¤vËJ @ ¯¨��J ? ��J/äÊ , we have

L>��O-�[��O ? ��O @ ��Osä�YT L>��O-�Z��O ? ��O1ä�zL	��O ? ��O @ ��Osä�L	��O ? ��O1äÁ Ñ (2.22)

Equating(2.21)and(2.22),we have

L>��O'�Z��O ? ��O @ YT L>��O ? ��O @ zL>��O-�[��O ? ��O1äÁL>��O ? ��O ä  Ñ (2.23)

Then L>��O-�[��O ? ÚT É ¶�
 L>��O'�Z��O ? ��O @  (2.24)

T É ¶ 
 L>��O ? ��O @ zL	��O'�[��O ? ��OsäÁL>��O ? ��Osä� (2.25)

T L>��O ? zL>��O-�[��O ? ��O1äÁL	��O ? ��O1ä� � (2.26)

or L>��O'�Z��O ? ��O1ä�L>��O ? ��Osä� T L>��O-�[��O ? L	��O ?  Ñ (2.27)

Hencefrom (2.22),

L>��O'�Z��O ? ��O @ ��O1ä�ÈT L	��O � ��O ? ��O ä zL>��O ? ��O @ ��O ä L>��O ? ��Osä� T L>��O � ��O ? zL>��O ? ��O @ ��O ä L>��O ? 
(2.28)

1Proposition2.12is calledthe intersectionaxiomin Bayesiannetworks.See[160].
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for all O'�[��O ? ��O @ , and O1ä , i.e., J8�¤vÐ��J @ ��J/ä�Z¯ J ? .
If L>��O'�[��O ? ��O @ ��O1ä�CTd for some O-�[��O ? ��O @ , and O1ä , i.e., L is not strictly

positive, theargumentsin theaboveproofarenotvalid. In fact,theproposition
may not hold in this case. For instance,let J8�8Tu , J ? T ¬ , and J @ TJ ä T ��u±�Q¬$ , where u and ¬ areindependentrandomvariables.Then J � vJ/ä�¯¨��J ? ��J @  , J8�
v�J @ ¯¨��J ? ��J/ä� , but J8��v ��J @ ��J/ä�Z¯ J ? . Note that for
this construction,L is not strictly positive becauseL>��O-�[��O ? ��O @ ��O1äÁ�Tàd ifO @ �TÐ��O-����O ?  or Osä��TÀ��O'�[��O ?  .

The above exampleis somewhat counter-intuitive becauseit appearsthat
Proposition2.12shouldhold for all probability distributionsvia a continuity
argument.Specifically, suchanargumentgoeslike this. For any distributionL , let ��L��Ý� beasequenceof strictly positivedistributionssuchthat L��:Ø�L andL�� satisfies(2.21)and(2.22)for all

ð
, i.e.,L�����O � ��O ? ��O @ ��O ä zL��Ì��O ? ��O @ ÈT�L��Ì��O � ��O ? ��O @ zL��Ì��O ? ��O @ ��O ä  (2.29)

and L�� ��O'�[��O ? ��O @ ��O1ä�zL��Ì��O ? ��Osä�YTyL��Ì��O'�[��O ? ��O1ä�zL��Ì��O ? ��O @ ��Osä�QÑ (2.30)

Thenby theproposition,L�� alsosatisfies(2.28),i.e.,L�����O-�[��O ? ��O @ ��Osä�zL�����O ? YTyL��Ì��O'�[��O ? zL�����O ? ��O @ ��O1ä�QÑ (2.31)

Letting
ð Ø�� , we haveL>��O � ��O ? ��O @ ��O ä zL>��O ? ÈT�L>��O � ��O ? zL>��O ? ��O @ ��O ä  (2.32)

for all O'�Z��O ? ��O @ , and O1ä , i.e., J8�¤vÐ��J @ ��J/ä�Z¯ J ? . Suchanargumentwouldbe
valid if therealwaysexistsa sequence��L��Ý� asprescribed.However, theexis-
tenceof thedistribution L>��O-�[��O ? ��O @ ��Osä� constructedimmediatelyafterPropo-
sition 2.12simply saysthat it is not alwayspossibleto find sucha sequence��L��;� .

Therefore,probability distributions which are not strictly positive can be
very delicate.For strictly positive distributions,we seefrom Proposition2.5
thattheir conditionalindependencestructuresarecloselyrelatedto thefactor-
izationproblemof suchdistributions,whichhasbeeninvestigatedby Chanand
Yeung[43].

2.2 SHANNON’S INFORMA TION MEASURES
We begin this sectionby introducingtheentropyof a randomvariable.As

we will seeshortly, all Shannon’s informationmeasurescanbe expressedas
linearcombinationsof entropies.
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Theentropy �)��J� of a randomvariable J is definedby����J
UT��SÉ ¶ L	��O^�� ��� L>��O^QÑ (2.33)

In all definitionsof information measures,we adopt the convention that
summationis takenover thecorrespondingsupport.Suchaconventionis nec-
essarybecauseL>��O^�� ��� L>��O^ in (2.33)is undefinedif L>��O^UT]d .

The baseof the logarithm in (2.33) can be chosento be any convenient
real numbergreatthan1. We write ����J
 as � î ��J� when the baseof the
logarithmis í . Whenthe baseof the logarithmis 2, the unit for entropy is
calleda bit. When the baseof the logarithm is an integer 7 �ê , the unit
for entropy is 7 -it ( 7 -ary digit). In thecontext of sourcecoding,thebaseis
usually taken to be the sizeof the codealphabet. This will be discussedin
Chapter3.

In computerscienceabit meansanentitywhichcantake thevalue0 or 1. In
informationtheorytheentropy of a randomvariableis measuredin bits. The
readershoulddistinguishthesetwomeaningsof abit from eachothercarefully.

Let ����J� be any function of a randomvariable J . We will denotethe
expectationof �^��J� by ������J
 , i.e.,������J�±TWÉ ¶ L>��OP�����O^Q� (2.34)

wherethesummationis over `PM . Thenthedefinitionof theentropy of a ran-
domvariableJ canbewrittenas�)��J�±T�� �!� ��� L>��J�QÑ (2.35)

Expressionsof Shannon’s informationmeasuresin termsof expectationswill
beusefulin subsequentdiscussions.

Theentropy �)��J� of arandomvariableJ is a functionalof theprobability
distribution L>��O^ whichmeasurestheaverageamountof informationcontained
in J , or equivalently, theamountof uncertaintyremoved uponrevealingthe
outcomeof J . Notethat ����J
 dependsonly on L>��OP , notontheactualvalues
in K .

For d6¢�L ¢W¡ , define"$# �·LPYT��	L%� ��� L&�q�Ç¡ ��L^�� ��� �Ç¡ ��L^ (2.36)

with theconvention d'� ��� dñT]d , sothat

"$# ��dÝUT "$# �Ç¡ÁYTÅd . With thisconven-
tion,

"$# �·L^ is continuousat LRT d and LRTÔ¡ . "(# is calledthebinaryentropy
function.For abinaryrandomvariableJ with distribution ��L-�[¡)�8L'� ,�)��J�YT "(# �·L^QÑ (2.37)
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Figure 2.1. *,+.-0/�1 versus/ in thebase2.

Figure 2.1 shows the graph

"$# �·L^ versusL in the base2. Note that

"$# �·L^
achievesthemaximumvalue1 whenL8T �? .

The definition of the joint entropy of two randomvariablesis similar to
the definition of the entropy of a single randomvariable. Extensionof this
definitionto morethantwo randomvariablesis straightforward.g/hji kml-kmn^k�o-lqpsr�t�§

Thejoint entropy ����JS�«u/ of a pair of randomvariablesJ and u is definedby�)��Jª�«u6ÈT�� É ¶µ¸ ¹ L>��O-��xj�� ��� L>��O-��xjYT�� �2� ��� L>��JS�«u6QÑ (2.38)

For two randomvariables,wedefinein thefollowing theconditionalentropy
of onerandomvariablewhentheotherrandomvariableis given.g/hji kml-kmn^k�o-lqpsr�t�Â

For randomvariables J and u , the conditionalentropy
of u given J is definedby����u~¯ J
YT�� É ¶µ¸ ¹ L>��O"��x��� ��� L>��x'¯ O^YT3� �!� ��� L>��u�¯ J�QÑ (2.39)

From(2.39),we canwrite�)��u8¯ J
UT É ¶ L	��O^%45� É ¹ L>��x'¯ O^�� ��� L>��x'¯ O^76�Ñ (2.40)

The innersumis theentropy of u conditioningon a fixed O��y`PM . Thuswe
aremotivatedto express�)��u8¯ J
 as�)��u�¯ J�YT É ¶ L	��O^8�)��u�¯ JwTËOPQ� (2.41)
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where �)��u8¯ JwTËO^ÈT3� É ¹ L>��x'¯ O^�� ��� L>��xP¯ OPQÑ (2.42)

Observe that the right handsidesof (2.33)and(2.42)have exactly the same
form. Similarly, for �)��u�¯ Jª�Q¬$ , we write����u~¯ Jª�Q¬$YT®É ½ L>��°�8�)��u�¯ JS�Q¬ÅT]°�Q� (2.43)

where ����u�¯ Jª�Q¬ÅTÅ°�YT��SÉ ¶µ¸ ¹ L	��O-��x'¯ °��� ��� L>��xP¯ O"�«°�QÑ (2.44)

���^o-�so"�Ákmn^k�o-lqpsr�t;Ó ����JS�«u6YT9����J
;:<�)��u�¯ J� (2.45)

and �)��Jª�«u6YT=�)��u/>:<����J�¯ u6QÑ (2.46)

Proof Consider����JS�«u/ T � �!� ��� L>��JS�«u/ (2.47)T � �!� ����? L>��J
zL>��u~¯ J��@ (2.48)T � �!� ��� L>��J
A�B�!� ��� L>��u�¯ J� (2.49)T ����J
C:<�)��u~¯ J�QÑ (2.50)

Note that (2.48) is justifiedbecausethesummationof theexpectationis over` MED , andwe have usedthe linearity of expectation2 to obtain (2.49). This
proves(2.45),and(2.46)follows by symmetry.

This propositionhasthe following interpretation. Considerrevealing the
outcomeof apairof randomvariablesJ and u in two steps:first theoutcome
of J and then the outcomeof u . Then the propositionsaysthat the total
amountof uncertaintyremoved uponrevealingboth J and u is equalto the
sumof theuncertaintyremoveduponrevealing J (uncertaintyremovedin the
first step)and the uncertaintyremoved upon revealing u once J is known
(uncertaintyremovedin thesecondstep).

2SeeProblem5 at theendof thechapter.
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For randomvariables J and u , the mutual information

betweenJ and u is definedby� ��J!F«u6YT É ¶µ¸ ¹ L	��O-��xj�� ��� L>��O-��xjL>��OPzL>��xj T=�G� ��� L>��JS�«u6L>��J
zL>��u6 Ñ (2.51)

Remark
� ��J!F«uC is symmetricalin J and u .���^o-�so"�Ákmn^k�o-lqpsr�t;â

Themutualinformationbetweena randomvariable J
anditself is equalto theentropyof J , i.e.,

� ��J2F�J�±T=����J
 .
Proof Thiscanbeseenby considering� ��J2F�J� T �2� ��� L>��J�L>��J� ? (2.52)T � �2� ��� L>��J� (2.53)T ����J
QÑ (2.54)

Thepropositionis proved.

Remark Theentropy of J is sometimescalledtheself-informationof J .���^o-�so"�Ákmn^k�o-lqpsr�t;å� ��J!F«uC T �)��J�'�B����J�¯ u6Q� (2.55)� ��J!F«uC T �)��u/A�B�)��u8¯ J
Q� (2.56)

and � ��J!F«u6YTH����J
C:<�)��uÃA�!����JS�«u/QÑ (2.57)

Theproofof thispropositionis left asanexercise.

From(2.55),wecaninterpret
� ��J2F«u/ asthereductionin uncertaintyaboutJ when u is given,or equivalently, theamountof informationabout J pro-

videdby u . Since
� ��J!F«u6 is symmetricalin J and u , from (2.56),wecanas

well interpret
� ��J!F«u6 astheamountof informationaboutu providedby J .

Therelationsbetweenthe(joint) entropies,conditionalentropies,andmu-
tual informationfor two randomvariablesJ and u aregiven in Propositions
2.16and2.19.Theserelationscanbesummarizedby thediagramin Figure2.2
which is avariationof theVenndiagram3. Onecancheckthatall therelations

3Therectanglerepresentingtheuniversalsetin ausualVenndiagramis missingin Figure2.2.
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Figure2.2. Relationshipbetweenentropiesandmutualinformationfor two randomvariables.

betweenShannon’s informationmeasuresfor J and u which areshown in
Figure2.2areconsistentwith therelationsgivenin Propositions2.16and2.19.
Thisone-to-onecorrespondencebetweenShannon’s informationmeasuresand
settheoryis not just a coincidencefor two randomvariables.We will discuss
this in depthwhenwe introducethe

�
-Measurein Chapter6.

Analogousto entropy, thereis a conditionalversionof mutualinformation
calledconditionalmutualinformation.g/hji kml-kmn^k�o-lqpsrzpÌç

For randomvariables J , u and ¬ , themutualinforma-
tion betweenJ and u conditioningon ¬ is definedby� ��J2F«u~¯ ¬üUT É¶µ¸ ¹[¸ ½ L>��O"��xs�«°Ì�� ��� L>��O"��xP¯ °�L	��O	¯ °�zL>��x'¯ °� T=�!� ��� L>��JS�«u~¯ ¬üL>��J)¯ ¬$zL>��u�¯ ¬$ Ñ

(2.58)

Remark
� ��J!F«uª¯ ¬$ is symmetricalin J and u .

Analogousto conditionalentropy, wewrite� ��J2F«u�¯ ¬$YT É ½ L>��°� � ��J2F«uª¯ ¬]T]°�Q� (2.59)

where � ��J!F«uª¯ ¬]T]°ÌYT É ¶µ¸ ¹ L>��O"��xP¯ °��� ��� L>��O-��x'¯ °�L>��OÈ¯ °�zL>��x'¯ °� Ñ (2.60)

Similarly, whenconditioningon two randomvariables,we write� ��J2F«u�¯ ¬ú�Ç�$±T ÉON L>�QP« � ��J!F«u~¯ ¬ú�Ç�WT=P� (2.61)
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where� ��J2F«u�¯ ¬ú�Ç�®T9P�ÈT É¶µ¸ ¹[¸ ½ L>��O"��xs�«°s¯ P«�� ��� L>��O-��x'¯ °��5P«L>��O	¯ °j�5P�zL>��x'¯ °��5P« Ñ (2.62)

Conditionalmutual informationsatisfiesthe samesetof relationsgiven in
Propositions2.18and2.19for mutualinformationexceptthatall thetermsare
now conditionedon a randomvariable ¬ . We statetheserelationsin thenext
two propositions.Theproofsareomitted.���^o-�so"�Ákmn^k�o-lqpsrzpst

Themutualinformationbetweena randomvariable J
and itself conditioningon a randomvariable ¬ is equal to the conditional
entropyof J given ¬ , i.e.,

� ��J!F�J�¯ ¬ü±T=�)��J)¯ ¬$ .���^o-�so"�Ákmn^k�o-lqpsrzp�p� ��J!F«u~¯ ¬$ T �)��J)¯ ¬$A�!����J�¯ uU�Q¬$Q� (2.63)� ��J!F«u~¯ ¬$ T �)��u�¯ ¬ü'�B����u�¯ Jª�Q¬$Q� (2.64)

and � ��J2F«uª¯ ¬$ÈT=����J�¯ ¬$C:<�)��u8¯ ¬$A�R�)��Jª�«uª¯ ¬$QÑ (2.65)

2.3 CONTINUITY OF SHANNON’S INFORMA TION
MEASURES

Thissectionis devotedto adiscussionof thecontinuityof Shannon’s infor-
mationmeasures.To begin with, we first show thatall Shannon’s information
measuresarespecialcasesof conditionalmutualinformation. Let S bea de-
generaterandomvariable, i.e., S takes a constantvalue with probability 1.
Considerthe mutual information

� ��J2F«uª¯ ¬$ . When J T�u and ¬�TTS ,� ��J!F«u~¯ ¬$ becomestheentropy ����J
 . When JàTÒu ,
� ��J!F«uª¯ ¬$ becomes

the conditionalentropy �)��J)¯ ¬$ . When ¬öTUS ,
� ��J!F«u~¯ ¬$ becomesthe

mutual information
� ��J!F«u6 . Thus all Shannon’s informationmeasuresare

specialcasesof conditionalmutual information. Therefore,we only needto
discussthecontinuityof conditionalmutualinformation.

Recallthedefinitionof conditionalmutualinformation:� ³ ��J!F«u~¯ ¬$ÈT É´·¶µ¸ ¹Á¸ ½_ºWV,X�Y>Z\[1´ ³Áº L>��O"��xs�«°��� ��� L>��O-��x'¯ °�L>��OÈ¯ °�zL>��x'¯ °� � (2.66)

wherewe have written
� ��J!F«u~¯ ¬$ and `PMED^] as

� ³ ��J2F«u�¯ ¬$ and `PM_D;]±�·L^ ,
respectively to emphasizetheir dependenceon L . Since � ��� Ä is continuous
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in Ä for Ä�b®d , � ³ ��J!F«uª¯ ¬$ variescontinuouslywith L aslong asthesupport` MED^] �·L^ doesnotchange.Theproblemariseswhensomepositiveprobability
massesbecomezeroor somezeroprobabilitymassesbecomepositive. Since
continuityin theformercaseimpliescontinuityin thelattercaseandviceversa,
we only needto considerthe formercase.As L>��O-��x��«°�ñØëd andeventually
become(s)zero for some O-��x , and ° , the support ` MED^] �·L^ is reduced,and
thereis a discretechangein thenumberof termsin (2.66). Now for O-��x�� and° suchthat L>��O"��xs�«°�úbad , consider

L>��O"��xs�«°��� ��� L>��O"��xP¯ °�L>��OÈ¯ °�zL>��x'¯ °� T L>��O-��x��«°��� ��� ³µ´·¶µ¸ ¹Á¸ ½_º³µ´¨½_º³µ´¼¶µ¸ ½_º³µ´¼½Qº ³µ´¼¹[¸ ½_º³µ´¼½_º (2.67)

T L>��O-��x��«°��� ��� L>��O"��xs�«°�zL	��°�L>��O"�«°�zL>��x��«°� (2.68)T L>��O-��x��«°� ? � ��� L>��O"��xs�«°�;:<� ��� L	��°��	� ��� L	��O-�«°�A�!� ��� L>��x��«°��@�Ñ (2.69)

It canreadilybeverifiedby L’Hospital’s rule that L>��O"��xs�«°��� ��� L>��O"��xs�«°ÌUØ�d
as L>��O-��x��«°��Ø d . For L>��O"��xs�«°��� ��� L>��°Ì , since L	��O-��x��«°�8¢ÒL>��°Ì8¢w¡ , we
have d/��L>��O"��xs�«°��� ��� L>��°Ì{��L>��O"��xs�«°��� ��� L>��O"��xs�«°ÌUØ�d Ñ (2.70)

Thus L	��O-��x��«°��� ��� L>��°�:Øëd as L	��O-��x��«°��Øìd . Similarly, we canshow that
both L>��O-��x��«°��� ��� L>��O-�«°Ì and L>��O"��xs�«°Ì�� ��� L	��xs�«°�ªØ d as L>��O"��xs�«°Ì�Ø d .
Therefore, L>��O"��xs�«°Ì�� ��� L>��O"��xP¯ °�L	��O	¯ °�zL>��x'¯ °� Ø�d (2.71)

as L	��O-��x��«°��Ø d . Hence,
� ��J2F«u�¯ ¬$ variescontinuouslywith L even whenL>��O-��x��«°�YØ�d for someO-��x , and ° .

To conclude,for any L>��O-��x��«°� , if ��L��Ý� is a sequenceof joint distributions
suchthat L��:Ø�L as

ð Ø`� , then� Hba�dcfe � ³hg ��J!F«u~¯ ¬$YT � ³ ��J2F«u~¯ ¬üQÑ (2.72)

2.4 CHAIN RULES
In this section,we presenta collectionof informationidentitiesknown as

thechainruleswhichareoftenusedin informationtheory.���^o-�so"�Ákmn^k�o-lqpsrzpÌ�a�_©$×'�-kml����'��h
i�o"��hjl'n^��o"�jiÈ�
�)��J8�[��J ? �Z�Z�Z�[��J � ÈT �É Blk"� �)��J/B«¯ J8�[�Z�Z�Z����J/B Ü �ßQÑ (2.73)
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Proof The chain rule for �ÐTÙê hasbeenproved in Proposition2.16. We
prove the chain rule by inductionon � . Assume(2.73) is true for �ÐT\ò ,
whereòw�qê . Then�)��J8�[�Z�Z�Z�Á��J ï ��J ï_m �ßT �)��J8�[�Z�Z�Z�[��J ï >:<�)��J ïEm �Ê¯ J8�[�Z�Z�Z�Á��J ï  (2.74)T ïÉ Bbk"� �)��J/B_¯ J8�[�Z�Z�Z�[��J/B Ü �ßC:<�)��J ïEm �Ê¯ J8�[�Z�Z�Z����J ï  (2.75)

T ï_m �ÉBbk"� ����J/B_¯ J8�[�Z�Z�Z����J/B Ü �ßQ� (2.76)

wherein (2.74)we have used(2.45)by letting J T+��J8�[�Z�Z�Z�Á��J ï  and u+TJ ïEm � , andin (2.75)we have used(2.73) for �ËT ò . This provesthechain
rule for entropy.

Thechainrule for entropy hasthefollowing conditionalversion.���^o-�so"�Ákmn^k�o-lqpsrzp�§q�_©$×'�-kml����'��h
i�o"�a��o"l'�"kmn^k�o-lP�"��hjl'n^��o"�jiÈ�
�)��J8�[��J ? �Z�Z�Z�Á��J � ¯ u/ÈT �ÉBbk"� ����J/B_¯ J8�[�Z�Z�Z�Á��J/B Ü �[�«u/QÑ (2.77)

Proof Thiscanbeprovedby considering�)��J � ��J ? �Z�Z�Z�Á��J � ¯ u6T É ¹ L>��xj8����J � ��J ? �Z�Z�Z����J � ¯ uÀTËxj (2.78)

T É ¹ L>��xj �ÉBbk"� ����J/B_¯ J8�[�Z�Z�Z�Á��J/B Ü �[�«uÐTËxj (2.79)

T �ÉBbk"� É ¹ L>��xj8����J/B_¯ J8�[�Z�Z�Z�[��J/B Ü �[�«uÀTËxj (2.80)

T �ÉBbk"� ����J/B«¯ J8�[�Z�Z�Z�Á��J/B Ü �[�«u6Q� (2.81)

wherewe have used(2.41) in (2.78)and(2.43) in (2.81),and(2.79) follows
from Proposition2.23.���^o-�so"�Ákmn^k�o-lqpsrzp�Â)�_©$×'�-kml����'��h
i�o"��û¿�'n^�P�"�~kml-i�o"�Pû��jn^k�o-l>�

� ��J8�[��J ? �Z�Z�Z�Á��J � F«u/YT �É Bbk"� � ��J/B8F«u�¯ J8�[�Z�Z�Z�Á��J/B Ü �ßQÑ (2.82)
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Proof Consider� ��J8�[��J ? �Z�Z�Z����J � F«u6T �)��J � ��J ? �Z�Z�Z�[��J � A�R����J � ��J ? �Z�Z�Z�[��J � ¯ u/ (2.83)T �ÉBlk"� ? �)��J/B«¯ J8�[�Z�Z�Z����J/B Ü �ßA�B�)��J/B�¯ J8�[�Z�Z�Z����J/B Ü �[�«u6�@ (2.84)

T �ÉBlk"� � ��J/B8F«u�¯ J8�[�Z�Z�Z�Á��J/B Ü �ßQ� (2.85)

wherein (2.84),we have invoked bothPropositions2.23and2.24. Thechain
rule for mutualinformationis proved.���^o-�so"�Ákmn^k�o-lqpsrzpÌÓÔ�_©$×'�-kml �s�-�Ýh¦iÌo-� ��o"l'�"kmn^k�o-lP�"�Sûü�'n^�P�-� kml-i�o"��nû��jn^k�o-l>�

For randomvariablesJ � ��J ? �Z�Z�Z�[��J � , u , and ¬ ,� ��J8�[��J ? �Z�Z�Z�Á��J � F«u~¯ ¬üÈT �ÉBbk"� � ��J/BoF«u8¯ J8�[�Z�Z�Z����J/B Ü �[�Q¬üQÑ (2.86)

Proof This is theconditionalversionof thechainrule for mutualinformation.
Theproof is similar to thatfor Proposition2.24.Thedetailsareomitted.

2.5 INFORMA TION AL DIVERGENCE
Let L and p betwo probabilitydistributionson a commonalphabetK . We

very oftenwantto measurehow muchL is differentfrom p , andvice versa.In
orderto beuseful,this measuremustsatisfytherequirementsthatit is always
nonnegative andit takesthe zerovalueif andonly if L Tqp . We denotethe
supportof L and p by ` ³ and `Cr , respectively. The informationaldivergence
definedbelow servesthispurpose.g/hji kml-kmn^k�o-lqpsrzp�á

Theinformationaldivergencebetweentwoprobabilitydis-
tributionsL and p on a commonalphabetK is definedas

7 �·Lts�p;YT É ¶ L>��O^�� ��� L>��O^p���O^ TH� ³ � ��� L>��J�p���J� � (2.87)

where � ³ denotesexpectationwith respectto L .

In theabove definition,in additionto theconventionthat thesummationis
takenover ` ³ , wefurtheradopttheconventionL>��OP�� ��� ³µ´¼¶Áºr ´¼¶Áº Tu� if p���O^UT]d .

In theliterature,informationaldivergenceis alsoreferredto asrelativeen-
tropyor theKullback-Leiblerdistance. Wenotethat 7��·Lts�p; isnotsymmetrical



20 A FIRSTCOURSEIN INFORMATIONTHEORY

−0.5 0 0.5 1 1.5 2 2.5 3
−1.5

−1

−0.5

0

0.5

1

1.5

1 
a 

−1 a

ln a 

Figure 2.3. Thefundamentalinequality vxw>y)z{y}|{~ .
in L and p , so it is not a truemetricor “distance.” Moreover, 7 ���Ws[�· doesnot
satisfythetriangularinequality(seeProblem10).

In the restof the book, informationaldivergencewill be referredto asdi-
vergencefor brevity. Beforewe prove thatdivergenceis alwaysnonnegative,
we first establishthefollowing simplebut importantinequalitycalledthe fun-
damentalinequalityin informationtheory.�Yhjûüû��Åpsr pÌâq�5�{�'l'�^�-ûühjl'n��-�ª�Ql'h(�"�P�-��kmn�iÈ�

For any Äãbqd ,�b��Äã¢aÄ��a¡ (2.88)

with equalityif andonly if ÄÃTÒ¡ .
Proof Let æÈ��Ä�UT��b��Ä��¦Ä�:Å¡ . Then æ��Û��Ä�±T ¡h�ÊÄ��a¡ and æ�� ����Ä�±T���¡h�ÊÄ ? .
Since æÈ�Ç¡ÁcTÔd , æ � �Ç¡ÁñTÔd , and æ � � �Ç¡ÁcT���¡~£ d , we seethat æÈ��Ä  attains
its maximumvalue0 when ÄqT�¡ . This proves (2.88). It is alsoclear that
equalityholdsin (2.88)if andonly if Ä/TÒ¡ . Figure2.3 is anillustrationof the
fundamentalinequality.©:o"��o"�Ý�Ý�-��i]psr pÌå

For any Äãbad ,�b��Äã�W¡ � ¡Ä (2.89)

with equalityif andonly if ÄÃTÒ¡ .
Proof Thiscanbeprovedby replacingÄ by ¡h�ÊÄ in (2.88).

We can seefrom Figure 2.3 that the fundamentalinequality resultsfrom
the convexity of the logarithmicfunction. In fact, many importantresultsin
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informationtheoryarealsodirector indirectconsequencesof theconvexity of
thelogarithmicfunction!� ×'h1o"�Phjû psr¨��çq��g/k Ö>hj���>hjl"�sh��Ql'h(�"�P�-�Ýk�n�iÈ�

For anytwoprobabilitydis-
tributionsL and p on a commonalphabetK ,7��·Lts�p;{�ad (2.90)

with equalityif andonly if L8T=p .
Proof If p ��OP�Tfd for some O ��` ³ , then 7 �·Lts�p;�T�� andthe theoremis
trivially true.Therefore,we assumethat p���O^{bqd for all OS��` ³ . Consider7��·Lts�p; T �W� ���_� ÃÉ¶OV,X�� L	��O^��b� L>��OPp���OP (2.91)

� �W� ���_� ÃÉ¶OV,X�� L	��O^E�1¡�� p���O^L>��O^,� (2.92)

T �W� ���_� f�� É¶OV,X�� L	��O^A� É¶OV,X�� p ��OP7�� (2.93)

� �W� ���_� ��Ç¡)�q¡Á (2.94)T d � (2.95)

where(2.92)resultsfrom anapplicationof (2.89),and(2.94)follows fromÉ¶OV�X � p���O^¤¢W¡µÑ (2.96)

This proves(2.90). Now for equalityto hold in (2.90),equalitymusthold in
(2.92)for all O
�ª` ³ , andequalitymusthold in (2.94).For theformer, we see
from Lemma2.28thatthisis thecaseif andonly if L>��OPYT=p���O^ for all O ��` ³ .
This implies É¶OV�Xh� p ��OPYT É¶OV,X�� L	��O^YTÒ¡µ� (2.97)

i.e.,(2.94)holdswith equality. Finally, since� ¶ p ��OPYTÒ¡ and p���O^¤�ad for allO , L>��O^úT�p���OP for all O��
` ³ implies p���OP�TÒd for all O9���` ³ , andthereforeL8T=p . Thetheoremis proved.

Wenow proveaveryusefulconsequenceof thedivergenceinequalitycalled
the log-suminequality.� ×'h1o"�Phjû psr¨�^t �Ç��o^�;nQ�[�'ûÔk�l'h(�"�P�-��kmn�iÈ�

For positivenumbers Ä1�[�«Ä ? �Z�Z�Z�
andnonnegativenumbers ÆÁ�[�_Æ ? �Z�Z�Z� such that � B Ä�B	£� and dC£ � B ÆQBÈ£�� ,

É B Ä�B,� ��� ÄÝBÆQB ��Í É B ÄÝB�Î�� ��� � B ÄÝB� B Æ_B (2.98)
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with theconventionthat � ���f���ý T�� . Moreover, equalityholdsif andonly if���# � T����O \¡d¢7£O (¢ for all � .
The log-suminequalitycaneasilybe understoodby writing it out for the

casewhentherearetwo termsin eachof thesummations:Ä1�(� ��� Ä1�ÆÁ� :)Ä ? � ��� Ä ?Æ ? �®��Äj�^:�Ä ? �� ��� Äj�^:)Ä ?ÆÁ�^:�Æ ? Ñ (2.99)

Proof of Theorem 2.31 Let Ä¤�B T ÄÝB7�'�   ÄÊ  and Æ¥�B T ÆQB¦�'�   ÆÇ  . Then �ÁÄ��B �
and ��Æ �B � areprobabilitydistributions.Usingthedivergenceinequality, wehave

d ¢ É B Ä �B � ��� Ä¤�BÆ �B (2.100)

T É B ÄÝB�   Äµ  � ��� Ä�B7� �   ÄÊ ÆQB7� �   Æ�  (2.101)

T ¡�   Äµ  4 É B ÄÝBO� ��� Ä�BÆQB � Í É B Ä�B Î � ��� �   ÄÊ �   Æ�  6 � (2.102)

which implies (2.98). Equalityholdsif andonly if Ä��B T Æ¥�B for all � , or ���# � T���O \¡d¢7£O (¢ for all � . Thetheoremis proved.

Onecanalsoprove thedivergenceinequalityby usingthelog-suminequal-
ity (seeProblem15), so the two inequalitiesarein fact equivalent. The log-
suminequalityalsofindsapplicationin proving thenext theoremwhich gives
a lower boundon the divergencebetweentwo probability distributions on a
commonalphabetin termsof thevariationaldistancebetweenthem.g/hji kml-kmn^k�o-lqpsr��1p

Let L and p betwo probability distributionson a common
alphabetK . ThevariationaldistancebetweenL and p is definedby§ �·L-�.p;YT É¶OVO¨ ¯ L	��O^A�Bp���OPZ¯·Ñ (2.103)

� ×'h1o"�Phjû psr¨��������k�l-�ÁÕ"hj�ª©��Ãk�l'h(�"�P�-�Ýk�n�iÈ�
7��·Lts�p;{� ¡êA�b��ê § ? �·L-�.p;QÑ (2.104)

Theproofof thistheoremis left asanexercise(seeProblem18). Wewill see
furtherapplicationsof thelog-suminequalitywhenwediscusstheconvergence
of someiterative algorithmsin Chapter10.
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2.6 THE BASIC INEQUALITIES
In this section,we prove thatall Shannon’s informationmeasures,namely

entropy, conditionalentropy, mutual information,andconditionalmutual in-
formationarealwaysnonnegative. By this, we meanthat thesequantitiesare
nonnegative for all joint distributionsfor therandomvariablesinvolved.� ×'h1o"�Phjû psr¨� §

For randomvariablesJ , u , and ¬ ,� ��J!F«u~¯ ¬$¤�ad � (2.105)

with equalityif andonly if J and u are independentwhenconditioningon ¬ .

Proof Observe that� ��J2F«uª¯ ¬üT É¶µ¸ ¹Á¸ ½ L>��O-��x��«°��� ��� L>��O-��x'¯ °�L>��O	¯ °ÌzL>��xP¯ °Ì (2.106)

T É ½ L>��°Ì É ¶µ¸ ¹ L>��O-��x'¯ °��� ��� L>��O-��x'¯ °�L>��OÈ¯ °�zL>��x'¯ °� (2.107)

T É ½ L>��°Ì�7 �·L M_DE« ½ sÛL M¬« ½ L D« ½ Q� (2.108)

wherewe have usedL M_Dt« ½ to denote��L>��O-��x'¯ °�Q�Á��O-��xj:�¦K | }c� , etc. Since
for a fixed ° , both L MED« ½ and L M®« ½ L Dt« ½ are joint probability distributions onKÔ|~} , wehave 7��·L M_D« ½ sÛL M®« ½ L Dt« ½ ¤�ad Ñ (2.109)

Therefore,we concludethat
� ��J2F«u�¯ ¬$¦��d . Finally, we seefrom Theo-

rem2.30that
� ��J!F«u~¯ ¬$ÈT]d if andonly if for all °C��` ½ ,L	��O-��x'¯ °�UTyL	��O	¯ °�zL>��x'¯ °�Q� (2.110)

or L>��O"��xs�«°�UTyL>��O-�«°ÌzL>��xP¯ °Ì (2.111)

for all O and x . Therefore,J and u areindependentconditioningon ¬ . The
proof is accomplished.

As wehaveseenin Section2.3thatall Shannon’s informationmeasuresare
specialcasesof conditionalmutual information,we alreadyhave proved that
all Shannon’s informationmeasuresarealwaysnonnegative. Thenonnegativ-
ity of all Shannon’s informationmeasuresarecalledthebasicinequalities.

For entropy and conditionalentropy, we offer the following more direct
prooffor theirnonnegativity. Considertheentropy ����J
 of arandomvariable



24 A FIRSTCOURSEIN INFORMATIONTHEORYJ . For all O��y` M , since dª£qL>��OP�¢ ¡ , � ��� L	��O^c¢¾d . It thenfollows from
thedefinition in (2.33)that �)��J�$�Wd . For theconditionalentropy ����u�¯ J�
of randomvariable u givenrandomvariable J , since ����u�¯ JöTÒO^:�®d for
eachO ��` M , we seefrom (2.41)that �)��u�¯ J�{�ad .���^o-�so"�Ákmn^k�o-lqpsr��1Â �)��J�YTÅd if andonly if J is deterministic.

Proof If J is deterministic,i.e., thereexists O^=��eK suchthat L>��O^=[6T�¡
and L>��O^ST�d for all O¯�T�O = , then ����J
ST°�	L>��O = �� ��� L>��O = ST�d . On
the otherhand,if J is not deterministic,i.e., thereexists O = �®K suchthatd6£�L>��O^=[{£W¡ , then �)��J�����	L>��O�=[�� ��� L>��O^=��bad . Therefore,we conclude
that �)��J�UT]d if andonly if J is deterministic.���^o-�so"�Ákmn^k�o-lqpsr���Ó �)��u8¯ J
YT]d if andonly if u is a functionof J .

Proof From(2.41),weseethat ����u�¯ J�±TËd if andonly if �)��u~¯ JT]O^'T]d
for eachOS�~` M . Thenfrom thelastproposition,thishappensif andonly if u
is deterministicfor eachgiven O . In otherwords, u is a functionof J .���^o-�so"�Ákmn^k�o-lqpsr��1áe� ��J!F«u6YTËd if andonly if J and u are independent.

Proof This is a specialcaseof Theorem2.34with ¬ beinga degenerateran-
domvariable.

Onecan regard(conditional)mutual informationasa measureof (condi-
tional) dependency betweentwo randomvariables. When the (conditional)
mutualinformationis exactly equalto 0, thetwo randomvariablesare(condi-
tionally) independent.

We refer to inequalitiesinvolving Shannon’s information measuresonly
(possiblywith constantterms)asinformationinequalities. Thebasicinequali-
tiesareimportantexamplesof informationinequalities.Likewise,we refer to
identitiesinvolving Shannon’s informationmeasuresonly asinformationiden-
tities. From the informationidentities(2.45), (2.55),and(2.63),we seethat
all Shannon’s informationmeasurescanbe expressedaslinear combinations
of entropies.Specifically,�)��u8¯ J
 T �)��Jª�«u6^�B�)��J�Q� (2.112)� ��J2F«uC T �)��J�C:±����u/A�B�)��Jª�«u6Q� (2.113)

and � ��J!F«u~¯ ¬$YT=�)��Jª�Q¬$C:<�)��uU�Q¬$^�B�)��Jª�«u±�Q¬$'�B�)��¬$QÑ (2.114)

Therefore,an informationinequalityis an inequalitywhich involvesonly en-
tropies.
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As we will seelater in the book, information inequalitiesform the most
importantset of tools for proving conversecoding theoremsin information
theory. Exceptfor a few so-callednon-Shannon-typeinequalities,all known
informationinequalitiesareimplied by thebasicinequalities.Informationin-
equalitieswill bestudiedsystematicallyin Chapters12,13,and14. In thenext
section,we will prove someconsequencesof thebasicinequalitieswhich are
oftenusedin informationtheory.

2.7 SOME USEFUL INFORMA TION INEQUALITIES
In this section,we prove someusefulconsequencesof the basicinequali-

ties introducedin the lastsection.Note that theconditionalversionsof these
inequalitiescanbeprovedby techniquessimilar to thoseusedin theproof of
Proposition2.24.� ×'h1o"�Phjû psr¨��âq�_©:o"l'�-k�n^k�o"l'k�l;�a�>o-h1�6l-o-n)k�l-���Ph��"�Áh
hjl'n^��o"�jiÈ��)��u~¯ J�{¢²�)��u/ (2.115)

with equalityif andonly if J and u are independent.

Proof Thiscanbeprovedby considering�)��u~¯ J�YTH����u/A� � ��J!F«u6{¢²�)��uÃQ� (2.116)

wherethe inequality follows because
� ��J!F«u6 is always nonnegative. The

inequalityis tight if andonly if
� ��J!F«uC±TÅd , which is equivalentby Proposi-

tion 2.37to J and u beingindependent.

Similarly, it canbe shown that �)��u�¯ Jª�Q¬$N¢�����u�¯ ¬$ , which is thecon-
ditional versionof the above proposition. Theseresultshave the following
interpretation.Supposeu is a randomvariablewe are interestedin, and J
and ¬ areside-informationabout u . Thenour uncertaintyabout u cannotbe
increasedon theaverageuponreceiving side-informationJ . Oncewe knowJ , our uncertaintyabout u againcannotbe increasedon the averageupon
furtherreceiving side-information¬ .

Remark Unlike entropy, the mutual informationbetweentwo randomvari-
ablescanbe increasedby conditioningon a third randomvariable. We refer
thereaderto Section6.4 for adiscussion.� ×'h1o"�Phjû psr¨��åq�Ç�_l'�"hj�jhjl'�"hjl-��hRè�o-�'l-�qi�o"�)hjl'n^�^o-�jiY�

�)��J8�[��J ? �Z�Z�Z�Á��J � {¢ �É Bbk"� �)��J/Bþ (2.117)
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with equalityif andonly if J/B , �	TÒ¡µ�_êÌ�Z�Z�Z����� , aremutuallyindependent.

Proof By thechainrule for entropy,�)��J8�[��J ? �Z�Z�Z�[��J �  T �É Bbk"� �)��J/B_¯ J8�[�Z�Z�Z�[��J/B Ü �� (2.118)

¢ �É Bbk"� �)��J/BþQ� (2.119)

wherethe inequalityfollows becausewe have proved in the last theoremthat
conditioningdoesnot increaseentropy. Theinequalityis tight if andonly if it
is tight for each� , i.e., �)��J/B_¯ J8�[�Z�Z�Z�[��J/B Ü ��ÈT=�)��J/Bþ (2.120)

for ¡Ã¢]�ú¢]� . Fromthelast theorem,this is equivalentto J B beingindepen-
dentof J8�Z��J ? �Z�Z�Z�[��J/B Ü � for each� . ThenL>��O'�Z��O ? �Z�Z�Z����O � T L>��O � ��O ? �Z�Z�Z�Á��O �ÝÜ � zL>��O �  (2.121)T L>�·L>��O-�Z��O ? �Z�Z�Z�Á��O �ÝÜ ? zL>��O �ÝÜ �ßzL	��O �  (2.122)

...T L>��O-�_zL	��O ? s�Z�Z��L	��O �  (2.123)

for all O'�[��O ? �Z�Z�Z�Á��O � , i.e., J8�[��J ? �Z�Z�Z����J � aremutuallyindependent.
Alternatively, we canprove thetheoremby considering�ÉBbk"� �)��J/B�A�B�)��J8�[��J ? �Z�Z�Z�Á��J � 
T � �ÉBbk"� �2� ��� L>��J/Bþ>:<�G� ��� L>��J8�[��J ? �Z�Z�Z����J �  (2.124)T � �!� ���ª? L>��J8�ßzL>��J ? s�Z�Z�þL>��J � �@j:±�2� ��� L>��J8�[��J ? �Z�Z�Z�Á��J �  (2.125)T �2� ��� L	��J8�[��J ? �Z�Z�Z�[��J � L>��J8�ßzL>��J ? s�Z�Z��L	��J �  (2.126)T 7 �·L M ó M ô.³0³0³ MA´ sÛL M ó�L M ô-�Z�Z��L M^´  (2.127)� d � (2.128)

whereequalityholdsif andonly ifL>��O'�[��O ? �Z�Z�Z����O � YTyL>��O-�_zL	��O ? s�Z�Z��L	��O �  (2.129)

for all O'�[��O ? �Z�Z�Z�Á��O � , i.e., J8�[��J ? �Z�Z�Z����J � aremutuallyindependent.



InformationMeasures 27� ×'h1o"�Phjû psr¼§jç � ��J2F«uU�Q¬${� � ��J!F«uCQ� (2.130)

with equalityif andonly if J Ø�uÐØà¬ formsa Markov chain.

Proof By thechainrule for mutualinformation,wehave� ��J2F«uU�Q¬$UT � ��J!F«u6C: � ��J!FQ¬Ã¯ u6{� � ��J!F«uCQÑ (2.131)

Theabove inequalityis tight if andonly if
� ��J!FQ¬Ã¯ u6�TÒd , or J�ØÚufØ÷¬

formsaMarkov chain.Thetheoremis proved.�Yhjûüû��Åpsr¼§Pt
If JØ�uÐØà¬ formsa Markov chain, then� ��J2FQ¬$�¢ � ��J!F«u6 (2.132)

and � ��J2FQ¬${¢ � ��uµFQ¬$QÑ (2.133)

Beforeproving this inequalitywe discussits meaning.SupposeJ is a ran-
domvariablewe areinterestedin, and u is anobservation of J . If we inferJ via u , our uncertaintyabout J on theaverageis ����J�¯ u6 . Now suppose
weprocessu (eitherdeterministicallyor probabilistically)to obtaina random
variable ¬ . If we infer J via ¬ , our uncertaintyabout J on the averageis����J�¯ ¬ü . SinceJØ�uÐØö¬ formsaMarkov chain,from (2.132),we have����J�¯ ¬$ T �)��J�'� � ��J!FQ¬$ (2.134)� �)��J�'� � ��J!F«u6 (2.135)T �)��J)¯ u6Q� (2.136)

i.e., furtherprocessingof u canonly increaseour uncertaintyabout J on the
average.

Proof of Lemma 2.41 AssumeJ Ø uöØ ¬ , i.e., J v ¬Ã¯ u . By Theo-
rem2.34,we have � ��J!FQ¬Ã¯ u6ÈT]d Ñ (2.137)

Then � ��J!FQ¬$ T � ��J!F«u±�Q¬$'� � ��J!F«u~¯ ¬$ (2.138)¢ � ��J!F«u±�Q¬$ (2.139)T � ��J!F«uC>: � ��J!FQ¬Ã¯ u6 (2.140)T � ��J!F«uCQÑ (2.141)
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In (2.138)and(2.140),we have usedthe chainrule for mutual information.
The inequality in (2.139)follows because

� ��J2F«uª¯ ¬$ is alwaysnonnegative,
and(2.141)follows from (2.137).This proves(2.132).

Since J Øëu Ø ¬ is equivalentto ¬ ØìuØ÷J , we alsohave proved
(2.133).Thiscompletestheproof of thelemma.

FromLemma2.41,wecanprovethemoregeneraldataprocessingtheorem.� ×'h1o"�Phjû psr¼§sp���g��jn�� �¿��o>��h1�Á�Ákml;� � ×'hso-�Phjû��
If ¶¾Ø�JwØöuÐØT·

formsa Markov chain, then � �¸¶¹F¥·Ã{¢ � ��J2F«uCQÑ (2.142)

Proof Assume¶WØ�J\Ø�uÐØ`· . Thenby Proposition2.10,we have ¶WØJØ�u and ¶®Ø�uÀØ�· . Fromthefirst Markov chainandLemma2.41,we
have � �¸¶¹F«u6¤¢ � ��J2F«uCQÑ (2.143)

FromthesecondMarkov chainandLemma2.41,wehave� �¸¶¹F¥·Ã{¢ � �¸¶¹F«u6QÑ (2.144)

Combining(2.143)and(2.144),we obtain(2.142),proving thetheorem.

2.8 FANO’S INEQUALITY
In thelastsection,we have proveda few informationinequalitiesinvolving

only Shannon’s informationmeasures.In this section,we first prove anupper
boundon the entropy of a randomvariablein termsof the sizeof the alpha-
bet. This inequality is thenusedin the proof of Fano’s inequality, which is
extremelyusefulin proving conversecodingtheoremsin informationtheory.ºf»C¼(½¿¾>¼$ÀÂÁ�ÃÅÄ$Æ

For anyrandomvariable Ç ,È<É ÇËÊ_Ì�ÍlÎ�Ï®Ð0ÑÒÐÔÓ (2.145)

where Ð0ÑÒÐ denotesthesizeof thealphabetÑ . Thisupperboundis tight if and
only if Ç distributesuniformlyon Ñ .

Proof Let Õ be the uniform distribution on Ñ , i.e., Õ ÉQÖ ÊÒ×ØÐ0ÑÙÐÛÚ>Ü for allÖÙÝ Ñ . ThenÍlÎ�Ï�Ð0ÑÙÐ�Þ ÈGÉ ÇRÊ× Þ`ßàOá�â,ã)ä ÉQÖ Ê�ÍlÎ�Ï�Ð0ÑÙÐ Ú>Ü^å ßàOá,â�ã)ä ÉQÖ Ê�ÍbÎ�Ï ä ÉQÖ Ê (2.146)



InformationMeasures 29× Þ`ßàOá�â,ã ä ÉQÖ Ê�ÍlÎ�ÏÕ ÉQÖ Ê å ßàOá�â,ã)ä ÉQÖ Ê�ÍlÎ�Ï ä ÉQÖ Ê (2.147)

× ßàOá�â,ã)ä ÉQÖ Ê�ÍlÎ�Ï ä ÉQÖ ÊÕ ÉQÖ Ê (2.148)× æ É ätç Õ>Ê (2.149)è é Ó (2.150)

proving (2.145). This upperboundis tight if andif only æ É äç ÕªÊ)× é
, which

from Theorem2.30is equivalentto ä ÉQÖ Ê×9Õ ÉQÖ Ê for all
ÖÒÝ Ñ , completingthe

proof.ê ½¿¾�½¿ë¤ë¤ì;¾�í=Á�ÃÅÄ\Ä
Theentropyof a randomvariablemaytakeanynonnega-

tive real value.

Proof Considera randomvariable Ç andlet Ð0ÑÒÐ be fixed. We seefrom the
last theoremthat

È<É ÇËÊ®×îÍlÎ�Ï®Ð0ÑÒÐ is achieved when Ç distributesuniformly
on Ñ . On theotherhand,

ÈGÉ ÇRÊ× é is achievedwhen Ç is deterministic.For
any value

éÒïñð!ï ÍlÎ�Ï�Ð0ÑÙÐ , by the intermediatevaluetheoremof continuous
functions,thereexistsa distribution for Ç suchthat

ÈGÉ ÇRÊ_× ð . Thenwe see
that

È<É ÇËÊ cantakeany positivevalueby letting Ð0ÑÙÐ besufficiently large.This
accomplishestheproof.

Remark Let Ð0ÑÙÐ�×îæ , or the randomvariable Ç is a æ -ary symbol. When
thebaseof thelogarithmis æ , (2.145)becomesÈ{ò®É ÇËÊ�ÌuóOô (2.151)

Recall that the unit of entropy is the æ -it whenthe logarithmis in the baseæ . This inequalitysaysthat a æ -ary symbolcancarry at most1 æ -it of in-
formation.Thismaximumis achievedwhen Ç hasauniformdistribution. We
alreadyhaveseenthebinarycasewhenwediscussthebinaryentropy functionõ$ö É ä Ê in Section2.2.

Weseefrom Theorem2.43thattheentropy of a randomvariableis finite as
long asit hasa finite alphabet.However, if a randomvariablehasan infinite
alphabet,its entropy mayor maynot befinite. This will beshown in thenext
two examples.÷ ø ì¿À%ù$ë�¼2Á�ÃúÄ�û

Let Ç bea randomvariablesuch thatütýÿþ Ç × ��� ×�� Ú�� Ó (2.152)� ×�óOÓ���Ó
	
	
	,ô Then È���É ÇËÊ}× ß���¿Ü � � Ú�� ×���Ó (2.153)
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which is finite.÷ ø ì¿À%ù$ë�¼2Á�ÃúÄ��
Let � bea randomvariablewhich takesvaluesin thesubset

of pairs of integers � É � Ó���Ê��(ó�Ì � ï�� and ó�Ì��&Ì � ���� ��� (2.154)

such that ütý�þ ��× É � Ó���Ê � ×�� Ú � � (2.155)

for all
�

and � . First,wecheck thatß���¿Ü ���
�� � �ß! �¿Ü üýdþ ��× É � Ó���Ê � × ß ���¿Ü � Ú � �#" � � �� �%$ ×�óOô (2.156)

Then È���É ��Êt×�Þ ß�&�¿Ü ���
�  � �ß! �¿Ü � Ú � � ÍlÎ�Ï � � Ú � � × ß���¿Ü óOÓ (2.157)

which doesnot converge.

Let Ç bea randomvariableand 'Ç beanestimateof Ç which takesvalue
in thesamealphabetÑ . Let theprobabilityof error (*) be(*)E× üýdþ Ç,+× 'Ç � ô (2.158)

If (%)&× é
, i.e., ÇØ× 'Ç with probability 1, then

ÈGÉ Ç±Ð 'ÇRÊ�× é
by Proposi-

tion 2.36. Intuitively, if (*) is small, i.e., Ç × 'Ç with probability closeto
1, then

ÈGÉ Ç±Ð 'ÇBÊ shouldbecloseto 0. Fano’s inequalitymakesthis intuition
precise.ºf»C¼(½¿¾>¼$ÀÂÁ�ÃÅÄ.-0/�1�ì32;½#4658792C¼;:%<>ì;ë=79>�í@?

Let Ç and 'Ç berandomvariables
takingvaluesin thesamealphabetÑ . ThenÈGÉ Ç±Ð 'ÇRÊ�Ì õ$ö É (*)dÊ å (%)�ÍlÎ�Ï É Ð0ÑÒÐ�Þ±óhÊ¥Ó (2.159)

where
õ$ö

is thebinaryentropyfunction.

Proof Definea randomvariable��× � é
if Ç × 'Çó if Ç,+× 'Ç .

(2.160)
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The randomvariable � is an indicator of the error event
þ Ç +× 'Ç � , withütýdþ ��×�ó � ×A(*) and

ÈGÉ ��Êt× õ(ö É (%)dÊ . Since � is a function Ç and 'Ç ,È<É � Ð ÇÙÓ 'ÇRÊ× é ô (2.161)

ThenÈ<É Ç<Ð.'ÇBÊ× ÈGÉ Ç±Ð 'ÇBÊ å ÈGÉ �	Ð Ç�Ó 'ÇBÊ (2.162)× ÈGÉ ÇÙÓ�� Ð.'ÇBÊ (2.163)× ÈGÉ �	Ð 'ÇËÊ å ÈGÉ Ç±Ð 'Ç2Ó���Ê (2.164)Ì ÈGÉ ��Ê å È<É Ç<Ð 'Ç<Ó���Ê (2.165)× ÈGÉ ��Ê å ßBàOáDCFE üýÿþ 'Ç × 'Ö Ó��3× é � È<É Ç<Ð 'Ç × 'Ö Ó���× é Êå ütýdþ 'Ç�× 'Ö Ó���×�ó � È<É Ç<Ð 'Ç × 'Ö Ó��3×�óhÊ�Gtô (2.166)

In the above, (2.162) follows from (2.161), (2.165) follows becausecondi-
tioning doesnot increaseentropy, and(2.166)follows from anapplicationof
(2.41). Now Ç musttake thevalue 'Ö if 'Ç × 'Ö and � × é

. In otherwords,Ç is conditionally deterministicgiven 'Ç × 'Ö and � × é
. Therefore,by

Proposition2.35, ÈGÉ Ç±Ð 'Ç × 'Ö Ó��3× é Êt× é ô (2.167)

If 'Ç`× 'Ö and ��× ó , then Ç musttake a valuein theset
þ�Ö²Ý ÑH� Ö +× 'Ö �

whichcontainsÐ0ÑÙÐOÞ�ó elements.Fromthelasttheorem,we haveÈGÉ Ç±Ð;'Ç�× 'Ö Ó��3×�óhÊ_Ì²ÍbÎ�Ï É Ð0ÑÒÐOÞ²óhÊ¥Ó (2.168)

wherethisupperbounddoesnotdependon 'Ö . Hence,È<É Ç<Ð 'Ç!ÊÌ õ$ö É (*) Ê åJIK ßBàOáLC üýÿþ 'Ç × 'Ö Ó���×�ó �NMO ÍlÎ�Ï É Ð0ÑÒÐOÞ²óhÊ (2.169)× õ$ö É (*) Ê å ütýdþ ��×�ó � ÍlÎ�Ï É Ð0ÑÙÐ Þ²óhÊ (2.170)× õ$ö É (*) Ê å (%)�ÍlÎ�Ï É Ð0ÑÒÐOÞ²óhÊ¥Ó (2.171)

whichcompletestheproof.

Very often,we only needthe following simplified versionwhenwe apply
Fano’s inequality. Theproof is omitted.ê ½¿¾�½¿ë¤ë¤ì;¾�í=Á�ÃÅÄ�P ÈGÉ Ç±Ð 'ÇBÊ ï ó å (*)(ÍlÎ�Ï�Ð0ÑÙÐ .
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Fano’s inequalityhasthefollowing implication. If thealphabetÑ is finite,
as ( )�Q é

, theupperboundin (2.159)tendsto 0, whichimplies
È<É Ç<Ð 'ÇBÊ also

tendsto 0. However, this is not necessarilythecaseif Ñ is infinite, which is
shown in thenext example.÷ ø ì¿À%ù$ë�¼2Á�ÃúÄ�R

Let 'Ç take the value0 with probability 1. Let S be an in-
dependentbinary randomvariabletakingvaluesin

þ é Ó�ó � . Definetherandom
variable Ç by Ç ×UT é if S=× é� if S=×�ó , (2.172)

where � is therandomvariablein Example2.46whoseentropyis infinity. Let(*)�× ütýdþ Ç,+× 'Ç � × ütýÿþ S=×�ó � ô (2.173)

Then ÈGÉ Ç±Ð 'ÇBÊ (2.174)× È<É ÇËÊ (2.175)è È<É Ç<ÐVS®Ê (2.176)× ütý�þ S9× é � ÈGÉ Ç±ÐVSu× é Ê å üýdþ S=×�ó � ÈGÉ Ç±ÐVSu×�óhÊ (2.177)× É ó ÞW(*) ÊX	 é å (*)Y	 È<É ��Ê (2.178)× �
(2.179)

for any (*)�Z é . Therefore,
È<É Ç<Ð 'ÇBÊ doesnot tendto 0 as (%) Q é

.

2.9 ENTROPY RATE OF STATION ARY SOURCE
In the previous sections,we have discussedvariouspropertiesof the en-

tropy of a finite collectionof randomvariables.In this section,we discussthe
entropy rateentropyrateof adiscrete-timeinformationsource.

A discrete-timeinformationsource
þ Ç�[¤Ó�\ è ó � is aninfinite collectionof

randomvariablesindexedby thesetof positive integers.Sincetheindex setis
ordered,it is naturalto regardtheindicesastime indices.We will referto the
randomvariablesÇ�[ asletters.

We assumethat
È<É Ç�[OÊ ï]�

for all \ . Thenfor any finite subset̂ of the
index set

þ \_�=\ è ó � , we haveÈ<É Ç�[¤Ó�\ Ý ^®Ê_Ì�ß[ áL` È<É Ç�[ Ê ïa� ô (2.180)

However, it is not meaningfulto discuss
È<É Ç�[¤Ó�\ è óhÊ becausethe joint en-

tropy of an infinite collectionof lettersis infinite exceptin specialcases.On
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theotherhand,sincethe indicesareordered,we cannaturallydefinetheen-
tropyrateof aninformationsource,whichgivestheaverageentropy perletter
of thesource.b ¼�cd7e237e>f7W½32�Á�Ã ûhg

Theentropyrateof aninformationsource
þ Ç�[ � is defined

by Èji ×ØÍ�k�lmLno óp È<É Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ê (2.181)

whenthelimit exists.

We show in thenext two examplesthat theentropy rateof a sourcemayor
maynotexist.÷ ø ì¿À%ù$ë�¼2Á�Ã û.q

Let
þ Ç�[ � be an i.i.d. source with genericrandomvariableÇ . Then Írk�lmLns óp È<É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m ÊU× Í�krlmDns p È<É ÇËÊp (2.182)× Í�krlmDns È<É ÇËÊ (2.183)× È<É ÇËÊ¥Ó (2.184)

i.e., theentropyrateof an i.i.d. sourceis theentropyof anyof its singleletters.÷ ø ì¿À%ù$ë�¼2Á�Ã û\Á
Let

þ Ç�[ � bea sourcesuch that Ç�[ aremutuallyindependent
and

È<É Ç�[�Êt×�\ for \ è ó . Thenóp È<É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê × óp mß[ �¿Ü \ (2.185)

× óp p É p å óhÊ� (2.186)× ó� É p å óhÊ¥Ó (2.187)

which doesnot converge as p Q �
although

ÈGÉ Ç�[�Ê ït�
for all \ . There-

fore, theentropyrateof
þ Ç�[ � doesnotexist.

Towardcharacterizingtheasymptoticbehavior of
þ Ç�[ � , it is naturalto con-

siderthelimit Èvui ×ØÍ�krlmDns È<É Ç m Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ú>Ü Ê (2.188)

if it exists. Thequantity
È<É Ç m Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ú>Ü Ê is interpretedasthecon-

ditionalentropy of thenext lettergiventhatweknow all thepasthistoryof the
source,and

È ui
is thelimit of thisquantityafterthesourcehasbeenrunfor an

indefiniteamountof time.
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An informationsource

þ Ç�[ � is stationaryifÇ Ü Ó5Ç � Ó
	
	
	�Ó5Çjw (2.189)

and Ç Üyxfz Ó5Ç � xfz Ó
	
	
	hÓ5Ç w xfz (2.190)

havethesamejoint distribution for any {RÓ�| è ó .
In therestof thesection,wewill show thatstationarityis asufficient condi-

tion for theexistenceof theentropy rateof aninformationsource.} ¼$À¬À)ìHÁ�Ãbû�Ä
Let

þ Ç�[ � bea stationarysource. Then
È ui

exists.

Proof Since
È<É Ç m Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ú>Ü Ê is lower boundedby zerofor all p ,

it suffices to prove that
È<É Ç m Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ú>Ü Ê is non-increasingin p to

concludethatthelimit
È ui

exists.Towardthisend,for p è � , considerÈGÉ Ç m Ð Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ú>Ü ÊÌ È<É Ç m Ð Ç � Ó5Ç�~OÓ
	
	
	�Ó5Ç m Ú>Ü Ê (2.191)× È<É Ç m Ú>Ü Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ú � Ê¥Ó (2.192)

where the last step is justified by the stationarityof
þ Ç�[ � . The lemma is

proved.} ¼$À¬À)ìHÁ�Ãbû\û�/ ê ¼;5@�ì;¾�½a�<¼\ì32*?
Let

ð [ and ��[ bereal numbers. If
ð m Q ð

as p Q �
and � m × Üms� m[ �¿Ü ð [ , then � m Q ð

as p Q �
.

Proof Theideaof thelemmais thefollowing. If
ð m Q ð

as p Q �
, thenthe

averageof thefirst p termsin
þ ð [ � , namely � m , alsotendsto

ð
as p Q �

.
The lemmais formally proved asfollows. Since

ð m Q ð
as p Q �

, for
every ��Z é , thereexists � É � Ê suchthat Ð ð m Þ ð Ð ï � for all p Z�� É � Ê . Forp Z�� É � Ê , considerÐ � m Þ ð Ðî× ����� óp

mß���¿Ü ð � Þ ð ����� (2.193)

× ����� óp
mß���¿Ü É ð � Þ ð Ê ����� (2.194)

Ì óp mß ���¿Ü Ð ð � Þ ð Ð (2.195)

× óp IK.���6���ß ���¿Ü Ð ð � Þ ð Ð å mß��� ������� x¿Ü Ð ð � Þ ð Ð MO (2.196)



InformationMeasures 35ï óp �������ß���¿Ü Ð ð � Þ ð Ð å É p ÞW� É �¥Ê5Ê��p (2.197)ï óp �������ß���¿Ü Ð ð � Þ ð Ð å �ÿô (2.198)

Thefirst termtendsto 0 as p Q �
. Therefore,for any �oZ é , by taking p to

besufficiently large,we canmake Ð � m Þ ð Ð ï �D� . Hence� m Q ð
as p Q �

,
proving thelemma.

We now prove that
È ui

is analternative definition/interpretation of theen-
tropy rateof

þ Ç�[ � when
þ Ç�[ � is stationary.ºf»C¼(½¿¾>¼$ÀÂÁ�Ãbûh�

For a stationarysource
þ Ç�[ � , the entropy rate

Èji
exists,

andit is equalto
È ui

.

Proof Sincewe have proved in Lemma2.54 that
È ui always exists for a

stationarysource
þ Ç�[ � , in orderto prove thetheorem,we only have to prove

that
È i × È ui . By thechainrule for entropy,óp È<É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê× óp mß[ �¿Ü È<É Ç�[$Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç�[ Ú>Ü Ê¥ô (2.199)

Since Í�krl[ ns ÈGÉ Ç�[$Ð Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç�[ Ú>Ü Ê'× È�ui (2.200)

from (2.188),it follows from Lemma2.55thatÈ i ×ØÍ�k�lmLno óp ÈGÉ Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Êt× È ui ô (2.201)

Thetheoremis proved.

In this theorem,we have proved that the entropy rateof a randomsourceþ Ç�[ � existsunderthefairly generalassumptionthat
þ Ç�[ � is stationary. How-

ever, theentropy rateof a stationarysource
þ Ç�[ � maynot carryany physical

meaningunless
þ Ç�[ � is alsoergodic.This will beexplainedwhenwe discuss

theShannon-McMillan-BreimanTheoremin Section4.4.
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PROBLEMS
1. Let Ç and � berandomvariableswith alphabetsÑ ×]��× þ óOÓ���Ó���Ó��\Ó�� �

andjoint distribution ä ÉQÖ Ó��\Ê givenby

ó�D�
������ ó ó ó ó ó� ó�� é é� é ó ó óé � é � éé é ó ó��

�¡    ¢ ô
Determine

ÈGÉ ÇRÊ¥Ó ÈGÉ �{Ê¥Ó È<É Ç<Ð ��Ê¥Ó È<É ��Ð ÇËÊ , and £ É Ç�¤���Ê .
2. Prove Propositions2.8,2.9,2.10,2.19,2.21,and2.22.

3. Give anexamplewhich shows thatpairwiseindependencedoesnot imply
mutualindependence.

4. Verify that ä ÉQÖ Ó���Ó�¥�Ê asdefinedin Definition 2.4 is a probabilitydistribu-
tion. You shouldexcludeall thezeroprobabilitymassesfrom thesumma-
tion carefully.

5. Linearity of expectation It is well-known that expectationis linear, i.e.,¦¨§V©'É ÇËÊ å�ª É ��Ê�«�× ¦¬©'É ÇËÊ å ¦ ª É ��Ê , wherethe summationin an ex-
pectationis taken over thecorrespondingalphabet.However, we adoptin
informationtheorytheconventionthat thesummationin anexpectationis
takenover thecorrespondingsupport.Justifycarefully thelinearity of ex-
pectationunderthisconvention.

6. Let ¯®{× � m � � Üm �±°V²�³ m �&´ .

a) Prove that  ® T ïa�
if µ¶Zuó× � if
é Ìaµ2ÌHó ô

Then ä ® É p Ê× § ¯® p É ÍlÎ�Ï p Ê ® « Ú>Ü Ó p ×���Ó���Ó
	
	
	
is aprobabilitydistribution for µ¶Zuó .

b) Prove that È<É ä ®(Ê3T ïa�
if µ·Za�× � if ó ï µGÌ¸��ô

7. Prove that
ÈGÉ ä Ê is concave in ä , i.e., for

é Ì�¹	Ìuó and º¹µ×�ó�Þ·¹ ,¹ È<É ä Ü Ê å º¹ È<É ä � Ê_Ì È<É ¹ ä Ü å º¹ ä � Ê¥ô
8. Let

É ÇÙÓ��{Ê@» ä ÉQÖ Ó��$Êt× ä ÉQÖ Ê ä É �CÐ Ö Ê .
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a) Prove thatfor fixed ä ÉQÖ Ê , £ É Ç·¤���Ê is aconvex functionalof ä É �CÐ Ö Ê .
b) Prove thatfor fixed ä É �CÐ Ö Ê , £ É Ç�¤���Ê is a concave functionalof ä ÉQÖ Ê .

9. Do £ É Ç·¤���Ê× é and £ É Ç�¤��	ÐVS®Êt× é imply eachother?If so,giveaproof.
If not,give acounterexample.

10. Giveanexamplefor which æ É 	 ç 	ÔÊ doesnotsatisfythetriangularinequality.

11. Let Ç bea functionof � . Prove that
È<É ÇËÊ Ì È<É ��Ê . Interpretthis result.

12. Prove thatfor any p è � ,È<É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê è mß���¿Ü ÈGÉ Ç � Ð Ç ! Ó��v+× � Ê¥ô
13. Prove tható� § ÈGÉ Ç Ü Ó5Ç � Ê å ÈGÉ Ç � Ó5Ç ~ Ê å ÈGÉ Ç Ü Ó5Ç ~ Ê�« è ÈGÉ Ç Ü Ó5Ç � Ó5Ç ~ Ê¥ô

Hint: SumtheidentitiesÈGÉ Ç Ü Ó5Ç � Ó5Ç ~ Ê× ÈGÉ Ç ! Ó��v+× � Ê å È<É Ç � Ð Ç ! Ó���+× � Ê
for
� ×�óOÓ���Ó�� andapplytheresultin Problem12.

14. Let ¼ m × þ óOÓ���Ó
	
	
	,Ó p � anddenote
ÈGÉ Ç � Ó � Ý µ^Ê by

È<É Ç�®(Ê for any subsetµ of ¼ m . For ófÌ¸\ Ì p , letÈ [®× ó½ m Ú>Ü[ Ú>Ü¿¾ ß®hÀ¡Á ®ÂÁ � [ ÈGÉ Ç�®(Ê¥ô
Prove that È Ü è ÈÃ� è 	
	
	 è È m ô
This sequenceof inequalities,dueto Han [93], is a generalizationof the
independenceboundfor entropy (Theorem2.39). SeeProblem4 in Chap-
ter 15 for anapplicationof theseinequalities.

15. Prove thedivergenceinequalityby usingthelog-suminequality.

16. Prove that æ É ätç�Ä Ê is convex in thepair
É ä Ó Ä Ê , i.e., if

É ä Ü Ó Ä Ü Ê and
É ä � Ó Ä � Êaretwo pairsof probabilitydistributionson acommonalphabet,thenæ É ¹ ä Ü å ¹ ä � ç ¹ Ä Ü å ¹ Ä � Ê_Ìa¹(æ É ä Ü ç�Ä Ü Ê å ¹(æ É ä � ç�Ä � Ê

for all
é Ìa¹ÙÌuó , where ¹ ×�ó�Þ·¹ .
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17. Let ä i¯Å and Ä iÆÅ be two probability distributionson ÑJÇÈ� . Prove thatæ É ä iÆÅ ç�Ä iÆÅ Ê è æ É ä i ç�Ä i Ê¥ô
18. Pinsker’s inequality Let É É ä Ó Ä Ê denotesthe variationaldistancebetween

two probability distributions ä and Ä on a commonalphabetÑ . We will
determinethelargest Ê whichsatisfiesæ É ätç�Ä Ê è ÊËÉ � É ä Ó Ä Ê¥ô
a) Let ^ × þ�Ö � ä ÉQÖ Ê è Ä ÉQÖ Ê � , 'ä × þ ä É ^�Ê¥Ó�ó Þ ä É ^�Ê � , and 'Ä ×þ Ä É ^�Ê¥Ó�óCÞ Ä É ^�Ê � . Show that æ É ätç�Ä Ê è æ É 'ätç 'Ä Ê and É É ä Ó Ä Ê×AÉ É 'ä Ó 'Ä Ê .
b) Show that toward determiningthe largestvalueof Ê , we only have to

considerthecasewhen Ñ is binary.

c) By virtue of b), it sufficesto determinethelargest Ê suchthat

ä ÍbÎ�Ï ä Ä å É ó)Þ ä Ê�ÍlÎ�Ï ó)Þ äó Þ Ä ÞÈ�ÌÊ É ä Þ Ä Ê � è±é
for all

é Ì ä Ó Ä Ìqó , with theconventionthat
é ÍlÎ�Ï8Í ö × é

for � è�é
and

ð ÍlÎ�Ï8ÎÍ × �
for

ð Z é
. By observingthatequalityin theabove

holdsif ä × Ä andconsideringthederivative of theleft handsidewith
respectto Ä , show thatthelargestvalueof Ê is equalto

É �AÍ�Ï�� Ê�Ú>Ü .
19. Find anecessaryandsufficient conditionfor Fano’s inequalityto betight.

20. Show that for a stationarysource
þ Ç�[ � , Üm ÈGÉ Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ê is non-

increasingin p .

21. Let Ð × þ ä Ü Ó ä � Ó
	
	
	�Ó ä m � and Ñ × þ Ä Ü Ó Ä � Ó
	
	
	hÓ Ä m � be two probability
distributionssuchthat ä � è ä �6Ò and Ä � è Ä ��Ò for all

� ï � u
, and � w�&�¿Ü ä � Ì� w! �¿Ü Ä ! for all {q×�óOÓ���Ó
	
	
	,Ó p . Prove that

È<É ÐAÊ è ÈGÉ Ñ;Ê . Hint:

a) Show that for ÐÓ+×ÔÑ , thereexist óÒÌÕ� ï \Ì p which satisfythe
following:

i) � is thelargestindex
�

suchthat ä � ï Ä �
ii) \ is thesmallestindex

�
suchthat

� Z�� andä � Z Ä �
iii) ä � × Ä � for all � ï � ï \ .

b) Considerthedistribution Ñ×Ö)× þ Ä ÖÜ Ó Ä Ö� Ó
	
	
	hÓ Ä Öm � definedby Ä Ö� × Ä � for� +×���Ó�\ andÉ Ä Ö! Ó Ä Ö[ Êt×ØT É ä ! Ó Ä [ å É Ä ! Þ ä ! Ê5Ê if ä [)Þ Ä [ è Ä ! Þ ä !É Ä ! Þ É ä [¬Þ Ä [,Ê¥Ó ä [OÊ if ä [)Þ Ä [ ï Ä ! Þ ä ! .
Notethateither Ä Ö! × ä ! or Ä Ö[ × ä [ . Show that
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i) Ä Ö� è Ä Ö�6Ò for all
� Ì � u

ii) � w���¿Ü ä � Ì � w���¿Ü Ä Ö� for all {q×3óOÓ���Ó
	
	
	�Ó p
iii)

È<É Ñ×Ö�Ê è È<É Ñ;Ê .
c) Prove theresultby inductionon theHammingdistancebetweenÐ andÑ , i.e., thenumberof placeswhereÐ and Ñ differ.

(Hardy, Littlewood,andP ÙÎ lya [97].)

HISTORICAL NOTES
Theconceptof entropy hasits root in thermodynamics.Shannon[184] was

thefirst to useentropy asa measureof information. Informationaldivergence
wasintroducedby KullbackandLeibler [128], andit hasbeenstudiedexten-
sively by CsiszÙÚ r [53] andAmari [11].

Thematerialin this chaptercanbefound in mosttextbooksin information
theory. The main conceptsandresultsaredue to Shannon[184]. Pinsker’s
inequalityis dueto Pinsker [164]. Fano’s inequalityhasits origin in thecon-
verseproof of the channelcodingtheorem(to be discussedin Chapter8) by
Fano[66].





Chapter3

ZERO-ERROR DATA COMPRESSION

In a randomexperiment,acoin is tossedp times.Let Ç � betheoutcomeof
the

�
th toss,withütýdþ Ç � × HEAD

� × ä and
ütýdþ Ç � × TAIL

� ×�ó)Þ ä Ó (3.1)

where
é Ì ä Ì�ó . It is assumedthat Ç � arei.i.d., andthevalueof ä is known.

Weareaskedto describetheoutcomeof therandomexperimentwithout error
(with zeroerror) by usingbinary symbols. Oneway to do this is to encode
a HEAD by a ‘0’ and a TAIL by a ‘1.’ Then the outcomeof the random
experimentis encodedinto a binarycodeword of length p . Whenthecoin is
fair, i.e., ä × é ô¡� , this is thebestwe cando becausetheprobabilityof every
outcomeof theexperimentis equalto ��Ú m . In otherwords,all theoutcomes
areequallylikely.

However, if thecoin is biased,i.e., ä +× é ô¡� , theprobabilityof anoutcome
of theexperimentdependsonthenumberof HEADsandthenumberof TAILs
in theoutcome.In otherwords,theprobabilitiesof theoutcomesareno longer
uniform. It turns out that we can take advantageof this by encodingmore
likely outcomesinto shortercodewordsandlesslikely outcomesinto longer
codewords.By doingso,it is possibleto usefewer than p bits on theaverage
to describetheoutcomeof therandomexperiment.In particular, in theextreme
casein which ä × é

or 1, we actuallydo not needto describetheoutcomeof
theexperimentbecauseit is deterministic.

At thebeginningof Chapter2, we mentionedthat theentropy
ÈGÉ ÇRÊ mea-

suresthe amountof informationcontainedin a randomvariable Ç . In this
chapter, we substantiatethis claim by exploring therole of entropy in thecon-
text of zero-errordatacompression.

41
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3.1 THE ENTROPY BOUND
In thissection,weestablishthat

ÈGÉ ÇRÊ is a fundamentallowerboundonthe
expectedlengthof thenumberof symbolsneededto describetheoutcomeof a
randomvariableÇ with zeroerror. This is calledtheentropybound.b ¼�cd7e237e>f7W½32±ÆªÃ�q

A æ -ary sourcecode Û for a source randomvariable Ç is
a mappingfrom Ñ to Ü Ö , thesetof all finite lengthsequencesof symbolstaken
froma æ -ary codealphabet.

Consideran informationsource
þ Ç�[�Ó�\ è ó � , where Ç�[ arediscreteran-

domvariableswhich takevaluesin thesamealphabet.WeapplyasourcecodeÛ to each Ç�[ andconcatenatethe codewords. Oncethe codewordsarecon-
catenated,the boundariesof the codewords areno longer explicit. In other
words,whenthe code Û is appliedto a sourcesequence,a sequenceof code
symbolsareproduced,andthe codewordsmay no longerbe distinguishable.
We areparticularlyinterestedin uniquelydecodablecodeswhich aredefined
asfollows.b ¼�cd7e237e>f7W½32±ÆªÃ Á

A code Û is uniquelydecodableif for anyfinite source se-
quence, thesequenceof codesymbolscorrespondingto thissourcesequenceis
differentfromthesequenceof codesymbolscorrespondingto anyother(finite)
sourcesequence.

Supposewe usea code Û to encodea sourcefile into a codedfile. If Û is
uniquelydecodable,thenwecanalwaysrecover thesourcefile from thecoded
file. An importantclassof uniquelydecodablecodes,calledprefixcodes, are
discussedin thenext section.But we first look at anexampleof a codewhich
is notuniquelydecodable.÷ ø ì¿À%ù$ë�¼BÆªÃlÆ

Let Ñî× þ ^¹Ó�ÝµÓ�¬Ó.æ � . ConsiderthecodeÛ definedbyÞ ß�à&ÞÌá
A 0
B 1
C 01
D 10

Thenall the threesource sequencesAAD, ACA, andAABA producethecode
sequence0010.Thusfromthecodesequence0010,wecannottell which of the
threesourcesequencesit comesfrom.Therefore, Û is notuniquelydecodable.

In the next theorem,we prove that for any uniquely decodablecode,the
lengthsof thecodewordshave to satisfyaninequalitycalledtheKraft inequal-
ity.
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Let Û bea æ -ary sourcecode, and

let | Ü Ó�| � Ó
	
	
	hÓ�|rw be the lengthsof thecodewords. If Û is uniquelydecodable,
then wß[ �¿Ü æ Ú;z¡æ Ì�óOô (3.2)

Proof Let � beanarbitrarypositive integer, andconsidertheidentity" wß[ �¿Ü æ Ú;z æ $ � × wß[
ç �¿Ü wß[ � �¿Ü 	
	
	 wß[�è �¿Ü æ Ú � z æ ç xfz æ � x%éVéVé xfz æ è � ô (3.3)

By collectingtermson theright-handside,we write" wß[ �¿Ü æ Ú;z¡æ $ � × � zëêÂì�íß ���¿Ü ^ � æ Ú�� (3.4)

where |�îYï¿ð�× l ÚòñÜ�ó [ ó w |r[ (3.5)

and ^ � is thecoefficientof æ Ú�� in ô � w [ �¿Ü æ Ú;z æöõ � . Now observethat ^ � gives
the total numberof sequencesof � codewordswith a total lengthof

�
code

symbols.Sincethecodeis uniquelydecodable,thesecodesequencesmustbe
distinct,andthereforê � Ì�æÃ� becausethereare æÃ� distinct sequencesof

�
codesymbols.Substitutingthis inequalityinto (3.4),wehave" wß[ �¿Ü æ Ú;z¡æ $ � Ì � zëêÂì�íß ���¿Ü ó%×���| îYï¿ð Ó (3.6)

or wß[ �¿Ü æ Ú;z¡æ Ì É �÷|�îYï¿ðOÊ Ü  � ô (3.7)

Sincethis inequalityholdsfor any � , uponletting � Q �
, we obtain(3.2),

completingtheproof.

Let Ç beasourcerandomvariablewith probabilitydistributionþ ä Ü Ó ä � Ó
	
	
	hÓ ä w � Ó (3.8)

where { è � . When we usea uniquely decodablecode Û to encodethe
outcomeof Ç , wearenaturallyinterestedin theexpectedlengthof acodeword,
which is givenby ø ×uß � ä � | � ô (3.9)
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We will alsorefer to
ø

astheexpectedlengthof thecode Û . Thequantity
ø

givestheaveragenumberof symbolswe needto describethe outcomeof Ç
whenthe code Û is used,andit is a measureof the efficiency of the code Û .
Specifically, thesmallertheexpectedlength

ø
is, thebetterthecodeÛ is.

In the next theorem,we will prove a fundamentallower boundon the ex-
pectedlengthof any uniquelydecodableæ -arycode.Wefirst explainwhy this
is the lower boundwe shouldexpect. In a uniquelydecodablecode,we useø æ -ary symbolson theaverageto describetheoutcomeof Ç . Recall from
theremarkfollowing Theorem2.43thata æ -arysymbolcancarryatmostoneæ -it of information.Thenthemaximumamountof informationwhich canbe
carriedby the codeword on the averageis

ø 	(ó�× ø æ -its. Sincethe code
is uniquelydecodable,theamountof entropy carriedby thecodeword on the
averageis

ÈGÉ ÇRÊ . Therefore,we haveÈ ò É ÇRÊ_Ì ø ô (3.10)

In otherwords, the expectedlengthof a uniquelydecodablecodeis at least
theentropy of thesource.This argumentis rigorizedin theproof of thenext
theorem.ºf»C¼(½¿¾>¼$À ÆªÃbû�/ ÷ 2×>ª¾ª½;ù\íaù�½3<×23úX?

Let Û bea æ -ary uniquelydecodable
codefor a sourcerandomvariable Ç with entropy

È ò É ÇËÊ . Thentheexpected
lengthof Û is lowerboundedby

È{ò¬É ÇËÊ , i.e.,ø è È{ò®É ÇËÊ¥ô (3.11)

Thislower boundis tight if andonly if | � ×�Þ	ÍbÎ�Ï ò ä � for all
�
.

Proof Since Û is uniquelydecodable,thelengthsof its codewordssatisfythe
Kraft inequality. Write ø × ß � ä � ÍlÎ�Ï ò æ z � (3.12)

andrecallfrom Definition2.33thatÈ ò É ÇRÊ×�Þ ß � ä � ÍbÎ�Ï ò ä � ô (3.13)

Then ø Þ È{ò®É ÇËÊ × ß � ä � ÍlÎ�Ï ò É ä � æ z � Ê (3.14)× É Í�Ï�æ Ê Ú>Ü ß � ä � ÍrÏ É ä � æ z � Ê (3.15)è É Í�Ï�æ Ê Ú>Ü ß � ä �*û ó�Þ óä � æ z �Nü (3.16)
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× É Í�Ï�æ Ê Ú>Üþý ß � ä � Þ2ß � æ Ú;z �eÿ (3.17)è É Í�Ï�æ Ê Ú>Ü É ó)Þ²óhÊ (3.18)× é Ó (3.19)

wherewe have invoked thefundamentalinequalityin (3.16)andtheKraft in-
equalityin (3.18).Thisproves(3.11).In orderfor this lowerboundto betight,
both (3.16)and(3.18)have to be tight simultaneously. Now (3.16) is tight if
andonly if ä � æ z � ×�ó , or | � ×�Þ	ÍlÎ�Ï ò ä � for all

�
. If thisholds,we haveß � æ Ú;z � × ß � ä � ×�óOÓ (3.20)

i.e., (3.18)is alsotight. Thiscompletestheproof of thetheorem.

Theentropy boundcanberegardedasageneralizationof Theorem2.43,as
is seenfrom thefollowing corollary.ê ½¿¾�½¿ë¤ë¤ì;¾�íÆªÃ6� ÈGÉ ÇRÊ_Ì²ÍlÎ�Ï�Ð0ÑÙÐÔô
Proof Consideringencodingeachoutcomeof a randomvariable Ç by a dis-
tinct symbolin

þ óOÓ���Ó
	
	
	,Ó�Ð0ÑÙÐ � . Thisisobviouslya Ð0ÑÒÐ -aryuniquelydecodable
codewith expectedlength1. Thenby theentropy bound,wehaveÈ Á C Á É ÇËÊ ÌuóOÓ (3.21)

whichbecomes ÈGÉ ÇRÊ�Ì±ÍlÎ�Ï�Ð0ÑÙÐ (3.22)

whenthebaseof thelogarithmis not specified.

Motivatedby the entropy bound,we now introducethe redundancyof a
uniquelydecodablecode.b ¼�cd7e237e>f7W½32±ÆªÃr-

Theredundancy
�

of a æ -ary uniquelydecodablecodeis
thedifferencebetweentheexpectedlengthof thecodeand theentropy of the
source.

Weseefrom theentropy boundthattheredundancy of auniquelydecodable
codeis alwaysnonnegative.

3.2 PREFIX CODES
3.2.1 DEFINITION AND EXISTENCEb ¼�cd7e237e>f7W½32±ÆªÃ&P

A codeis calleda prefix-freecodeif nocodeword is a prefix
of anyothercodeword. For brevity, a prefix-freecodewill bereferred to asa
prefixcode.
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Thecode Û in Example3.3 is not a prefix codebecausethe

codeword 0 is a prefix of the codeword 01, and thecodeword 1 is a prefix of
thecodeword 10. It caneasilybecheckedthat thefollowingcodeÛ u is a prefix
code.

x ß Ò à&ÞÌá
A 0
B 10
C 110
D 1111

A æ -ary treeis agraphicalrepresentationof acollectionof finite sequences
of æ -ary symbols. In a æ -ary tree,eachnodehasat most æ children. If a
nodehasat leastonechild, it is calledan internalnode, otherwiseit is calleda
leaf. Thechildrenof aninternalnodearelabeledby the æ symbolsin thecode
alphabet.

A æ -ary prefix codecanberepresentedby a æ -ary treewith the leavesof
thetreebeingthecodewords.Sucha treeis calledthecodetreefor theprefix
code.Figure3.1shows thecodetreefor theprefix codeÛ u in Example3.9.

As we have mentionedin Section3.1, oncea sequenceof codewordsare
concatenated,the boundariesof the codewords are no longer explicit. Pre-
fix codeshave the desirablepropertythat the endof a codeword canbe rec-
ognizedinstantaneouslyso that it is not necessaryto make referenceto the
futurecodewordsduringthedecodingprocess.For example,for thesourcese-
quenceÝ��æ¨^þ¶	
	
	 , thecodeÛ u in Example3.9producesthecodesequenceó é ó�ó é ó�ó�ó�ó é ó�ó é 	
	N	 . Basedon this binary sequence,the decodercanrecon-
struct the sourcesequenceas follows. The first bit 1 cannotform the first
codeword because1 is not a valid codeword. Thefirst two bits 10 mustform
thefirst codeword becauseit is a valid codeword andit is not theprefix of any
othercodeword. Thesameprocedureis repeatedto locatetheendof thenext

0
�

10

110

1111

Figure 3.1. Thecodetreefor thecodeß Ò .
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codeword, andthecodesequenceis parsedas ó é Ó�ó�ó é Ó�ó�ó�ó�óOÓ é Ó�ó�ó é Ó
	N	
	 . Then
thesourcesequenceÝ��æ ^ ¶	
	
	 canbereconstructedcorrectly.

Sinceaprefixcodecanalwaysbedecodedcorrectly, it is auniquelydecod-
ablecode.Therefore,by Theorem3.4, thecodeword lengthsof a prefix code
alsosatisfiestheKraft inequality. In thenext theorem,we show that theKraft
inequalityfully characterizestheexistenceof aprefix code.ºf»C¼(½¿¾>¼$À ÆªÃ9qÌg

There existsa æ -ary prefixcodewith codeword lengths| Ü Ó| � Ó
	
	
	hÓ�|rw if andonly if theKraft inequalitywß[ �¿Ü æ Ú;z¡æ Ìuó (3.23)

is satisfied.

Proof We only needto prove theexistenceof a æ -ary prefix codewith code-
wordlengths| Ü Ó�| � Ó
	
	
	�Ó�|�w if theselengthssatisfytheKraft inequality. Without
lossof generality, assumethat | Ü Ì�| � ÌA	
	
	�Ì�|rw .

Considerall the æ -ary sequencesof lengthslessthanor equalto |�w and
regardthemasthenodesof thefull æ -ary treeof depth |�w . We will referto a
sequenceof length | asa nodeof order | . Our strategy is to choosenodesas
codewordsin nondecreasingorderof the codeword lengths. Specifically, we
choosea nodeof order | Ü asthefirst codeword, thena nodeof order | � asthe
secondcodeword,soonandsoforth, suchthateachnewly chosencodeword is
notprefixedby any of thepreviouslychosencodewords.If wecansuccessfully
chooseall the { codewords,thentheresultantsetof codewordsformsaprefix
codewith thedesiredsetof lengths.

Thereare æ z ç Z ó (since | Ü è ó ) nodesof order | Ü which canbe chosen
as the first codeword. Thus choosingthe first codeword is alwayspossible.
Assumethat thefirst

�
codewordshave beenchosensuccessfully, where ó Ì� Ì�{²Þ�ó , andwewantto chooseanodeof order | ��x¿Ü asthe

É � å óhÊ stcodeword
suchthatit is notprefixedby any of thepreviouslychosencodewords.In other
words,the

É � å óhÊ st nodeto be chosencannotbe a descendantof any of the
previously chosencodewords. Observe that for ó9ÌÔ��Ì �

, the codeword
with length | ! has æ z ��� ç Ú;z � descendentsof order | ��x¿Ü . Sinceall thepreviously
chosencodewordsarenot prefecesof eachother, their descendentsof order| ��x¿Ü do not overlap. Therefore,uponnoting that thetotal numberof nodesof
order | ��x¿Ü is æ z ��� ç , thenumberof nodeswhich canbechosenasthe

É � å óhÊ st
codeword is æ z ��� ç ÞBæ z ��� ç Ú;z ç Þ�	
	
	¤ÞBæ z ��� ç Ú;z � ô (3.24)

If | Ü Ó�| � Ó
	
	
	�Ó�|rw satisfytheKraft inequality, wehaveæ Ú;z ç å 	
	
	 å æ Ú;z � å æ Ú;z ��� ç ÌuóOô (3.25)
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Multiplying by æ z ��� ç andrearrangingtheterms,we haveæ z ��� ç ÞRæ z ��� ç Ú;z ç ÞF	
	
	�ÞBæ z ��� ç Ú;z � è óOô (3.26)

Theleft handsideis thenumberof nodeswhichcanbechosenasthe
É � å óhÊ st

codeword asgiven in (3.24). Therefore,it is possibleto choosethe
É � å óhÊ st

codeword. Thuswe have shown theexistenceof a prefix codewith codeword
lengths| Ü Ó�| � Ó
	
	
	hÓ�| w , completingtheproof.

A probabilitydistribution
þ ä � � suchthat for all

�
, ä � ×�æ Ú�� � , where 	 � is a

positive integer, is calleda æ -adic distribution. When æ�×�� , þ ä � � is calleda
dyadicdistribution. FromTheorem3.5andtheabove theorem,we canobtain
thefollowing resultasacorollary.ê ½¿¾�½¿ë¤ë¤ì;¾�íÆªÃ9qÂq

There existsa æ -ary prefix codewhich achievesthe en-
tropyboundfor a distribution

þ ä � � if andonly if
þ ä � � is æ -adic.

Proof Considera æ -ary prefix codewhich achievestheentropy boundfor a
distribution

þ ä � � . Let | � be the lengthof thecodeword assignedto theproba-
bility ä � . By Theorem3.5, for all

�
, | � ×�Þ	ÍlÎ�Ï ò ä � , or ä � ×�æ Ú;z � . Thus

þ ä � �is æ -adic.
Conversely, suppose

þ ä � � is æ -adic,andlet ä � ×Hæ�Ú�� � for all
�
. Let | � ×
	 �

for all
�
. Thenby theKraft inequality, thereexistsaprefixcodewith codeword

lengths
þ | � � , becauseß � æ Ú;z � ×uß � æ Ú�� � ×uß � ä � ×�óOô (3.27)

Assigningthe codeword with length | � to the probability ä � for all
�
, we see

from Theorem3.5 thatthis codeachievestheentropy bound.

3.2.2 HUFFMAN CODES
As we have mentioned,theefficiency of auniquelydecodablecodeis mea-

suredby its expectedlength. Thusfor a givensourceÇ , we arenaturallyin-
terestedin prefixcodeswhichhave theminimumexpectedlength.Suchcodes,
calledoptimalcodes,canbeconstructedby theHuffmanprocedure, andthese
codesarereferredto asHuffmancodes. In general,thereexistsmorethanone
optimal codefor a source,andsomeoptimal codescannotbe constructedby
theHuffmanprocedure.

For simplicity, we first discussbinaryHuffmancodes.A binaryprefix code
for a source Ç with distribution

þ ä � � is representedby a binary codetree,
with eachleaf in the codetreecorrespondingto a codeword. The Huffman
procedureis to form a codetreesuchthat the expectedlength is minimum.
Theprocedureis describedby avery simplerule:
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codeword

0.35
�

00

0.1
�
0.15
�
0.2
�
0.2
�

010
�
011

10

11

1

0.6

0.25
�

0.4
�

p� i


Figure 3.2. TheHuffmanprocedure.

Keepmerging thetwo smallestprobabilitymassesuntil oneprobability
mass(i.e.,1) is left.

The merging of two probability massescorrespondsto the formation of an
internalnodeof thecodetree.Wenow illustratetheHuffmanprocedureby the
following example.÷ ø ì¿À%ù$ë�¼BÆªÃ�q�Á

Let Ç be the source with Ñ × þ ^¹Ó�ÝµÓ�¬Ó.æÙÓ ¦ � , and the
probabilitiesare 0.35, 0.1, 0.15, 0.2, 0.2, respectively. TheHuffmanproce-
dure is shownin Figure 3.2. In the first step,we merge probability masses
0.1and0.15into a probability mass0.25. In thesecondstep,wemerge prob-
ability masses0.2 and 0.2 into a probability mass0.4. In the third step,we
merge probability masses0.35and0.25into a probability mass0.6. Finally,
wemergeprobabilitymasses0.6and0.4into a probabilitymass1. A codetree
is thenformed.Uponassigning0 and1 (in anyconvenientway)to each pair of
branchesat an internalnode, weobtainthecodeword assignedto each source
symbol.

In theHuffmanprocedure, sometimesthere is morethanonechoiceof merg-
ing thetwo smallestprobability masses.We cantake anyoneof thesechoices
withoutaffectingtheoptimalityof thecodeeventuallyobtained.

For an alphabetof size { , it takes { Þñó stepsto completethe Huffman
procedurefor constructinga binary code,becausewe merge two probability
massesin eachstep.In theresultingcodetree,thereare { leavesand { Þó
internalnodes.

In the Huffman procedurefor constructinga æ -ary code,the smallestæ
probabilitymassesaremergedin eachstep.If theresultingcodetreeis formed
in \ å ó steps,where \ è é

, then therewill be \ å ó internal nodesandæ å \ É æ Þ9óhÊ leaves,whereeachleaf correspondsto a sourcesymbolin the
alphabet.If thealphabetsize { hastheform æ å \ É æHÞÙóhÊ , thenwecanapply
the Huffman proceduredirectly. Otherwise,we needto add a few dummy
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symbolswith probability0 to thealphabetin orderto make the total number
of symbolshave theform æ å \ É æ Þ²óhÊ .÷ ø ì¿À%ù$ë�¼BÆªÃ�q Æ

If wewantto constructa quaternaryHuffmancode( æ ×�� )
for thesourcein thelastexample, weneedto add2 dummysymbolssothat the
total numberof symbolsbecomes��× � å É óhÊ�� , where \	× ó . In general, we
needto addat most æîÞ�� dummysymbols.

In Section3.1,we have provedtheentropy boundfor a uniquelydecodable
code.This boundalsoappliesto a prefix codesincea prefix codeis uniquely
decodable.In particular, it appliesto a Huffmancode,which is a prefix code
by construction.Thusthe expectedlengthof a Huffman codeis at leastthe
entropy of thesource.In Example3.12,theentropy

ÈGÉ ÇRÊ is 2.202bits,while
theexpectedlengthof theHuffmancodeisé ô¡�D� É � Ê å é ôbó É � Ê å é ôbóN� É � Ê å é ô¡� É � Ê å é ô¡� É � ÊE×A��ô¡�D��ô (3.28)

We now turn to proving theoptimality of a Huffman code. For simplicity,
we will only prove theoptimality of a binaryHuffmancode.Extensionof the
proof to thegeneralcaseis straightforward.

Without lossof generality, assumethatä Ü è ä � è 	
	
	 è ä w ô (3.29)

Denotethecodewordassignedto ä � by Ê � , anddenoteits lengthby | � . To prove
thataHuffmancodeis actuallyoptimal,we make thefollowing observations.} ¼$À¬À)ì9ÆªÃ9q�Ä

In an optimal code, shortercodewords are assignedto larger
probabilities.

Proof ConsiderófÌ � ï �&Ì�{ suchthat ä � Z ä ! . Assumethatin acode,the
codewords Ê � and Ê ! aresuchthat | � Z�| ! , i.e., a shortercodeword is assigned
to a smallerprobability. Thenby exchangingÊ � and Ê ! , theexpectedlengthof
thecodeis changedbyÉ ä � | ! å ä ! | � ÊAÞ É ä � | � å ä ! | ! Êt× É ä � Þ ä ! Ê É | ! ÞW| � Ê ï�é (3.30)

since ä � Z ä ! and | � Z | ! . In otherwords, the codecanbe improved and
thereforeis notoptimal.Thelemmais proved.} ¼$À¬À)ì9ÆªÃ9q�û

There existsan optimalcodein which thecodewordsassigned
to thetwo smallestprobabilitiesare siblings,i.e., thetwo codewordshavethe
samelengthandthey differ only in thelast symbol.

Proof The readeris encouragedto tracethestepsin this proof by drawing a
codetree.Considerany optimalcode.Fromthelast lemma,thecodeword Ê w
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assignedto ä w hasthe longestlength. Thenthe sibling of Ê�w cannotbe the
prefix of anothercodeword.

We claim that the sibling of Ê w mustbe a codeword. To seethis, assume
that it is not a codeword (andit is not theprefix of anothercodeword). Then
we canreplaceÊ w by its parentto improve thecodebecausethelengthof the
codewordassignedto ä w is reducedby 1,while all theothercodewordsremain
unchanged.This is a contradictionto theassumptionthatthecodeis optimal.
Therefore,thesibling of Ê w mustbeacodeword.

If thesiblingof Ê w isassignedto ä w Ú>Ü , thenthecodealreadyhasthedesired
property, i.e., thecodewordsassignedto thetwo smallestprobabilitiesaresib-
lings. If not,assumethatthesiblingof Ê w is assignedto ä � , where

� ï {ÂÞ²ó .
Sinceä � è ä w Ú>Ü , |rw Ú>Ü è | � ×]|rw . On theotherhand,by Lemma3.14, |�w Ú>Ü
is alwayslessthanor equalto |�w , whichimpliesthat |�w Ú>Ü ×A|�wH×A| � . Thenwe
canexchangethecodewordsfor ä � and ä w Ú>Ü without changingtheexpected
lengthof thecode(i.e., thecoderemainsoptimal) to obtainthedesiredcode.
Thelemmais proved.

SupposeÊ � and Ê ! aresiblingsin a codetree. Then | � × | ! . If we replaceÊ � and Ê ! by a commoncodeword at their parent,call it Ê � ! , thenwe obtain
a reducedcodetree,and the probability of Ê � ! is ä � å ä ! . Accordingly, the
probabilitysetbecomesa reducedprobabilitysetwith ä � andä ! replacedby a
probability ä � å ä ! . Let

ø
and

ø u
betheexpectedlengthsof theoriginal code

andthereducedcode,respectively. Thenø Þ ø u × É ä � | � å ä ! | ! ÊAÞ É ä � å ä ! Ê É | � Þ�óhÊ (3.31)× É ä � | � å ä ! | � ÊAÞ É ä � å ä ! Ê É | � Þ²óhÊ (3.32)× ä � å ä ! Ó (3.33)

which implies ø × ø u å É ä � å ä ! Ê¥ô (3.34)

This relationsaysthat thedifferencebetweentheexpectedlengthof theorig-
inal codeand the expectedlength of the reducedcodedependsonly on the
valuesof thetwo probabilitiesmergedbut not on thestructureof thereduced
codetree.ºf»C¼(½¿¾>¼$À ÆªÃ9qÌ�

TheHuffmanprocedure producesanoptimalprefixcode.

Proof Consideranoptimalcodein which Ê w and Ê w Ú>Ü aresiblings.Suchan
optimal codeexists by Lemma3.15. Let

þ ä u� � be the reducedprobability set
obtainedfrom

þ ä � � by merging ä w and ä w Ú>Ü . From(3.34),we seethat
ø u

is
theexpectedlengthof anoptimalcodefor

þ ä u� � if andonly if
ø

is theexpected
lengthof anoptimalcodefor

þ ä � � . Therefore,if we canfind anoptimalcode
for

þ ä u� � , we canuseit to constructan optimal codefor
þ ä � � . Note that by
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merging ä w and ä w Ú>Ü , the sizeof the problem,namelythe total numberof
probability masses,is reducedby one. To find an optimal codefor

þ ä u� � , we
againmergethetwo smallestprobabilityin

þ ä u� � . This is repeateduntil thesize
of theproblemis eventuallyreducedto 2, whichweknow thatanoptimalcode
hastwo codewordsof length1. In thelaststepof theHuffmanprocedure,two
probabilitymassesaremerged,which correspondsto the formationof a code
with two codewordsof length1. ThustheHuffmanprocedureindeedproduces
anoptimalcode.

Wehave seenthattheexpectedlengthof aHuffmancodeis lower bounded
by theentropy of thesource.Ontheotherhand,it wouldbedesirableto obtain
anupperboundin termsof theentropy of thesource.This is givenin thenext
theorem.ºf»C¼(½¿¾>¼$À ÆªÃ9qå-

Theexpectedlengthof a Huffmancode, denotedby
ø ����� ,

satisfies ø ����� ï È{ò®É ÇËÊ å óOô (3.35)

Thisboundis thetightestamongall theupperboundson
ø ����� which depend

onlyon thesourceentropy.

Proof Wewill constructaprefixcodewith expectedlengthlessthan
È<É ÇËÊ å ó .

Then,becausea Huffman codeis an optimal prefix code,its expectedlengthø ����� is upperboundedby
ÈGÉ ÇRÊ å ó .

Considerconstructingaprefix codewith codeword lengths
þ | � � , where| � ×��8Þ	ÍlÎ�Ï ò ä � � ô (3.36)

Then Þ	ÍbÎ�Ï ò ä � Ì�| � ï Þ	ÍbÎ�Ï ò ä � å óOÓ (3.37)

or ä � è æ Ú;z � Z²æ Ú>Ü ä � ô (3.38)

Thus ß � æ Ú;z � Ì ß � ä � ×3óOÓ (3.39)

i.e.,
þ | � � satisfiestheKraft inequality, which impliesthat it is possibleto con-

structaprefix codewith codeword lengths
þ | � � .

It remainsto show that
ø

, the expectedlength of this code, is lessthanÈGÉ ÇRÊ å ó . Towardthisend,considerø × ß � ä � | � (3.40)ï ß � ä � É Þ	ÍbÎ�Ï ò ä � å óhÊ (3.41)
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where(3.41)follows from theupperboundin (3.37).Thusweconcludethatø ����� Ì ø ï ÈGÉ ÇRÊ å óOô (3.44)

To seethatthisupperboundis thetightestpossible,wehave to show thatthere
existsasequenceof distributions (%[ suchthat

ø ����� approaches
ÈGÉ ÇRÊ å ó as\ Q �

. This canbedoneby consideringthesequenceof æ -arydistributions(*[�×ØTAó�Þ æîÞ²ó\ Ó ó\ Ó
	
	
	hÓ ó\ � Ó (3.45)

where \ è æ . The Huffman codefor each (%[ consistsof æ codewordsof
length1. Thus

ø ����� is equalto 1 for all \ . As \ Q �
,
È<É ÇËÊ Q é

, andhenceø ����� approaches
È<É ÇËÊ å ó . Thetheoremis proved.

The codeconstructedin the above proof is known as the Shannoncode.
The ideais that in orderfor thecodeto benear-optimal,we shouldchoose| �
closeto Þ�ÍlÎ�Ï ä � for all

�
. When

þ ä � � is æ -adic, | � canbechosento beexactlyÞ	ÍlÎ�Ï ä � becausethelatterareintegers.In thiscase,theentropy boundis tight.
Fromtheentropy boundandtheabove theorem,wehaveÈ<É ÇËÊ�Ì ø ����� ï È<É ÇËÊ å óOô (3.46)

Now supposewe usea Huffmancodeto encodeÇ Ü Ó5Ç � Ó
	
	
	�Ó5Ç m which are p
i.i.d. copiesof Ç . Let us denotethe lengthof this Huffman codeby

ø m ����� .
Then(3.46)becomesp È<É ÇËÊ�Ì ø m ����� ï p È<É ÇËÊ å óOô (3.47)

Dividing by p , we obtainÈ<É ÇËÊ�Ì óp ø m ����� ï ÈGÉ ÇRÊ å óp ô (3.48)

As p Q �
, theupperboundapproachesthelowerbound.Therefore,p Ú>Ü ø m ����� ,

the coding rate of the code, namely the averagenumberof code symbols
neededto encodea sourcesymbol, approaches

È<É ÇËÊ as p Q �
. But of

course,as p becomeslarge,constructinga Huffmancodebecomesvery com-
plicated.Nevertheless,this resultindicatesthatentropy is a fundamentalmea-
sureof information.
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3.3 REDUNDANCY OF PREFIX CODES
Theentropy boundfor a uniquelydecodablecodehasbeenproved in Sec-

tion 3.1. In this section,we presentanalternative proof specificallyfor prefix
codeswhichoffersmuchinsightinto theredundancy of suchcodes.

Let Ç beasourcerandomvariablewith probabilitydistributionþ ä Ü Ó ä � Ó
	
	
	hÓ ä w � Ó (3.49)

where{ è � . A æ -ary prefix codefor Ç canberepresentedby a æ -arycode
treewith { leaves,whereeachleafcorrespondsto acodeword. Wedenotethe
leaf correspondingto ä � by Ê � andthe orderof Ê � by | � , andassumethat the
alphabetis þ é Ó�óOÓ
	
	
	,Ó.æîÞ�ó � ô (3.50)

Let � betheindex setof all theinternalnodes(includingtheroot) in thecode
tree.

Insteadof matchingcodewordsby bruteforce,we canusethecodetreeof
aprefix codefor moreefficientdecoding.To decodea codeword,we tracethe
pathspecifiedby thecodewordfrom therootof thecodetreeuntil it terminates
at theleaf correspondingto thatcodeword. Let Ä [ betheprobabilityof reach-
ing aninternalnode \ Ý � duringthedecodingprocess.Theprobability Ä [ is
calledthereaching probabilityof internalnode\ . Evidently, Ä [ is equalto the
sumof theprobabilitiesof all theleavesdescendingfrom node \ .

Let �ä [�� ! be the probability that the � th branchof node \ is taken during
thedecodingprocess.The probabilities �ä [�� ! Ó é Ì �2Ì�æqÞHó , arecalledthe
branching probabilitiesof node \ , andÄ [�× ß ! �ä [�� ! ô (3.51)

Oncenode \ is reached,theconditionalbranching distribution isT �ä [�� ÍÄ [ Ó �ä [�� ÜÄ [ Ó
	
	
	�Ó �ä [�� ò Ú>ÜÄ [ � ô (3.52)

Thendefinetheconditionalentropyof node\ byõ [�× È ò û T �ä [�� ÍÄ [ Ó �ä [�� ÜÄ [ Ó
	
	
	�Ó �ä [�� ò Ú>ÜÄ [ � ü Ó (3.53)

wherewith a slight abuseof notation,we have used
È{ò®É 	ÔÊ to denotetheen-

tropy in thebaseæ of theconditionalbranchingdistribution in theparenthesis.
By Theorem2.43,

õ [¹Ìuó . Thefollowing lemmarelatestheentropy of Ç with
thestructureof thecodetree.} ¼$À¬À)ì9ÆªÃ9qÌP È{ò¬É ÇËÊ× � [ á � Ä [ õ [¤ô
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Proof We prove the lemmaby inductionon thenumberof internalnodesof
thecodetree.If thereis only oneinternalnode,it mustbetheroot of thetree.
Thenthe lemmais trivially trueuponobservingthat the reachingprobability
of theroot is equalto 1.

Assumethe lemmais true for all codetreeswith p internalnodes. Now
considera codetreewith p å ó internalnodes.Let \ beaninternalnodesuch
that \ is theparentof a leaf Ê with maximumorder. Eachsibling of Ê mayor
maynot bea leaf. If it is not a leaf, thenit cannotbetheascendentof another
leaf becausewe assumethat Ê is a leaf with maximumorder. Now consider
revealing the outcomeof Ç in two steps. In the first step, if the outcome
of Ç is not a leaf descendingfrom node \ , we identify theoutcomeexactly,
otherwiseweidentify theoutcometo beachild of node\ . Wecall thisrandom
variable ! . If we do not identify theoutcomeexactly in thefirst step,which
happenswith probability Ä [ , we further identify in the secondstepwhich of
thechildren(child) of node\ theoutcomeis (thereis only onechild of node\
which canbe theoutcomeif all thesiblingsof Ê arenot leaves). We call this
randomvariable " . If the secondstepis not necessary, we assumethat "
takesaconstantvaluewith probability1. Then Ç × É !'Ó�"�Ê .

Theoutcomeof ! canberepresentedby a codetreewith p internalnodes
which is obtainedby pruningthe original codetreeat node \ . Thenby the
inductionhypothesis, ÈGÉ ! Êt× ß[ Ò á �$#&% [(' Ä [ Ò õ [ Ò ô (3.54)

By thechainrule for entropy, we haveÈGÉ ÇRÊU× È<É !¹Ê å ÈGÉ "�Ð)! Ê (3.55)× ß[ Ò á*�$#&% [*' Ä [ Ò õ [ Ò å É ó Þ Ä [,Ê*	 é å Ä [ õ [ (3.56)× ß[ Ò á*� Ä [ Ò õ [ Ò ô (3.57)

Thelemmais proved.

Thenext lemmaexpressestheexpectedlength
ø

of a prefix codein terms
of thereachingprobabilitiesof theinternalnodesof thecodetree.} ¼$À¬À)ì9ÆªÃ9qÌR ø × � [ á � Ä [¤ô
Proof Defineð [ � ×ØT ó if leaf Ê � is adescendentof internalnodeké

otherwise.
(3.58)
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Then | � ×3ß[ á � ð [ � Ó (3.59)

becausethereareexactly | � internalnodesof which Ê � is a descendentif the
orderof Ê � is | � . On theotherhand,Ä [®× ß � ð [ � ä � ô (3.60)

Then ø × ß � ä � | � (3.61)× ß � ä � ß[ á � ð [ � (3.62)× ß[ á � ß � ä � ð [ � (3.63)× ß[ á � Ä [¤Ó (3.64)

proving thelemma.

Definethe local redundancyof aninternalnode\ by+ [�× Ä [ É ó Þ õ [�Ê¥ô (3.65)

Thisquantityis local to node\ in thesensethatit dependsonly onthebranch-
ing probabilitiesof node\ , andit vanishesif andonly if �ä [�� ! × Ä [-,,æ for all � ,
i.e., if andonly if thenodeis balanced. Notethat + [ è²é because

õ [�Ìuó .
Thenext theoremsaysthattheredundancy

�
of aprefixcodeis equalto the

sumof thelocal redundanciesof all theinternalnodesof thecodetree.ºf»C¼(½¿¾>¼$À ÆªÃbÁhgâ/ } ½/.�ì;ë10¹¼�ú3<×23úªì322.(í�ºf»C¼�½;¾>¼$Às?
Let

ø
betheexpected

lengthof a æ -ary prefixcodefor a source randomvariable Ç , and
�

be the
redundancyof thecode. Then � × ß[ á*� + [¤ô (3.66)

Proof By Lemmas3.18and3.19,we have� × ø Þ È{ò%É ÇRÊ (3.67)× ß[ á � Ä [¬Þ ß [ Ä [ õ [ (3.68)
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Thetheoremis proved.

Wenow presentanslightly differentversionof theentropy bound.ê ½¿¾�½¿ë¤ë¤ì;¾�íÆªÃbÁ.q·/ ÷ 2×>ª¾ª½;ù\íaù�½3<×23úX?
Let

�
betheredundancyof a pre-

fix code. Then
� è�é

with equalityif andonly if all the internal nodesin the
codetreearebalanced.

Proof Since+ [ èé for all \ , it is evidentfrom thelocal redundancy theorem
that

� è�é
. Moreover

� × é if andonly if + [�× é for all \ , whichmeansthat
all theinternalnodesin thecodetreearebalanced.

Remark Beforethe entropy boundwasstatedin Theorem3.5, we gave the
intuitive explanationthat the entropy boundresultsfrom the fact that a æ -
ary symbolcancarry at mostone æ -it of information. Therefore,whenthe
entropy boundis tight, eachcodesymbol hasto carry exactly one æ -it of
information. Now considerrevealing a randomcodeword one symbol after
another. The above corollary statesthat in orderfor theentropy boundto be
tight, all theinternalnodesin thecodetreemustbebalanced.That is, aslong
asthecodeword is not completed,thenext codesymbolto berevealedalways
carriesoneæ -it of informationbecauseit distributesuniformlyonthealphabet.
This is consistentwith theintuitiveexplanationwegavefor theentropy bound.÷ ø ì¿À%ù$ë�¼BÆªÃ Á\Á

Thelocal redundancytheoremallowsusto lower boundthe
redundancyof a prefixcodebasedonpartial knowledge onthestructure of the
codetree. Morespecifically, � è ß[ á*� Ò + [ (3.71)

for anysubset� u of � .
Let ä w Ú>Ü Ó ä w be the two smallestprobabilities in the source distribution.

In constructinga binary Huffmancode, ä w Ú>Ü and ä w are merged. Thenthe
redundancyof a Huffmancodeis lower boundedbyÉ ä w Ú>Ü å ä w¬Ê43�ó�Þ ÈÃ� û T ä w Ú>Üä w Ú>Ü å ä w Ó ä wä w Ú>Ü å ä w � ü65 Ó (3.72)

the local redundancyof the parent of the two leavescorrespondingto ä w Ú>Üand ä w . SeeYeung[229] for progressivelower andupperboundson there-
dundancyof a Huffmancode.
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PROBLEMS
1. ConstructabinaryHuffmancodefor thedistribution

þ é ô¡�D��Ó é ô é ��Ó é ôbóOÓ é ôbóN��Óé ô¡��Ó é ôbóN��Ó é ô é87 Ó é ô é � � .
2. Constructa ternaryHuffmancodefor thesourcedistribution in Problem1.

3. Show that a Huffman codeis an optimal uniquely decodablecodefor a
givensourcedistribution.

4. Constructanoptimalbinaryprefixcodefor thesourcedistribution in Prob-
lem 1 suchthatall thecodewordshave evenlengths.

5. Prove directly that thecodeword lengthsof a prefix codesatisfytheKraft
inequalitywithoutusingTheorem3.4.

6. Provethatif ä Ü Z é ôV� , thentheshortestcodewordof abinaryHuffmancode
haslengthequalto 1. Thenprove that the redundancy of sucha Huffman
codeis lower boundedby ó)Þ õ$ö É ä Ü Ê . (Johnsen[110].)

7. Suffix codesA codeis a suffix codeif no codeword is a suffix of any other
codeword. Show thatasuffix codeis uniquelydecodable.

8. Fix-free codesA codeis a fix-free codeif it is both a prefix codeanda
suffix code.Let | Ü Ó�| � Ó
	
	
	hÓ�|rw be { positive integers.Prove thatifwß[ �¿Ü � Ú;z æ Ì ó� Ó
thenthereexistsabinaryfix-freecodewith codewordlengths| Ü Ó�| � Ó
	
	
	�Ó�| w .
(Ahlswedeetal. [5].)

9. Randomcodingfor prefixcodesConstructabinaryprefix codewith code-
word lengths | Ü ÌØ| � ÌÓ	
	
	}Ì |rw asfollows. For each ó�ÌØ\²Ì { , the
codewordwith length |r[ is chosenindependentlyfrom thesetof all �Lz æ pos-
siblebinarystringswith length |r[ accordingtheuniform distribution. Let(%w É ª:9;9 ÉjÊ betheprobabilitythatthecodesoconstructedis aprefix code.

a) Prove that ( � É ª<9=9 É�Ê}× É ó Þ�� Ú;z ç Ê x , whereÉQÖ Ê x ×ØT Ö if
Ö è²éé

if
Ö ï²é ô

b) Proveby inductionon { that(3w É ª<9=9 ÉjÊ× w>[ �¿Ü IK ó Þ [ Ú>Üß! �¿Ü�? Ú;z � MO x ô
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c) Observethatthereexistsaprefixcodewith codewordlengths| Ü Ó�| � Ó
	
	
	 ,|rw if andonly if (%w É ª:9;9 ÉjÊ Z é . Show that (3w É ª<9=9 ÉjÊ Z é is equiva-
lent to theKraft inequality.

By usingthis randomcodingmethod,onecanderive theKraft inequality
without knowing theinequalityaheadof time. (YeandYeung[225].)

10. Let Ç bea sourcerandomvariable.Supposea certainprobabilitymassä [in thedistribution of Ç is given.Let| ! ×ØT �8Þ	ÍbÎ�Ï ä ! � if � ×�\�8Þ	ÍbÎ�Ï É ä ! å Ö ! Ê � if �v+×�\ ,
where Ö ! × ä ! " ä [%Þ·� ÚA@lÚ °V²�³=B æ&Có�Þ ä [ $
for all ��+×�\ .
a) Show that ó�Ì�| ! ÌD�8Þ	ÍlÎ�Ï ä ! � for all � .
b) Show that

þ | ! � satisfiestheKraft inequality.

c) Obtainan upperboundon
ø ����� in termsof

È<É ÇËÊ and ä [ which is
tighterthan

È<É ÇËÊ å ó . Thisshows thatwhenpartialknowledgeabout
the sourcedistribution in addition to the sourceentropy is available,
tighterupperboundson

ø ����� canbeobtained.

(YeandYeung[226].)

HISTORICAL NOTES
The foundationfor the materialin this chaptercanbe found in Shannon’s

original paper[184]. TheKraft inequalityfor uniquelydecodablecodeswas
first provedby McMillan [151]. Theproof givenhereis dueto Karush[113].
TheHuffmancodingprocedurewasdevisedandprovedto beoptimalby Huff-
man[103]. The sameprocedurewasdevised independentlyby Zimmerman
[240]. Linder et al. [134] have provedtheexistenceof anoptimalprefix code
for an infinite sourcealphabetwhich canbeconstructedfrom Huffmancodes
for truncationsof the sourcedistribution. The local redundancy theoremis
dueto Yeung[229]. A comprehensive survey of codetreesfor losslessdata
compressioncanbefoundin Abrahams[1].





Chapter4

WEAK TYPICALITY

In the last chapter, we have discussedthe significanceof entropy in the
context of zero-errordatacompression.In thischapterandthenext, weexplore
entropy in termsof the asymptoticbehavior of i.i.d. sequences.Specifically,
two versionsof theasymptoticequipartitionproperty(AEP),namelytheweak
AEPandthestrongAEP, arediscussed.Theroleof theseAEP’sin information
theoryis analogousto theroleof theweaklaw of largenumbersin probability
theory. In this chapter, theweakAEP andits relationwith thesourcecoding
theoremarediscussed.All the logarithmsarein the base2 unlessotherwise
specified.

4.1 THE WEAK AEP
We consideran informationsource

þ Ç�[�Ó�\ è ó � where Ç�[ arei.i.d. with
distribution ä ÉQÖ Ê . WeuseÇ to denotethegenericrandomvariableand

È<É ÇËÊ
to denotethe commonentropy for all Ç�[ , where

ÈGÉ ÇRÊ ï �
. Let E ×É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê . SinceÇ�[ arei.i.d.,ä É E	Ê'× ä É Ç Ü Ê ä É Ç � Ê.	
	
	 ä É Ç m Ê¥ô (4.1)

Note that ä É E	Ê is a randomvariablebecauseit is a function of the random
variables Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m . We now prove an asymptoticpropertyof ä É E Êcalledtheweakasymptoticequipartitionproperty(weakAEP).ºf»C¼(½¿¾>¼$ÀîÄ>Ã9q·/GF�¼\ì2HJI ÷LK ä
?Þ óp ÍlÎ�Ï ä É E Ê Q ÈGÉ ÇRÊ (4.2)

in probability as p Q �
, i.e., for any ��Z é , for p sufficiently large,ütý T ���� Þ óp ÍbÎ�Ï ä É E	ÊAÞ È<É ÇËÊ ���� Ì¸� � Zuó�Þ·�ÿô (4.3)

61
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Proof SinceÇ Ü Ó5Ç � Ó
	
	
	hÓ5Ç m arei.i.d., by (4.1),Þ óp ÍlÎ�Ï ä É E	Ê'×�Þ óp mß[ �¿Ü ÍlÎ�Ï ä É Ç�[�Ê¥ô (4.4)

TherandomvariablesÍlÎ�Ï ä É Ç�[�Ê arealsoi.i.d. Thenby theweaklaw of large
numbers,theright handsideof (4.4) tendstoÞ ¦ ÍlÎ�Ï ä É ÇËÊt× È<É ÇËÊ¥Ó (4.5)

in probability, proving thetheorem.

The weak AEP is nothing more than a straightforward applicationof the
weaklaw of largenumbers.However, aswe will seeshortly, this propertyhas
significantimplications.b ¼�cd7e237e>f7W½32<Ä>Ã Á

Theweaklytypical set " mM iON � with respectto ä ÉQÖ Ê is theset
of sequencesPÙ× ÉQÖ Ü Ó Ö � Ó
	
	
	�Ó Ö m Ê Ý Ñ m such that���� Þ óp ÍlÎ�Ï ä É P¿ÊAÞ È<É ÇËÊ ���� Ì¸��Ó (4.6)

or equivalently, È<É ÇËÊtÞ�� Ì�Þ óp ÍlÎ�Ï ä É P¿Ê�Ì ÈGÉ ÇRÊ å ��Ó (4.7)

where � is an arbitrarily smallpositivereal number. Thesequencesin " mM iON �arecalledweakly � -typical sequences.

Thequantity Þ óp ÍlÎ�Ï ä É P¿Êt×�Þ óp mß[ �¿Ü ÍlÎ�Ï ä ÉQÖ [�Ê (4.8)

is calledthe empirical entropy of the sequenceP . The empiricalentropy of
a weakly typical sequenceis closeto the true entropy

È<É ÇËÊ . The important
propertiesof theset " mM iON � aresummarizedin thenext theoremwhich we will
seeis equivalentto theweakAEP.ºf»C¼(½¿¾>¼$ÀîÄ>ÃúÆ¸/GF�¼\ì2HJI ÷LK ä
äË?

Thefollowinghold for any � Z é :
1) If P Ý " mM iQN � , then� Ú m �SR�� i � x ��� Ì ä É P¿Ê�Ì¸� Ú m �SR�� i � Ú ��� ô (4.9)
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2) For p sufficiently large,ütýdþ E Ý " mM iQN � � Zuó�Þ���ô (4.10)

3) For p sufficiently large,É ó Þ·�¥Ê�� m �TR�� i � Ú ��� Ì�Ð)" mM iQN � Ð�Ì¸� m �TR�� i � x ��� ô (4.11)

Proof Property1 follows immediatelyfrom thedefinition of " mM iQN � in (4.7).
Property2 is equivalentto Theorem4.1.To proveProperty3, weusethelower
boundin (4.9)andconsiderÐ)" mM iQN � Ð � Ú m �SR�� i � x ��� Ì üýdþ " mM iON � � ÌuóOÓ (4.12)

which implies Ð)" mM iQN � Ð�Ì¸� m �TR�� i � x ��� ô (4.13)

Notethat this upperboundholdsfor any p è ó . On theotherhand,usingthe
upperboundin (4.9)andTheorem4.1,for p sufficiently large,we haveó Þ�� Ì ütýdþ " mM iON � � Ì�Ð)" mM iQN � Ð � Ú m �TR�� i � Ú ��� ô (4.14)

Then Ð)" mM iON � Ð è É ó Þ��¥Ê�� m �TR�� i � Ú ��� ô (4.15)

Combining(4.13)and(4.15)givesProperty3. Thetheoremis proved.

Remark Theorem4.3 is a consequenceof Theorem4.1. However, Property
2 in Theorem4.3 is equivalentto Theorem4.1. Therefore,Theorem4.1 and
Theorem4.3areequivalent,andthey will bothbereferredto astheweakAEP.

TheweakAEPhasthefollowing interpretation.SupposeE × É Ç Ü Ó5Ç � Ó
	
	
	hÓÇ m Ê is drawn i.i.d. accordingto ä ÉQÖ Ê , where p is large. After thesequenceis
drawn, weaskwhattheprobabilityof occurrenceof thesequenceis. Theweak
AEP saysthat theprobabilityof occurrenceof thesequencedrawn is closeto��Ú m R�� i � with veryhighprobability. Suchasequenceis calledaweaklytypical
sequence.Moreover, thetotal numberof weakly typical sequencesis approx-
imatelyequalto � m R�� i � . TheweakAEP, however, doesnot saythatmostof
the sequencesin Ñ m areweakly typical. In fact, the numberof weakly typ-
ical sequencesis in generalinsignificantcomparedwith the total numberof
sequences,becauseÐ)" mM iONVU ÐÐ0ÑÒÐ m W � m R�� i �� m °V²�³ Á C Á ×�� Ú m �±°V²�³ Á C Á Ú R�� i �r� Q é

(4.16)
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as p Q �
as long as

È<É ÇËÊ is strictly lessthan ÍlÎ�Ï®Ð0ÑÒÐ . The idea is that,
althoughthesizeof theweaklytypicalsetmaybeinsignificantcomparedwith
thesizeof thesetof all sequences,theformerhasalmostall theprobability.

When p is large,onecanalmostthink of thesequenceE asbeingobtained
by choosinga sequencefrom theweakly typical setaccordingto theuniform
distribution. Very often,we concentrateon thepropertiesof typical sequences
becauseany propertywhich is provedto betruefor typicalsequenceswill then
betruewith high probability. This in turn determinestheaveragebehavior of
a largesample.

Remark Themostlikely sequenceis in generalnot weakly typical although
the probability of the weakly typical set is closeto 1 when p is large. For
example,for Ç�[ i.i.d. with ä É é Ê× é ôbó andä É óhÊ× é ôVX ,

É óOÓ�óOÓ
	
	
	�Ó�óhÊ is themost
likely sequence,but it is notweaklytypicalbecauseits empiricalentropy is not
closeto thetrueentropy. Theideais thatas p Q �

, theprobabilityof every
sequence,includingthatof themostlikely sequence,tendsto 0. Therefore,it
is notnecessaryfor aweaklytypical setto includethemostlikely sequencein
orderto possessaprobabilitycloseto 1.

4.2 THE SOURCECODING THEOREM
To encodea randomsequenceE¯× É Ç Ü Ó5Ç � Ó
	
	
	�Ó5Ç m Ê drawn i.i.d. accord-

ing to ä ÉQÖ Ê by ablock code, we constructaone-to-onemappingfrom a subsetY
of Ñ m to anindex set �<× þ óOÓ���Ó
	
	
	�Ó[Z � Ó (4.17)

where Ð Y Ð¿×\Z Ì Ð0ÑÒÐ m . We do not have to assumethat Ð0ÑÙÐ is finite. The
indicesin � arecalledcodewords, andtheinteger p is calledtheblock length
of thecode.If a sequenceP Ý Y

occurs,theencoderoutputsthecorrespond-
ing codeword which is specifiedby approximatelyÍlÎ�Ï]Z bits. If a sequencePU+Ý Y

occurs,the encoderoutputsthe constantcodeword 1. In eithercase,
the codeword outputby the encoderis decodedto the sequencein

Y
corre-

spondingto thatcodeword by thedecoder. If a sequenceP Ý Y
occurs,thenP is decodedcorrectlyby the decoder. If a sequenceP +Ý Y

occurs,then P
is not decodedcorrectlyby the decoder. For sucha code,its performanceis
measuredby thecodingratedefinedas p Ú>Ü(ÍbÎ�ÏOZ (in bitspersourcesymbol),
andtheprobabilityof erroris givenby(*)_× ütýdþ E +Ý Y � ô (4.18)

If the codeis not allowed to make any error, i.e., (%) × é
, it is clear thatZ must be taken to be Ð0ÑÙÐ m , or

Y × Ñ m . In that case,the coding rate is
equalto ÍlÎ�Ï¬Ð0ÑÒÐ . However, if we allow ( ) to beany smallquantity, Shannon
[184] showed that thereexists a block codewhosecoding rate is arbitrarily
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closeto
È<É ÇËÊ when p is sufficiently large.This is thedirectpartof Shannon’s

source codingtheorem, andin this sensethesourcesequenceE is saidto be
reconstructedalmostperfectly.

We now prove thedirectpartof thesourcecodingtheoremby constructing
adesiredcode.First,we fix ��Z é andtakeY ×^" mM iON � (4.19)

and ZØ×�Ð Y ÐÔô (4.20)

For sufficiently large p , by theweakAEP,É ó)Þ��¥Ê�� m �TR�� i � Ú ��� Ì_Z ×�Ð Y Ð�×�Ð)" mM iQN � ÐjÌ¸� m �TR�� i � x ��� ô (4.21)

Therefore,thecodingrate p Ú>Ü$ÍlÎ�ÏOZ satisfiesóp ÍlÎ�Ï É ó Þ�� Ê å È<É ÇËÊAÞ·� Ì óp ÍlÎ�Ï]Z Ì ÈGÉ ÇRÊ å �ÿô (4.22)

Also by theweakAEP,(*)E× ütýÿþ E +Ý Y � × ütý�þ E +Ý " mM iQN � � ï ��ô (4.23)

Letting � Q é
, thecodingratetendsto

ÈGÉ ÇRÊ , while (%) tendsto 0. Thisproves
thedirectpartof thesourcecodingtheorem.

Theconversepartof thesourcecodingtheoremsaysthat if we usea block
codewith block length p andcodingratelessthan

È<É ÇËÊEÞa` , where `ÈZ é
doesnot changewith p , then (*) Q ó as p Q �

. To prove this, considerany
codewith block length p andcodingratelessthan

ÈGÉ ÇRÊtÞb` , sothat Z , the
total numberof codewords,is at most � m �TR�� i � Ú�c � . We canusesomeof these
codewordsfor thetypical sequencesP Ý " mM iON � , andsomefor thenon-typical
sequencesP]+Ý " mM iON � . The total probabilityof the typical sequencescovered
by thecode,by theweakAEP, is upperboundedby� m �TR�� i � Ú�c � � Ú m �TR�� i � Ú ��� ×�� Ú m � cdÚ ��� ô (4.24)

Therefore,thetotal probabilitycoveredby thecodeis upperboundedby� Ú m � cdÚ ��� å ütýdþ E +Ý " mM iQN � � ï � Ú m � cdÚ ��� å � (4.25)

for p sufficiently large, againby the weakAEP. This probability is equaltoóÞv( ) because( ) is theprobabilitythatthesourcesequenceE is notcovered
by thecode.Thus ó�ÞW(*) ï � Ú m � cÿÚ ��� å �ÿÓ (4.26)
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or (%) Zuó Þ É � Ú m � cÿÚ ��� å �¥Ê¥ô (4.27)

This inequalityholdswhen p is sufficiently large for any �8Z é
, in particular

for � ï ` . Thenfor any � ï ` , (%) Z�ó¹Þa�D� when p is sufficiently large.
Hence,(*) Q ó as p Q �

andthen � Q é
. This provestheconversepartof

thesourcecodingtheorem.

4.3 EFFICIENT SOURCE CODINGºf»C¼(½¿¾>¼$ÀîÄ>ÃÅÄ
Let d × É � Ü Ó�� � Ó
	
	
	�Ó��.w®Ê be a randombinary sequenceof

length { . Then
ÈGÉ dRÊ Ì { with equality if and only if � � are drawn i.i.d.

according to theuniformdistribution on
þ é Ó�ó � .

Proof By theindependenceboundfor entropy,È<É dËÊEÌ wß ���¿Ü È<É � � Ê (4.28)

with equalityif andonly if � � aremutuallyindependent.By Theorem2.43,È<É � � ÊEÌ�ÍlÎ�Ï¯��×�ó (4.29)

with equality if and only if � � distributesuniformly on
þ é Ó�ó � . Combining

(4.28)and(4.29),we haveÈ<É dËÊ_Ì wß���¿Ü ÈGÉ � � Ê�Ì�{RÓ (4.30)

wherethisupperboundis tight if andonly if � � aremutually independentand
eachof themdistributesuniformly on

þ é Ó�ó � . Thetheoremis proved.

Let d × É � Ü Ó�� � Ó
	
	
	�Ó�� m Ê bea sequenceof length p suchthat � � aredrawn
i.i.d. accordingto the uniform distribution on

þ é Ó�ó � , and let � denotethe
genericrandomvariable. Then

È<É ��Ê × ó . Accordingto the sourcecoding
theorem,for almostperfectreconstructionof d , thecodingrateof thesource
codemust be at least1. It turnsout that in this caseit is possibleto usea
sourcecodewith codingrateexactly equalto 1 while thesourcesequenced
canbereconstructedwith zeroerror. This canbedoneby simply encodingall
the � m possiblebinary sequencesof length p , i.e., by taking Z ×0� m . Then
thecodingrateis givenbyp Ú>Ü ÍlÎ�Ï]Z × p Ú>Ü ÍlÎ�Ï¯� m ×�óOô (4.31)

Sinceeachsymbolin d is abit andtherateof thebestpossiblecodedescribingd is 1 bit persymbol, � Ü Ó�� � Ó
	
	
	�Ó�� m arecalledraw bits, with theconnotation
thatthey areincompressible.
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It turnsout that the whole ideaof efficient sourcecodingby a block code
is to describethe informationsourceby a binary sequenceconsistingof “al-
most raw” bits. Considera sequenceof block codeswhich encode E ×É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê into d × É � Ü Ó�� � Ó
	
	
	hÓ�� w Ê , whereÇ�[ arei.i.d. with generic
randomvariableÇ , d is abinarysequencewith length{ W p È<É ÇËÊ¥Ó (4.32)

and p Q �
. For simplicity, we assumethat the commonalphabetÑ is fi-

nite. Let 'E Ý Ñ m be the reconstructionof E by the decoderand (*) be the
probabilityof error, i.e., ( ) × ütýÿþ E +× 'E � ô (4.33)

Furtherassume(*) Q é
as p Q �

. We will show that d consistsof almost
raw bits.

By Fano’s inequality,È<É EBÐ 'E�ÊEÌuó å ( ) ÍlÎ�Ï�Ð0ÑÙÐ m ×�ó å p ( ) ÍbÎ�Ï®Ð0ÑÒÐÔô (4.34)

Since 'E is a functionof d ,È<É dËÊ× ÈGÉ d2Ó 'E	Ê è È<É 'E Ê¥ô (4.35)

It follows that ÈGÉ dRÊ è È<É 'E	Ê (4.36)è £ É E�¤ 'E�Ê (4.37)× È<É E	ÊAÞ È<É ERÐ 'E	Ê (4.38)è p È<É ÇËÊAÞ É ó å p (*)(ÍlÎ�Ï¬Ð0ÑÒÐ0Ê (4.39)× p ÉWÈ<É ÇËÊAÞ�( ) ÍlÎ�Ï®Ð0ÑÒÐ0ÊAÞ²óOô (4.40)

On theotherhand,by Theorem4.4,È<É dËÊEÌ�{Rô (4.41)

Combining(4.40)and(4.41),we havep ÉWÈ<É ÇËÊAÞ�(%)�ÍlÎ�Ï®Ð0ÑÒÐ0ÊAÞ²ó�Ì ÈGÉ dRÊEÌ�{Rô (4.42)

Since (*) Q é
as p Q �

, theabove lower boundon
È<É dËÊ is approximately

equalto p È<É ÇËÊ W { (4.43)

when p is large(cf. (4.32)).Therefore,È<É dËÊ W {Rô (4.44)

In light of Theorem4.4, d almostattainsthemaximumpossibleentropy. In
thissense,we saythat d consistsof almostraw bits.
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4.4 THE SHANNON-MCMILLAN-BREIMAN
THEOREM

For ani.i.d. informationsource
þ Ç�[ � with genericrandomvariable Ç and

genericdistribution ä ÉQÖ Ê , theweakAEPstatesthatÞ óp ÍlÎ�Ï ä É E	Ê Q ÈGÉ ÇRÊ (4.45)

in probabilityas p Q �
, where E × É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê . Here

È<É ÇËÊ is the
entropy of the genericrandomvariablesÇ aswell asthe entropy rateof the
source

þ Ç�[ � .
In Section2.9,weshowedthattheentropy rate

È
of asource

þ Ç�[ � existsif
thesourceis stationary. TheShannon-McMillan-Breimantheoremstatesthat
if
þ Ç�[ � is alsoergodic, thenütý T'Þ Í�k�lmDns óp ÍlÎ�Ï üýdþ E � × È � ×�óOô (4.46)

This meansthat if
þ Ç�[ � is stationaryand ergodic, then Þ Üm ÍbÎ�Ï ütýÿþ E � not

only almostalwaysconverges,but it alsoalmostalwaysconvergesto
È

. For
this reason,theShannon-McMillan-Breimantheoremis alsoreferredto asthe
weakAEP for ergodicstationarysources.

Theformaldefinitionof anergodicsourceandthestatementof theShannon-
McMillan-Breimantheoremrequiretheuseof measuretheorywhichis beyond
thescopeof thisbook.Wepointout thattheeventin (4.46)involvesaninfinite
collectionof randomvariableswhich cannotbedescribedby a joint distribu-
tion exceptin very specialcases.Without measuretheory, the probability of
this event in generalcannotbeproperlydefined.However, this doesnot pre-
ventusfromdevelopingsomeappreciationof theShannon-McMillan-Breiman
theorem.

Let Ñ be the commonalphabetfor a stationarysource
þ Ç�[ � . Roughly

speaking,a stationarysource
þ Ç�[ � is ergodic if the time averageexhibited

by a single realizationof the sourceis equal to the ensembleaveragewith
probability1. More specifically, for any \ Ü Ó�\ � Ó
	
	
	�Ó�\Ìw ,üý � Í�krlmDns óp m Ú>Üß z�� Í ©'É Ç�[
ç xfz Ó5Ç�[ � xfz Ó
	
	
	hÓ5Ç�[�e xfz Ê× ¦8©'É Ç�[
çÿÓ5Ç�[ � Ó
	
	
	�Ó5Ç�[[e�Ê � ×�óOÓ (4.47)

where
©

is a functiondefinedon Ñ w which satisfiessuitableconditions.For
thespecialcasethat

þ Ç�[ � satisfiesütý � Í�k�lmDns óp mß z��¿Ü Ç z × ¦ Ç�[ � ×�óOÓ (4.48)
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wesaythat
þ Ç�[ � is meanergodic.÷ ø ì¿À%ù$ë�¼RÄ>Ã û

Thei.i.d. source
þ Ç�[ � is meanergodicundersuitablecondi-

tionsbecausethestronglaw of thelargenumbersstatesthat (4.48)is satisfied.÷ ø ì¿À%ù$ë�¼RÄ>Ã&�
Considerthe source

þ Ç�[ � definedas follows. Let S be a
binaryrandomvariableuniformlydistributedon

þ é Ó�ó � . For all \ , let Ç�[�×�S .
Then ütý � Í�k�lmDns óp mß z��¿Ü Ç z × é � × ó� (4.49)

and üý � Í�krlmDns óp mß z±�¿Ü Ç z ×3ó � × ó� ô (4.50)

Since
¦ Ç�[�× Ü� , ütý � Í�k�lmLno óp mß z��¿Ü Ç z × ¦ Ç�[ � × é ô (4.51)

Therefore,
þ Ç�[ � is notmeanergodicandhencenotergodic.

If an informationsource
þ Ç�[ � is stationaryandergodic, by the Shannon-

McMillan-Breimantheorem,Þ óp ÍlÎ�Ï ütýÿþ E � W È
(4.52)

when p is large. That is, with probability closeto 1, the probability of the
sequenceE which occursis approximatelyequalto ��Ú m R . Thenby meansof
argumentssimilar to theproof of Theorem4.3,we seethatthereexist approx-
imately � m R sequencesin Ñ m whoseprobabilitiesareapproximatelyequalto��Ú m R , andthe total probabilityof thesesequencesis almost1. Therefore,by
encodingthesesequenceswith approximatelyp È bits,thesourcesequenceE
canberecoveredwith anarbitrarily smallprobabilityof errorwhentheblock
length p is sufficiently large. This is a generalizationof thedirectpartof the
sourcecodingtheoremwhich givesa physicalmeaningto theentropy rateof
anergodicstationarysources.We remarkthat if a sourceis stationarybut not
ergodic,althoughtheentropy ratealwaysexists,it maynot carryany physical
meaning.

As anexample,by regardingprintedEnglishasastationaryergodicprocess,
Shannon[186] estimatedby a guessinggamethat its entropy rate is about
1.3 bits per letter. Cover andKing [50] describeda gamblingestimateof the
entropy rateof printedEnglishwhich gives1.34bits per letter. Theseresults
show thatit is notpossibleto describeprintedEnglishaccuratelyby usingless
thanabout1.3bitsperletter.
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PROBLEMS
1. Show thatfor any � Z é , " mM iON � is nonemptyfor sufficiently large p .

2. Thesourcecodingtheoremwith a general block code In proving thecon-
verseof the sourcecodingtheorem,we assumethat eachcodeword in �
correspondsto a uniquesequencein Ñ m . More generally, a block code
with block length p is definedby anencodingfunction

© �$Ñ m Q � anda
decodingfunction ª �-� Q Ñ m . Prove that (%) Q ó as p Q �

evenif we
areallowedto useageneralblock code.

3. Following Problem2, we furtherassumethatwecanuseablockcodewith
probabilisticencodinganddecoding.For sucha code,encodingis defined
by a transitionmatrix f from Ñ m to � anddecodingis definedby a transi-
tion matrix g from � to Ñ m . Prove that (*) Q ó as p Q �

evenif we are
allowedto usesucha code.

4. In thediscussionin Section4.3,we madetheassumptionthatthecommon
alphabetÑ is finite. Canyoudraw thesameconclusionwhen Ñ is infinite
but

È<É ÇËÊ is finite?Hint: useProblem2.

5. Let ä and Ä be two probabilitydistributionson thesamealphabetÑ such
that

È<É ä Ê +× È<É Ä Ê . Show thatthereexistsan ��Z é suchthat

B(h ô=i à h á�C h À ��� Ú Üm °V²�³=B(hÌ� à hL� Ú R���j�� ����k �&l õ n Ías p Q �
. Give an examplethat ä +× Ä but theabove convergencedoes

nothold.

6. Let ä and Ä be two probabilitydistributionson thesamealphabetÑ with
thesamesupport.

a) Prove thatfor any m�Z é ,
B h ô;i à h áÆC h À ��� Ú Üm °V²�³:j h � à h � Ú �SR�� Bö� x ò � B-noj��e� ��� k U l õ n Üas p Q �

.
b) Prove thatfor any m�Z é ,��� i à h á�C h À ��� Ú Üm °V²�³$j h � à h � Ú �TR�� B � x ò � B-noj��r� ��� k U l ��� ó � h�pVq2p r&s �ut p r vxwys �-z s|{7. Universal sourcecoding Let } × þ�þ Ç �S~y�[ Ó�\ è ó � � ? Ý�� �

bea family of
i.i.d. informationsourcesindexedby afinite set

�
with acommonalphabetÑ . Define ºÈ ×Al Úòñ~ á�â È<É Ç �T~¿� ÊwhereÇ �T~¿� is thegenericrandomvariablefor

þ Ç �S~y�[ Ó�\ è ó � , and^ m � É|� Ê'×��~ á,â "
mM i p���s N � Ó
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where ��Z é .
a) Prove thatfor all ? Ý��

,üýdþ E �T~¿� Ý ^ m � É|� Ê � Q ó
as p Q �

, whereE �S~y� × É Ç �S~y�Ü Ó5Ç �S~y�� Ó
	
	
	hÓ5Ç �S~y�m Ê .
b) Prove thatfor any � u Z¸� , Ð ^ m � É|� ÊÿÐjÌ¸� m �=�R x � Ò �

for sufficiently large p .

c) Supposewe know that an information sourceis in the family } but
we do not know which one it is. Devise a compressionschemefor
theinformationsourcesuchthat it is asymptoticallyoptimal for every
possiblesourcein } .

8. Let
þ Ç�[¤Ó�\ è ó � beani.i.d. informationsourcewith genericrandomvari-

able Ç andalphabetÑ . Assumeß à ä ÉQÖ Ê § ÍlÎ�Ï ä ÉQÖ Ê�« � ïa�
anddefine S m ×�Þ ÍlÎ�Ï ä É E	Ê� p Þ � p È<É ÇËÊ
for p ×�óOÓ���Ó
	
	
	 . Provethat S m Q S in distribution,whereS is aGaussian
randomvariablewith mean0 andvariance� à ä ÉQÖ Ê § ÍlÎ�Ï ä ÉQÖ Ê�« � Þ ÈGÉ ÇRÊ � .

HISTORICAL NOTES
Theweakasymptoticequipartitionproperty(AEP),whichis instrumentalin

proving thesourcecodingtheorem,wasfirst provedby Shannonin hisoriginal
paper[184]. In this paper, healsostatedthat this propertycanbeextendedto
anergodicstationarysource.Subsequently, McMillan [150] andBreiman[36]
proved this propertyfor an ergodic stationarysourcewith a finite alphabet.
Chung[46] extendedthethemeto acountablealphabet.





Chapter5

STRONG TYPICALITY

Weaktypicality requiresthattheempiricalentropy of asequenceis closeto
the true entropy. In this chapter, we introducea strongernotionof typicality
which requiresthattherelative frequency of eachpossibleoutcomeis closeto
thecorrespondingprobability. As we will seelater, strongtypicality is more
powerful andflexible thanweaktypicality asa tool for theoremproving for
memorylessproblems. However, strongtypicality canbe usedonly for ran-
domvariableswith finite alphabets.Throughoutthis chapter, typicality refers
to strongtypicality andall the logarithmsarein the base2 unlessotherwise
specified.

5.1 STRONG AEP
We consideran informationsource

þ Ç�[�Ó�\ è ó � where Ç�[ arei.i.d. with
distribution ä ÉQÖ Ê . WeuseÇ to denotethegenericrandomvariableand

È<É ÇËÊ
to denotethe commonentropy for all Ç�[ , where

ÈGÉ ÇRÊ ï �
. Let E ×É Ç Ü Ó5Ç � Ó
	
	
	hÓ5Ç m Ê .b ¼�cd7e237e>f7W½32�û�Ã�q

Thestronglytypical set � mM iONVU with respectto ä ÉQÖ Ê is theset
of sequencesP!× ÉQÖ Ü Ó Ö � Ó
	
	
	hÓ Ö m Ê Ý Ñ m such that � ÉQÖ ¤�P¿Ê�× é for

Ö +Ý�� i
,

and ß à ���� óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ���� Ì_m�Ó (5.1)

where � ÉQÖ ¤�P¿Ê is thenumberof occurrencesof
Ö

in thesequenceP , and m is
an arbitrarily small positivereal number. Thesequencesin � mM iQNVU are called
strongly m -typical sequences.

Throughoutthis chapter, we adopttheconventionthatall thesummations,
products,unions,etc,aretakenover thecorrespondingsupportsunlessother-

73
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wise specified. The strongly typical set � mM iONVU sharessimilar propertieswith
its weakly typical counterpart,which is summarizedasthestrongasymptotic
equipartitionproperty (strongAEP) below. The interpretationof the strong
AEP is similar to thatof theweakAEP.ºf»C¼(½¿¾>¼$ÀÂû�ÃbÁ�/[� >ª¾�½%22�JI ÷LK ?

In thefollowing, � isasmallpositivequan-
tity such that � Q é

as m Q é
.

1) If P Ý � mM iONVU , then� Ú m �SR�� i � x�� � Ì ä É P¿Ê�Ì¸� Ú m �SR�� i � Ú�� � ô (5.2)

2) For p sufficiently large,ütýdþ E Ý � mM iQNVU � Zuó Þ�m�ô (5.3)

3) For p sufficiently large,É ó)Þ�m,Ê�� m �TR�� i � Ú�� � ÌñÐ � mM iQNVU Ð�Ì¸� m �TR�� i � x�� � ô (5.4)

Proof To prove Property1, for P Ý � mM iONVU , we write

ä É P¿Ê'× > à ä ÉQÖ Ê ��� à=� � � ô (5.5)

ThenÍbÎ�Ï ä É P¿Ê× ß à � ÉQÖ ¤�P¿Ê�ÍlÎ�Ï ä ÉQÖ Ê (5.6)× ß à É � ÉQÖ ¤�P¿Ê'Þ p ä ÉQÖ Ê å p ä ÉQÖ Ê5Ê�ÍlÎ�Ï ä ÉQÖ Ê (5.7)× p ß à ä ÉQÖ Ê�ÍlÎ�Ï ä ÉQÖ Ê'Þ p ß à û óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ü É Þ	ÍbÎ�Ï ä ÉQÖ Ê5Ê (5.8)

× Þ p ý È<É ÇËÊ å ß à û óp � ÉQÖ ¤�P¿ÊAÞ ä ÉQÖ Ê ü É Þ�ÍlÎ�Ï ä ÉQÖ Ê5Ê ÿ ô (5.9)

SinceP Ý � mM iONVU , ß à ���� óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ���� Ì_m�Ó (5.10)
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which implies ����� ß à û óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ü É Þ	ÍlÎ�Ï ä ÉQÖ Ê5Ê �����Ì ß à ���� óp � ÉQÖ ¤�P¿ÊAÞ ä ÉQÖ Ê ���� É Þ�ÍlÎ�Ï ä ÉQÖ Ê5Ê (5.11)Ì Þ�ÍlÎ�Ï ô l�k�Ïà ä ÉQÖ Ê õ ß à ���� óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ���� (5.12)Ì Þ�m;ÍlÎ�Ï ô l�k�Ïà ä ÉQÖ Ê õ (5.13)× ��Ó (5.14)

where ��×3Þ4m^ÍlÎ�Ï ô l�k�Ïà ä ÉQÖ Ê õ Z é ô (5.15)

Therefore, Þ�� Ì ß à û óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ü É Þ	ÍlÎ�Ï ä ÉQÖ Ê5Ê�Ìa��ô (5.16)

It thenfollows from (5.9) thatÞ p ÉWÈ<É ÇËÊ å �\Ê_Ì�ÍlÎ�Ï ä É P¿Ê_Ì�Þ p ÉWÈGÉ ÇRÊAÞ��$Ê¥Ó (5.17)

or � Ú m �TR�� i � x�� � Ì ä É P¿Ê_Ì¸� Ú m �TR�� i � Ú�� � Ó (5.18)

where� Q é
as m Q é

, proving Property1.
To prove Property2, wewrite� ÉQÖ ¤&E Ê× mß[ �¿Ü Ý [ ÉQÖ Ê¥Ó (5.19)

where Ýþ[ ÉQÖ Êt×ØT ó if Ç�[®× Öé
if Ç�[ +× Ö .

(5.20)

Then Ýþ[ ÉQÖ Ê¥Ó�\{×3óOÓ���Ó
	
	
	�Ó p arei.i.d. randomvariableswithütýdþ Ýþ[ ÉQÖ Ê'×�ó � × ä ÉQÖ Ê (5.21)

and üýÿþ Ýþ[ ÉQÖ Êt× é � ×3ó�Þ ä ÉQÖ Ê¥ô (5.22)

Notethat ¦ Ýþ[ ÉQÖ Êt× É ó Þ ä ÉQÖ Ê5Ê*	 é å ä ÉQÖ Ê*	 ó¬× ä ÉQÖ Ê¥ô (5.23)
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By theweaklaw of largenumbers,for any m¬Z é andfor any
ÖÙÝ Ñ ,ütý � ����� óp

mß[ �¿Ü Ýþ[ ÉQÖ Ê^Þ ä ÉQÖ Ê ����� Z mÐ0ÑÒÐ � ï mÐ0ÑÙÐ (5.24)

for p sufficiently large.Thenütý T ���� óp � ÉQÖ ¤&E	Ê'Þ ä ÉQÖ Ê ���� Z mÐ0ÑÙÐ for some
Ö �

× ütý � ����� óp
mß[ �¿Ü Ýþ[ ÉQÖ ÊAÞ ä ÉQÖ Ê ����� Z mÐ0ÑÙÐ for some

Ö � (5.25)

× ütý � � à � ����� óp
mß[ �¿Ü Ýþ[ ÉQÖ Ê^Þ ä ÉQÖ Ê ����� Z mÐ0ÑÙÐ � � (5.26)

Ì ß à ütý � ����� óp
mß[ �¿Ü Ýþ[ ÉQÖ ÊAÞ ä ÉQÖ Ê ����� Z mÐ0ÑÙÐ � (5.27)ï ß à mÐ0ÑÒÐ (5.28)× mhÓ (5.29)

wherewehave usedtheunionbound1 to obtain(5.27).Sinceß à ���� óp � ÉQÖ ¤�P¿ÊAÞ ä ÉQÖ Ê ���� Z_m (5.30)

implies ���� óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ���� Z mÐ0ÑÒÐ for some
ÖÒÝ Ñ , (5.31)

we haveütý i E Ý � mM iONVU l× üý � ß à ���� óp � ÉQÖ ¤&E Ê'Þ ä ÉQÖ Ê ���� Ì_m � (5.32)

× ó�Þ üý � ß à ���� óp � ÉQÖ ¤&E	ÊAÞ ä ÉQÖ Ê ���� ZJm � (5.33)è ó�Þ üý T ���� óp � ÉQÖ ¤&E	Ê'Þ ä ÉQÖ Ê ���� Z mÐ0ÑÙÐ for some
ÖÙÝ Ñ �

(5.34)Z ó�Þ�mhÓ (5.35)

1Theunionboundrefersto �<� %¿`��O� ' ó �:� %¿` ' x �:� %�� ' {
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proving Property2.
Finally, Property3 follows from Property1 andProperty2 in exactly the

sameway asin Theorem4.3,sotheproof is omitted.

Remark Analogousto weak typicality, we note that the upper bound onÐ � mM iONVU Ð in Property3 holdsfor all p è ó , andfor any mWZ é
, thereexists at

leastonestronglytypicalsequencewhen p is sufficiently large.SeeProblem1
in Chapter4.

In the restof the section,we prove an enhancementof Property2 of the
strongAEP which givesanexponentialboundon theprobabilityof obtaining
anon-typicalvector2. This result,however, will notbeuseduntil Chapter15.ºf»C¼(½¿¾>¼$ÀÂû�ÃúÆ

For sufficiently large p , there exists � É mOÊ�Z é such thatüýÿþ E +Ý � mM iQNVU � ï � Ú m-� � U � ô (5.36)

The proof of this theoremis basedon the Chernoff bound[45] which we
prove in thenext lemma.} ¼$À¬À)ìHû�ÃÅÄa/ ê »C¼$¾ 2¿½3cdc ù�½3<×23úX?

Let � bea real randomvariableand ?beanynonnegativereal number. Thenfor anyreal number
ð
,ÍlÎ�Ï ütýdþ � è²ð � ÌuÞ ? ð å ÍbÎ�Ï ¦ E � ~ Å G (5.37)

and ÍlÎ�Ï üýdþ � Ì ð � Ì ? ð å ÍlÎ�Ï ¦ E � Ú ~ Å G ô (5.38)

Proof Let Õ É �\Ê'× T ó if � è²éé
if � ï²é ô (5.39)

Thenfor any ? è±é , Õ É � Þ ð Ê_Ì¸� ~���  Ú Î � ô (5.40)

This is illustratedin Fig. 5.1. Then¦¨§ Õ É �3Þ ð Ê�«;Ì ¦ E � ~�� Å Ú Î � G¬×�� Ú ~ Î ¦ E � ~ Å G'ô (5.41)

2This resultis dueto Ning Cai andRaymondW. Yeung.An alternative proofbasedonPinsker’s inequality
(Theorem2.33)andthemethodof typeshasbeengivenby PrakashNarayan(privatecommunication).
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Figure 5.1. An illustrationof ¡ àS¢O£¥¤òá�¦¨§ �yp�©�ª=«�s .
Since¦¨§ Õ É �3Þ ð Ê�«�× üýÿþ � è²ð � 	�ó å ütýÿþ � ï²ð � 	 é × üýÿþ � è²ð � Ó (5.42)

we seethat üýdþ � è�ð � Ìa� Ú ~ Î ¦ E � ~ Å G)×�� Ú ~ Î x °V²�³:¬ § � �® « ô (5.43)

Then(5.37)is obtainedby taking logarithmin thebase2. Uponreplacing�
by Þ�� and

ð
by Þ ð in (5.37),(5.38)is obtained.Thelemmais proved.

Proofof Theorem5.3 Wewill follow thenotationin theproofof Theorem5.2.
Consider

ÖÙÝ Ç suchthat ä ÉQÖ Ê¯Z é . Applying (5.37),we haveÍlÎ�Ï ütý � mß[ �¿Ü Ýþ[ ÉQÖ Ê è p É ä ÉQÖ Ê å mOÊ �Ì Þ ? p É ä ÉQÖ Ê å mOÊ å ÍlÎ�Ï ¦ E � ~ � h æG¯ ç � æ � à � G (5.44)Î �× Þ ? p É ä ÉQÖ Ê å mOÊ å ÍlÎ�Ï " m>[ �¿Ü ¦ E � ~ � æ � à � G $ (5.45)ö �× Þ ? p É ä ÉQÖ Ê å mOÊ å p ÍlÎ�Ï É ó Þ ä ÉQÖ Ê å ä ÉQÖ Ê�� ~ Ê (5.46)° �Ì Þ ? p É ä ÉQÖ Ê å mOÊ å p É Í�Ï�� Ê Ú>Ü É Þ ä ÉQÖ Ê å ä ÉQÖ Ê�� ~ Ê (5.47)× Þ p E ? É ä ÉQÖ Ê å mOÊ å É Í�Ï�� Ê Ú>Ü ä ÉQÖ Ê É ó)ÞW� ~ Ê�G'Ó (5.48)

where

a) follows becauseÝþ[ ÉQÖ Ê aremutuallyindependent;
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b) is a direct evaluationof the expectationfrom the definition of Ý [ ÉQÖ Ê in
(5.20);

c) follows from thefundamentalinequality ÍrÏ ð Ì ð Þ²ó .
In (5.48),upondefining± à É ? Ó[mOÊ× ? É ä ÉQÖ Ê å m,Ê å É Í�Ï�� Ê Ú>Ü ä ÉQÖ Ê É ó Þ�� ~ Ê¥Ó (5.49)

wehave ÍlÎ�Ï üý � mß[ �¿Ü Ýþ[ ÉQÖ Ê è p É ä ÉQÖ Ê å mOÊ � ÌuÞ p ± à É ? Ó[mOÊ¥Ó (5.50)

or üý � mß[ �¿Ü Ýþ[ ÉQÖ Ê è p É ä ÉQÖ Ê å mOÊ � Ì¸� Ú m;²(³ �T~ � U � ô (5.51)

It is readilyseenthat ± à É é Ó[m,ÊE× é ô (5.52)

Regardingm asfixedanddifferentiatewith respectto ? , we have±×uà É ? Ó[mOÊ× ä ÉQÖ Ê É ó Þ·� ~ Ê å mhô (5.53)

Then ± uà É é Ó[m,ÊE×´m¬Z é (5.54)

andit is readilyverifiedthat ±×uà É ? Ó[mOÊ è²é (5.55)

for é Ì ? Ì�ÍlÎ�Ï û ó å mä ÉQÖ Ê ü ô (5.56)

Therefore,weconcludethat
± à É ? Ó[m,Ê is strictly positive foré{ï ? Ì�ÍlÎ�Ï û ó å mä ÉQÖ Ê ü ô (5.57)

On the otherhand,by applying(5.38),we canobtain in the samefashion
thebound ÍlÎ�Ï üý � mß[ �¿Ü Ýþ[ ÉQÖ Ê_Ì p É ä ÉQÖ ÊAÞ�mOÊ � ÌuÞ p¶µ à É ? Ó[mOÊ¥Ó (5.58)

or üý � mß[ �¿Ü Ýþ[ ÉQÖ Ê_Ì p É ä ÉQÖ Ê^Þ�m,Ê � Ì�� Ú m=·*³ �T~ � U � Ó (5.59)
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where µ à É ? Ó[m,Êt×3Þ ? É ä ÉQÖ ÊAÞ�mOÊ å É ÍrÏ�� Ê Ú>Ü ä ÉQÖ Ê É ó%Þ�� Ú ~ Ê¥ô (5.60)

Then µ à É é Ó[m,ÊE× é Ó (5.61)

and µ uà É ? Ó[mOÊ× ä ÉQÖ Ê É � Ú ~ Þ�óhÊ å mhÓ (5.62)

which is nonnegative foré Ì ? ÌuÞ	ÍlÎ�Ï û ó Þ mä ÉQÖ Ê ü ô (5.63)

In particular, µ uà É é Ó[mOÊE×
m�Z é ô (5.64)

Therefore,weconcludethat µ à É ? Ó[m,Ê is strictly positive foré�ï ? ÌuÞ	ÍlÎ�Ï û ó Þ mä ÉQÖ Ê ü ô (5.65)

By choosing? satisfyingé�ï ? Ì�l�k�Ï 3 ÍlÎ�Ï û ó å mä ÉQÖ Ê ü Ó�Þ	ÍbÎ�Ï û ó�Þ mä ÉQÖ Ê üA5 Ó (5.66)

both
± à É ? Ó[mOÊ and µ à É ? Ó[mOÊ arestrictly positive. From (5.51) and (5.59), we

have üý � ����� óp
mß[ �¿Ü Ýþ[ ÉQÖ ÊAÞ ä ÉQÖ Ê ����� è m �× ütý � �����

mß[ �¿Ü Ýþ[ ÉQÖ ÊAÞ p ä ÉQÖ Ê ����� è p m � (5.67)

Ì ütý � mß[ �¿Ü Ýþ[ ÉQÖ Ê è p É ä ÉQÖ Ê å mOÊ �å ütý � mß[ �¿Ü Ýþ[ ÉQÖ Ê_Ì p É ä ÉQÖ ÊAÞ¸mOÊ � (5.68)Ì � Ú m�² ³ �T~ � U � å � Ú m=· ³ �T~ � U � (5.69)Ì �þ	ö� Ú m î6¹)º � ² ³ �T~ � U � � · ³ �T~ � U �e� (5.70)× � Ú m § î6¹)º � ²(³ �T~ � U � � ·*³ �T~ � U �r� Ú çh « (5.71)× � Ú m=�-³ � U � Ó (5.72)
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where � à É mOÊ×AlÃk�Ï É ± à É ? Ó[mOÊ¥Ó µ à É ? Ó[mOÊ5Ê'Þ óp ô (5.73)

Then � à É mOÊ is strictly positive for sufficiently large p becauseboth
± à É ? Ó[m,Êand µ à É ? Ó[mOÊ arestrictly positive.

Finally, considerütýdþ E Ý � mM iONVU �
× üý � ß à ���� óp � ÉQÖ ¤&E	ÊtÞ ä ÉQÖ Ê ���� Ì_m � (5.74)è üý T ���� óp � ÉQÖ ¤&E Ê'Þ ä ÉQÖ Ê ���� Ì mÐ0ÑÒÐ for all

ÖÙÝ Ñ �
(5.75)× ó�Þ üý T ���� óp � ÉQÖ ¤&E	ÊAÞ ä ÉQÖ Ê ���� Z mÐ0ÑÙÐ for some

ÖËÝ Ñ �
(5.76)è ó�Þ ß à üý T ���� óp � ÉQÖ ¤&E	Ê'Þ ä ÉQÖ Ê ���� Z mÐ0ÑÙÐ � (5.77)

× ó�Þ2ß à üý � ����� óp
mß[ �¿Ü Ý [ ÉQÖ Ê^Þ ä ÉQÖ Ê ����� Z mÐ0ÑÒÐ � (5.78)

× ó�Þ ßà À BD� à �®» Í üý
� ����� óp

mß[ �¿Ü Ý [ ÉQÖ ÊAÞ ä ÉQÖ Ê ����� Z mÐ0ÑÒÐ � (5.79)è ó�Þ ßà À BD� à �®» Í � Ú m-� ³
½ z¼ ½¾¼ ¾ Ó (5.80)

wherethelaststepfollows from (5.72).Define

� É m,Ê}× ó� ý lÃk�Ïà À BL� à ��» Í � à û mÐ0ÑÒÐ ü ÿ ô (5.81)

Thenfor sufficiently large p ,ütýdþ E Ý � mM iONVU � Zuó)Þ�� Ú m=� � U � Ó (5.82)

or üýÿþ E +Ý � mM iQNVU � ï � Ú m-� � U � Ó (5.83)

where � É mOÊ is strictly positive. Thetheoremis proved.

5.2 STRONG TYPICALITY VERSUSWEAK
TYPICALITY

As we have mentionedat thebeginning of thechapter, strongtypicality is
morepowerful andflexible thanweaktypicality asa tool for theoremproving
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for memorylessproblems,but it canbe usedonly for randomvariableswith
finite alphabets.We will prove in thenext propositionthatstrongtypicality is
strongerthanweaktypicality in thesensethattheformerimpliesthelatter.K ¾ª½;ù�½%5ö7e>f7W½32�û�Ã û

For any P Ý Ñ m , if P Ý � mM iQNVU , then P Ý " mM iON � , where� Q é
as m Q é

.

Proof By Property1 of strongAEP (Theorem5.2),if P Ý � mM iQNVU , then� Ú m �TR�� i � x�� � Ì ä É P¿Ê_Ì¸� Ú m �TR�� i � Ú�� � Ó (5.84)

or È<É ÇËÊAÞ¸� Ì�Þ óp ÍlÎ�Ï ä É P¿Ê�Ì ÈGÉ ÇRÊ å ��Ó (5.85)

where� Q é
as m Q é

. Then P Ý " mM iON � by Definition4.2.Thepropositionis
proved.

Wehave provedin thispropositionthatstrongtypicality impliesweaktypi-
cality, but theconverseis not true.This ideacanbeexplainedwithout any de-
tailedanalysis.Let Ç bedistributedwith ä suchthat ä É é Ê× é ô¡� , ä É óhÊt× é ô¡�D� ,andä É � Êt× é ô¡�D� . ConsiderasequenceP of length p andlet Ä É � Ê betherelative
frequency of occurrenceof symbol

�
in P , i.e., Üm � É � ¤�P¿Ê , where

� × é Ó�óOÓ�� . In
orderfor thesequenceP to beweaklytypical,we needÞ óp ÍlÎ�Ï ä É P¿Ê× Þ Ä É é Ê�ÍlÎ�Ï é ô¡��Þ Ä É óhÊ�ÍlÎ�Ï é ô¡�D��Þ Ä É � Ê�ÍlÎ�Ï é ô¡�D� (5.86)W È<É ÇËÊ (5.87)× Þ É é ô¡� Ê�ÍlÎ�Ï é ô¡��Þ É é ô¡�D� Ê�ÍbÎ�Ï é ô¡�D�fÞ É é ô¡�D� Ê�ÍlÎ�Ï é ô¡�D��ô (5.88)

Obviously, this canbe satisfiedby choosingÄ É � Ê × ä É � Ê for all
�
. But alter-

natively, we canchooseÄ É é Ê�× é ô¡� , Ä É óhÊ�× é ô¡� , and Ä É � Ê�× é
. With sucha

choiceof
þ Ä É � Ê � , thesequenceP is weakly typical with respectto ä but obvi-

ouslynot stronglytypical with respectto ä , becausethe relative frequency of
occurrenceof eachsymbol

�
is Ä É � Ê , which is notcloseto ä É � Ê for

� ×3óOÓ�� .
Therefore,we concludethatstrongtypicality is indeedstrongerthanweak

typicality. However, aswe have pointedout at the beginning of the chapter,
strongtypicality canonly beusedfor randomvariableswith finite alphabets.

5.3 JOINT TYPICALITY
In this section,we discussstrongjoint typicality with respectto a bivariate

distribution. Generalizationto amultivariatedistribution is straightforward.
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Considera bivariateinformationsource
þ�É Ç�[�Ó��.[�Ê¥Ó�\ è ó � where

É Ç�[¤Ó�� [OÊ
arei.i.d. with distribution ä ÉQÖ Ó��\Ê . Weuse

É Ç�Ó���Ê to denotethepairof generic
randomvariables.b ¼�cd7e237e>f7W½32�û�Ã&�

Thestronglyjointly typicalset� mM iÆÅ¾NVU with respectto ä ÉQÖ Ó��$Êis thesetof
É P'Ó�¿^Ê Ý Ñ m Ç � m such that � ÉQÖ Ó�� ¤�P'Ó�¿^Ê_× é for

ÉQÖ Ó��\Ês+Ý�� iÆÅ
,

and ß à ß   ���� óp � ÉQÖ Ó�� ¤�P'Ó�¿^ÊtÞ ä ÉQÖ Ó��$Ê ���� ÌJm�Ó (5.89)

where � ÉQÖ Ó�� ¤�P'Ó�¿^Ê is the numberof occurrencesof
ÉQÖ Ó��$Ê in the pair of se-

quences
É P'Ó�¿^Ê , and m is an arbitrarily small positivereal number. A pair of

sequences
É P'Ó�¿^Ê is calledstronglyjointly m -typical if it is in � mM iÆÅ¾NVU .

Strongtypicality satisfiesthefollowing consistencyproperty.ºf»C¼(½¿¾>¼$ÀÂû�Ã�-�/ ê ½%235N7�5N>ª¼�22.(í@?
If
É P'Ó�¿^Ê Ý � mM iÆÅ¾NVU , then P Ý � mM iONVU and¿ Ý � mM Å¾NVU .

Proof If
É P'Ó�¿AÊ Ý � mM i¯Å¾NVU , thenß à ß   ���� óp � ÉQÖ Ó�� ¤�P'Ó�¿^ÊtÞ ä ÉQÖ Ó��$Ê ���� ÌJm�ô (5.90)

Uponobservingthat � ÉQÖ ¤�P¿Êt×uß   � ÉQÖ Ó�� ¤�P'Ó�¿^Ê¥Ó (5.91)

wehave ß à ���� óp � ÉQÖ ¤�P¿Ê'Þ ä ÉQÖ Ê ����× ß à ����� óp ß   � ÉQÖ Ó��.¤�P'Ó�¿^ÊÞ2ß   ä ÉQÖ Ó��\Ê ����� (5.92)

× ß à ����� ß   û óp � ÉQÖ Ó��.¤�P'Ó�¿AÊtÞ ä ÉQÖ Ó��$Ê ü ����� (5.93)Ì ß à ß   ���� óp � ÉQÖ Ó��.¤�P'Ó�¿^ÊÞ ä ÉQÖ Ó��\Ê ���� (5.94)Ì mhô (5.95)

Therefore,P Ý � mM iONVU . Similarly, ¿ Ý � mM ÅÀNVU . Thetheoremis proved.
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For a bivariate i.i.d. source
þ�É Ç�[�Ó�� [�Ê � , we have the strong joint asymp-

totic equipartitionproperty (strongJAEP), which canreadily be obtainedby
applyingthestrongAEPto thesource

þ�É Ç�[�Ó��.[�Ê � .ºf»C¼(½¿¾>¼$ÀÂû�Ã6P¸/[� >ª¾�½%22�ÂÁ�I ÷�K ?
LetÉ EÒÓ�dRÊt× É5É Ç Ü Ó�� Ü Ê¥Ó É Ç � Ó�� � Ê¥Ó
	
	
	�Ó É Ç m Ó�� m Ê5Ê¥Ó (5.96)

where
É Ç � Ó�� � Ê are i.i.d. with genericpair of randomvariables

É Ç�Ó���Ê . In the
following, ¹ is a smallpositivequantitysuch that ¹ Q é

as m Q é
.

1) If
É P'Ó�¿^Ê Ý � mM i¯Å¾NVU , then� Ú m �TR�� i � Å � xÀÃ � Ì ä É P'Ó�¿^Ê�Ìa� Ú m �SR�� i � Å � Ú�Ã � ô (5.97)

2) For p sufficiently large,ütýÿþ�É EÒÓ�dËÊ Ý � mM iÆÅ¾NVU � Zuó�Þ�mhô (5.98)

3) For p sufficiently large,É ó Þ�mOÊ�� m �SR�� i � Å � Ú�Ã � Ì�Ð � mM iÆÅÀNVU Ð�Ì¸� m �SR�� i � Å � xÀÃ � ô (5.99)

From thestrongJAEP, we canseethe following. Sincethereareapproxi-
mately � m R�� i � Å � typical

É P'Ó�¿^Ê pairsandapproximately� m R�� i � typical P , for
a typical P , thenumberof ¿ suchthat

É P'Ó�¿^Ê is jointly typical is approximately� m R�� i � Å �� m R�� i � ×�� m R�� Å Á i � (5.100)

on the average. The next theoremreveals that this is not only true on the
average,but it is in fact truefor every typical P aslong asthereexistsat least
one ¿ suchthat

É P'Ó�¿^Ê is jointly typical.ºf»C¼(½¿¾>¼$ÀÂû�Ã6R
For any P Ý � mM iONVU , define� mM Å Á iQNVU É P¿Êt× þ ¿ Ý � mM Å¾NVU � É P'Ó�¿^Ê Ý � mM i¯Å¶NVU � ô (5.101)

If Ð � mM Å Á iONVU É P¿ÊÿÐ è ó , then� m �TR�� Å Á i � Ú�Ä � ÌñÐ � mM Å Á iONVU É P¿ÊÿÐ\Ì¸� m �SR�� Å Á i � xÀÄ � Ó (5.102)

where Å Q é
as p Q �

and m Q é
.

We first prove the following lemmawhich is along the line of Stirling’s
approximation[70].
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For any p Z é ,p Í�Ï p Þ p Ì²Í�Ï p6Æ Ì É p å óhÊ�Í�Ï É p å óhÊAÞ p ô (5.103)

Proof First,we write Í�Ï p6Æ ×=ÍrÏ�ó å Í�Ï�� å 	
	
	 å Í�Ï p ô (5.104)

SinceÍrÏ Ö is a monotonicallyincreasingfunctionof
Ö
, we haveÇ [[ Ú>Ü Í�Ï Ö É Ö ï Í�Ï�\ ï Ç [ x¿Ü[ Í�Ï Ö É Ö ô (5.105)

Summingover ó�Ì¸\	Ì p , wehaveÇ mÍ Í�Ï Ö É Ö ï Í�Ï p6Æ ï Ç m x¿ÜÜ ÍrÏ Ö É Ö Ó (5.106)

or p Í�Ï p Þ p ï Í�Ï p6Æ ï É p å óhÊ�Í�Ï É p å óhÊAÞ p ô (5.107)

Thelemmais proved.

Proof of Theorem 5.9 Let m bea smallpositive realnumberand p bea large
positive integerto bespecifiedlater. Fix an P Ý � mM iONVU , sothatß à ���� óp � É Ç·¤�P¿Ê'Þ ä ÉQÖ Ê ���� Ì_m�ô (5.108)

This impliesthatfor all
ÖÙÝ Ñ ,���� óp � É Ç�¤�P¿ÊtÞ ä ÉQÖ Ê ���� Ì_mhÓ (5.109)

or ä ÉQÖ ÊAÞ¸m�Ì óp � ÉQÖ ¤�P¿Ê_Ì ä ÉQÖ Ê å mhô (5.110)

Assumethat Ð � mM Å Á iONVU É P¿ÊÿÐ è ó , andletþ�È±ÉQÖ Ó��$Ê¥Ó ÉQÖ Ó��$Ê Ý ÑâÇ � � (5.111)

beany setof nonnegative integerssuchthat

1. ß   È±ÉQÖ Ó��$Êt×A� ÉQÖ ¤�P¿Ê (5.112)
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for all
ÖÙÝ Ñ , and

2. for any ¿ Ý � m , if � ÉQÖ Ó��.¤�P'Ó�¿AÊ× È±ÉQÖ Ó��$Ê (5.113)

for all
ÉQÖ Ó��$Ê Ý ÑÓÇ � , then

É P'Ó�¿^Ê Ý � mM iÆÅ¾NVU .
Thenfrom (5.89),

þ�È±ÉQÖ Ó��\Ê � satisfyß à ß   ���� óp È±ÉQÖ Ó��$ÊAÞ ä ÉQÖ Ó��$Ê ���� Ì_mhÓ (5.114)

which impliesthatfor all
ÉQÖ Ó��$Ê Ý ÑÓÇ � ,���� óp È±ÉQÖ Ó��$ÊAÞ ä ÉQÖ Ó��$Ê ���� Ì_mhÓ (5.115)

or ä ÉQÖ Ó��\ÊAÞ�m¹Ì óp È±ÉQÖ Ó��\Ê_Ì ä ÉQÖ Ó��$Ê å mhô (5.116)

Sucha set
þ�È±ÉQÖ Ó��$Ê � exists because� mM Å Á iONVU É P¿Ê is assumedto be nonempty.

Straightforward combinatoricsrevealsthat thenumberof ¿ which satisfythe
constraintsin (5.113)is equalto

Z É®È Ê× > à � ÉQÖ ¤�P¿Ê ÆÉ   È±ÉQÖ Ó��$Ê Æ ô (5.117)

Wewill show thatfor large p ,p Ú>Ü ÍbÎ�ÏOZ É®È Ê W ÈGÉ � Ð ÇËÊ¥ô (5.118)

Whenthis is done,theproof will almostbecomplete.
UsingLemma5.10,we canlower bound Í�ÏÊZ É®È Ê asfollows.Í�Ï�Z É®È Êè ß à Tf� ÉQÖ ¤�P¿Ê�Í�Ï�� ÉQÖ ¤�P¿ÊtÞW� ÉQÖ ¤�P¿Ê

Þ ß   §lÉ®È±ÉQÖ Ó��\Ê å óhÊ�Í�Ï É®È±ÉQÖ Ó��$Ê å óhÊ'Þ È<ÉQÖ Ó��\Ê�« � (5.119)Î �× ß à 3 � ÉQÖ ¤�P¿Ê�Í�Ï�� ÉQÖ ¤�P¿Ê
ÞÒß   É®È±ÉQÖ Ó��\Ê å óhÊ�Í�Ï É®È±ÉQÖ Ó��$Ê å óhÊ ÿ (5.120)
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Þ ß   É®È±ÉQÖ Ó��\Ê å óhÊ�Í�Ï�3 p û ä ÉQÖ Ó��\Ê å m å óp üA5 � ô (5.121)

In the above, a) follows from (5.112), and b) is obtainedby applying the
lowerboundon p Ú>Ü�� ÉQÖ ¤�P¿Ê in (5.110)andtheupperboundon p Ú>Ü È±ÉQÖ Ó��$Ê in
(5.116).Also from (5.112),thecoefficient of Í�Ï p in (5.121)is givenbyß à ý � ÉQÖ ¤�P¿ÊAÞ ß   É®È<ÉQÖ Ó��\Ê å óhÊ ÿ ×�Þ¹Ð0ÑÒÐlÐ ��ÐÔô (5.122)

Let m besufficiently smalland p besufficiently largesothaté�ï ä ÉQÖ Ê^Þ�m ï ó (5.123)

and ä ÉQÖ Ó��\Ê å m å óp ï ó (5.124)

for all
Ö

and � . Thenin (5.121),boththelogarithmsÍ�Ï É ä ÉQÖ ÊAÞ�m,Ê (5.125)

and ÍrÏ û ä ÉQÖ Ó��$Ê å m å óp ü (5.126)

arenegative. Note that the logarithmin (5.125) is well-definedby virtue of
(5.123).Rearrangingthetermsin (5.121),applyingtheupperboundin (5.110)
andthelowerbound3 in (5.116),anddividing by p , wehavep Ú>Ü Í�ÏÊZ É®È Êè ß à É ä ÉQÖ Ê å m,Ê$Í�Ï É ä ÉQÖ Ê^Þ�m,ÊtÞ ß à ß   û ä ÉQÖ Ó��\ÊAÞ�m å óp üÇ�Í�Ï û ä ÉQÖ Ó��\Ê å m å óp ü Þ Ð0ÑÒÐlÐ ��Ð8ÍrÏ pp (5.127)× Þ È ) É ÇRÊ å È ) É Ç�Ó���Ê å ø z É p Ó[m,Ê (5.128)× È ) É � Ð ÇËÊ å ø z É p Ó[mOÊ¥Ó (5.129)

3For thedegeneratecasewhenBL� à �   � �&Ü for someà and   , BL� à �   � x U x çh » Ü , andthelogarithmin
(5.126)is in factpositive. Thentheupperboundinsteadof thelower boundshouldbeapplied.Thedetails
areomitted.
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where
ø z É p Ó[mOÊ denotesa functionof p and m which tendsto 0 as p Q �

andm Q é
. Usinga similar method,we canobtaina correspondingupperbound

asfollows.Í�Ï�Z É®È ÊÌ ß à T É � ÉQÖ ¤�P¿Ê å óhÊ�Í�Ï É � ÉQÖ ¤�P¿Ê å óhÊAÞW� ÉQÖ ¤�P¿Ê
Þ ß   § È±ÉQÖ Ó��$Ê�Í�Ï È±ÉQÖ Ó��$ÊAÞ È±ÉQÖ Ó��$Ê�« � (5.130)× ß à 3 É � ÉQÖ ¤�P¿Ê å óhÊ�Í�Ï É � ÉQÖ ¤�P¿Ê å óhÊ
ÞÙß   È±ÉQÖ Ó��$Ê�Í�Ï È±ÉQÖ Ó��$Ê ÿ (5.131)Ì ß à T É � ÉQÖ ¤�P¿Ê å óhÊ�Í�Ï�3 p û ä ÉQÖ Ê å m å óp ü65
Þ ß   È±ÉQÖ Ó��$Ê�Í�Ï § p É ä ÉQÖ Ó��\ÊAÞ�m,Êy« � ô (5.132)

In theabove, thecoefficient of Í�Ï p is givenbyß à ý É � ÉQÖ ¤�P¿Ê å óhÊAÞGß   È<ÉQÖ Ó��\Ê ÿ ×�Ð0ÑÒÐÔô (5.133)

We let m besufficiently smalland p besufficiently largesothat

ä ÉQÖ Ê å m å óp ï ó (5.134)

and é�ï ä ÉQÖ Ó��$ÊAÞ�m ï ó (5.135)

for all
Ö

and � . Thenin (5.132),boththelogarithmsÍrÏ û ä ÉQÖ Ê å m å óp ü (5.136)

and Í�Ï É ä ÉQÖ Ó��$Ê'Þ¸mOÊ (5.137)

arenegative, andthelogarithmin (5.137)is well-definedby virtue of (5.135).
Rearrangingthetermsin (5.132),applyingthelowerbound4 in (5.110)andthe

4If BL� à � ��Ü , BL� à � x U x çh » Í , andthe logarithmin (5.136)is in factpositive. Thentheupperbound
insteadof thelower boundshouldbeapplied.Thedetailsareomitted.
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upperboundin (5.116),anddividing by p , wehavep Ú>Ü Í�Ï�Z É®È ÊÌ ß à û ä ÉQÖ Ê^Þ�m å óp ü Í�Ï û ä ÉQÖ Ê å m å óp üÞÒß à ß   É ä ÉQÖ Ó��$Ê å mOÊ\Í�Ï É ä ÉQÖ Ó��$ÊAÞ�mOÊ å Ð0ÑÒÐ8Í�Ï pp (5.138)× Þ È ) É ÇËÊ å È ) É ÇÙÓ���Ê å øAË É p Ó[mOÊ (5.139)× È ) É � Ð ÇËÊ å ø Ë É p Ó[m,Ê¥Ó (5.140)

where
ø Ë É p Ó[mOÊ denotesa functionof p and m which tendsto 0 as p Q �

andm Q é
.

Now from (5.129)and(5.140)andchangingthebaseof thelogarithmto 2,
wehaveÈGÉ � Ð ÇËÊ å ø z É p Ó[mOÊ�Ì p Ú>Ü ÍbÎ�Ï]Z É®È Ê�Ì ÈGÉ � Ð ÇËÊ å ø Ë É p Ó[mOÊ¥ô (5.141)

Fromthelower boundabove,we immediatelyhavep Ú>Ü ÍlÎ�Ï®Ð � mM Å Á iQNVU É P¿ÊÿÐ è È<É � Ð ÇRÊ å ø z É p Ó[m,Ê¥ô (5.142)

Toupperbound Ð � mM Å Á iQNVU É P¿ÊÿÐ , wehaveto considerthattherearein generalmore
thanonepossiblesetof

þ�È<ÉQÖ Ó��\Ê � . Towardthisend,by observingthat
È±ÉQÖ Ó��\Ê

takesvaluesbetween0 and p , the total numberof possiblesetsof
þ�È±ÉQÖ Ó��\Ê �

is atmost É p å óhÊ Á C ÁVÁ ÌXÁ ô (5.143)

This is a very crudeboundbut it is goodenoughfor our purpose.Thenfrom
theupperboundin (5.141),we obtainp Ú>Ü ÍbÎ�Ï®Ð � mM Å Á iQNVU É P¿ÊÿÐjÌ p Ú>Ü ÍlÎ�Ï É p å óhÊ Á C ÁVÁ Ì*Á å È<É � Ð ÇËÊ å øAË É p Ó[mOÊ¥ô (5.144)

Sincethefirst termof theaboveupperboundtendsto 0 as p Q �
, combining

(5.142)and(5.144),it is possibleto choosea Å (dependingon p and m ) which
tendsto 0 as p Q �

and m Q é
suchthatÐ p Ú>Ü ÍlÎ�Ï®Ð � M Å Á iONVU h � � � Ð,Þ ÈGÉ �	Ð ÇËÊÿÐ\Ì_ÅjÓ (5.145)

or � m �TR�� Å Á i � Ú�Ä � ÌñÐ � mM Å Á iONVU É P¿ÊÿÐ\Ì¸� m �SR�� Å Á i � xÀÄ � ô (5.146)

Thetheoremis proved.

Theabovetheoremsaysthatfor any typical P , aslongasthereis onetypical¿ suchthat
É P'Ó�¿AÊ is jointly typical, thereareapproximately� m R�� Å Á i � ¿ such
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Figure 5.2. A two-dimensionalstrongjoint typicality array.

that Ò|Ó6Ô�Õ/Ö is jointly typical. This theoremhasthefollowing corollarythatthe
numberof suchtypical Ó grows with × at almostthe samerateas the total
numberof typical Ó .Ø�ÙÛÚ�ÙÛÜuÜuÝ2Ú<Þ
ß�à|áâá

For a joint distribution ã/Ò|äÛÔ�åâÖ on æDçéè , let ê/ëì íOîVï bethe
setof all sequencesÓ�ð¨ñ ëì íQîVï such that ñ ëì òAó íQîVï Ò|ÓÛÖ is nonempty. Thenô ê ëì íOîVï ô:õ Ò�ö4÷�ø;Ö�ù ë<úTû�ú íÊü®ý�þâü Ô (5.147)

where ÿ���� as ×���� and ø���� .
Proof By the consistency of strong typicality (Theorem5.7), if Ò|Ó6Ô�Õ/ÖÂðñ ëì í òÀîVï , then Ó¸ð ñ ëì íOîVï . In particular, Ó¸ð ê ëì íQîVï . Then

ñ ëì í]ò¶îVï
	 �������� ��� � � Ò|Ó6Ô�Õ Ö��-Õbð ñ ëì òQó íQîVï Ò|ÓÛÖ���� (5.148)

Using the lower boundon
ô ñ ëì í]ò¶îVï ô in Theorem5.8 and the upperboundonô ñ ëì òOó íQîVï Ò|ÓÛÖ ô in thelasttheorem,we have

Ò�ö4÷�ø;Ö�ù ë<úTû�ú í
� ò6ü®ý! �ü#" ô ñ ëì í]ò¶îVï ô$" ô ê ëì íQîVï ô ù ëuúSûÊú òOó íÊü&%�'*ü
(5.149)

which implies ô ê ëì íOîVï ô$õ Ò�ö4÷�ø;Ö�ù ë<úTû�ú íÊü®ý ú  (%�'*üxü � (5.150)

Thetheoremis proveduponletting ÿ 	*),+�- .
We have establisheda rich setof structuralpropertiesfor strongtypicality

with respectto a bivariatedistribution ã/Ò|äÛÔ�åâÖ , which is summarizedin the
two-dimensionalstrong joint typicality array in Figure5.2. In this array, the
rows and the columnsare the typical sequencesÓ�ð ê ëì íQîVï and Õ ð ê/ëì òÀîVï ,
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Figure 5.3. A three-dimensionalstrongjoint typicality array.

respectively. The total numberof rows andcolumnsareapproximatelyequal
to ù;ë-ûÊú í ü

and ù;ë-ûÊú ò/ü , respectively. An entryindexedby Ò|Ó6Ô�Õ/Ö receivesadot
if Ò|Ó6Ô�Õ/Ö is stronglyjointly typical. Thetotal numberof dotsis approximately
equalto ù;ë=û�ú í
� ò ü

. Thenumberof dotsin eachrow is approximatelyequaltoù ë=û�ú òOó í ü
, while thenumberof dotsin eachcolumnis approximatelyequaltoù ë=û�ú í ó òÛü
.

For reasonswhichwill becomeclearin Chapter16,thestrongjoint typical-
ity arrayin Figure5.2 is saidto exhibit anasymptoticquasi-uniformstructure.
By atwo-dimensionalasymptoticquasi-uniformstructure,wemeanthatin the
array all the columnshave approximatelythe samenumberof dots, andall
the rows have approximatelythesamenumberof dots. The strongjoint typ-
icality arrayfor a multivariatedistribution continuesto exhibit anasymptotic
quasi-uniformstructure. The three-dimensionalstrongjoint typicality array
with respectto a distribution ã/Ò|äÛÔ�å�Ô=<<Ö is illustratedin Figure5.3. As before,
anentry Ò|Ó6Ô�ÕAÔ=><Ö receivesa dot if Ò|Ó6Ô�ÕAÔ=><Ö is stronglyjointly typical. This is
not shown in thefigureotherwiseit will bevery confusing.Thetotal number
of dots in the whole arrayis approximatelyequalto ù;ë-û�ú í
� ò?� @�ü . Thesedots
aredistributedin thearraysuchthatall theplanesparallelto eachotherhave
approximatelythesamenumberof dots,andall thecylindersparallelto each
otherhaveapproximatelythesamenumberof dots.Morespecifically, thetotal
numberof dotson the planefor any fixed >�A ðÂê ëì @âîVï (asshown) is approxi-

matelyequalto ù;ë=û�ú í
� ò]ó @�ü
, andthetotalnumberof dotsin thecylinderfor any

fixed Ò|ÓBA=Ô�ÕBA�Ö pair in ê ëì í òÀîVï (asshown) is approximatelyequalto ù ë-ûÊú @2ó í
� ò/ü ,
soon andsoforth.

We seefrom thestrongAEP andCorollary5.11that ê ëì íOîVï and ñ ëì íOîVï grow
with × at approximatelythe samerate. We endthis sectionby statingin the
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next propositionthat ê ëì íOîVï indeedcontainsalmostall theprobabilitywhen ×
is large.Theproof is left asanexercise(seeProblem5).C ÚÀÙED�ÙGF(HJI�H®ÙEK_ß�à®á�L

With respectto a joint distribution ã/Ò|äÛÔ�åâÖ on æ´ç�è , for
any ø,MN� , O#P �(Q ð ê ëì íQîVï �RM^ö�÷�ø (5.151)

for × sufficiently large.

5.4 AN INTERPRETATION OF THE BASIC
INEQUALITIES

Theasymptoticquasi-uniformstructureexhibitedin astrongjoint typicality
arraydiscussedin thelastsectionis extremelyimportantin informationtheory.
Laterin thebook,we will seehow this structureis involved in proving results
suchas the channelcoding theoremandthe rate-distortiontheorem. In this
section,weshow how thebasicinequalitiescanberevealedby examiningthis
structure.It hasfurtherbeenshown by Chan[41] thatall unconstrainedinfor-
mationinequalitiescanbeobtainedfrom this structure,thusgiving a physical
meaningto theseinequalities.

Considerrandomvariables S Ô=T , and U and a fixed >Dð\ê/ëì @�îVï , so thatñ ëì í òAó @�îVï ÒV><Ö is nonempty. By theconsistency of strongtypicality, if Ò|Ó6Ô�ÕQÔ=><Ö�ðñ4ëì í òE@�îVï , then Ò|Ó6Ô=><Ö�ð´ñ4ëì í�@âîVï and Ò|ÕAÔ=><Ö�ð^ñ4ëì òG@âîVï , or Ó ð
ñ�ëì í ó @âîVï ÒV><Ö andÕ�ð ñ ëì òAó @�îVï ÒV><Ö , respectively. Thusñ ëì í]òAó @�îVï ÒV>:ÖXW ñ ëì íLó @�îVï ÒV><ÖÊç ñ ëì òQó @âîVï ÒV><Ö�Ô (5.152)

which implies ô ñ ëì í]òAó @�îVï ÒV>:Ö ôY" ô ñ ëì íLó @�îVï ÒV><Ö ôSô ñ ëì ò]ó @âîVï ÒV><Ö ô � (5.153)

Applying thelowerboundin Theorem5.9to ñ�ëì í òAó @âîVï ÒV><Ö andtheupperbound
to ñ ëì íLó @�îVï ÒV>:Ö and ñ ëì òAó @�îVï ÒV><Ö , we haveù ëuúSûÊú í
� òOó @�ü®ý!Z[ü " ù ëuúSûÊú íLó @�ü&%\[�ü ù ë<úTû�ú ò]ó @�üJ%�]�ü Ô (5.154)

where ^âÔ`_/Ôba��c� as ×d�e� and ø,�c� . Takinglogarithmto thebase2 and
dividing by × , we obtainf ÒgS Ô=T ô U Ö " f ÒgS ô U Ö + f ÒVT ô U Ö (5.155)

uponletting ×h�i� and ø���� . This inequalityis equivalenttoj ÒgSdk=T ô U Ö õ �$� (5.156)

Thus we have proved the nonnegativity of conditionalmutual information.
Sinceall Shannon’s informationmeasuresarespecialcasesof conditionalmu-
tual information,we have provedthenonnegativity of all Shannon’s informa-
tion measures,namelythebasicinequalities.



StrongTypicality 93

PROBLEMS
1. Show that Ò|Ó6Ô�Õ/Ö ð ñ ëì í
� ò¶îVï and Ò|ÕAÔ=>:Ö�ð ñ ëì ò?� @�îVï do not imply Ò|Ó6Ô=><Ö�ðñ�ëì í
� @âîVï .
2. Let

Q 	 ÒgSml(ÔnSpo=Ôrqrqrq�ÔnS ë Ö , whereSps arei.i.d. with genericrandomvari-
able S . Prove that OtP �(Q ð ñ ëì íOîVï � õ ö�÷ ô æ ô u×2ø o
for any × and ømMv� . This shows that

O#P �(Q ð¸ñ4ëì íOîVï �p� ö as øp�w� and×��x� if y ×2ø���� .

3. Prove thatfor adiscreterandomvariableS with aninfinite alphabet,Prop-
erty2 of thestrongAEPholds,while Properties1 and3 do nothold.

4. ConsiderasequenceÓ 	 Ò|äEl(Ô�ä\o=Ôrqrqrq(Ô�ä ë Ö whereä!z is in somefinite alpha-
bet æ for all { . Thetype | � of thesequenceÓ is theempiricalprobability
distribution over æ in Ó , i.e., | � Ò|ä¾Ö 	~} Ò|äGk�ÓÛÖn��× for all äÂð´æ . Prove
thatthereareatotalof � ë % ó � ó ý lë � distincttypes| � . Hint: Thereare �J� %��Gý l� �waysto distribute � identicalballsin � boxes.

5. a) Show that for a joint distribution ã Ò|ä2Ô�å�Ö , for any ø�M�� , thereexists���Jø��B�_ø suchthat ñ ëì íQîVï�� WÂê ëì íQîVï for sufficiently large × . Hint: Takeø(� to beassmallasnecessary.

b) ProveProposition5.12.

6. Let � Òoæ Ö bethesetof all probabilitydistributionsoverafinite alphabetæ .
Find a polynomial �éÒ|×ÛÖ suchthat for any integer × , thereexists a subset� ë Òoæ¨Ö of � Òoæ Ö suchthat

a)
ô � ë Òoæ¨Ö ôY" �éÒ|×ÛÖ ;

b) for all | ð�� Òoæ¨Ö , thereexists | ë ð�� ë Òoæ¨Ö suchthatô | ë Ò|ä¾Ö/÷�| Ò|äÀÖ ô � ö×
for all ä ð æ .

Hint: Let � ë Òoæ¨Ö bethesetof all probabilitydistributionsover æ suchthat
all theprobabilitymassescanbeexpressedasfractionswith denominator× .

7. Let ã be any probability distribution over a finite set æ and � be a real
numberin ÒV�$Ô(ö�Ö . Prove thatfor any subset� of æ ë with ã ë ÒV��Ö õ � ,ô �N� ñ ëì íOîVï ô:õ ù ëuúSûÊú � ü®ý�ï � ü Ô
where ø(�!��� as ø���� and ×���� .
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HISTORICAL NOTES
Berger [21] introducedstrongtypicality which wasfurther developedinto

themethodof typesin thebookby Csisz�� r andK �� rner[55]. Thetreatmentof
thesubjectherehasa level betweenthetwo, while avoiding theheavy notation
in [55]. Theinterpretationof thebasicinequalitiesin Section5.4is apreamble
to therelationbetweenentropy andgroupsto bediscussedin Chapter16.



Chapter6

THE � -MEASURE

In Chapter2, we have shown therelationshipbetweenShannon’s informa-
tion measuresfor two randomvariablesby the diagramin Figure 2.2. For
convenience,Figure2.2 is reproducedin Figure6.1with therandomvariablesS and T replacedby Sml and Spo , respectively. This diagramsuggeststhat
Shannon’s informationmeasuresfor any × õ ù randomvariablesmayhave a
set-theoreticstructure.

In this chapter, we develop a theory which establishesa one-to-onecor-
respondencebetweenShannon’s informationmeasuresandset theory in full
generality. With this correspondence,manipulationsof Shannon’s informa-
tion measurescanbeviewedassetoperations,thusallowing therich suiteof
tools in set theory to be usedin informationtheory. Moreover, the structure
of Shannon’s informationmeasurescaneasilybe visualizedby meansof an
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Figure6.1. Relationshipbetweenentropiesandmutualinformationfor two randomvariables.
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informationdiagram if four or fewer randomvariablesareinvolved. Theuse
of informationdiagramssimplifiesmany difficult proofsin informationtheory
problems.More importantly, theseresults,which maybedifficult to discover
in thefirst place,caneasilybe obtainedby inspectionof an informationdia-
gram.

Themainconceptsto beusedin thischapterarefrom measuretheory. How-
ever, it is not necessaryfor the readerto know measuretheory to readthis
chapter.

6.1 PRELIMIN ARIES
In this section,we introducea few basicconceptsin measuretheorywhich

will beusedsubsequently. Theseconceptswill beillustratedby simpleexam-
ples.¢�£¥¤ HJKEHJI�H®ÙEK�¦Àà®á

Thefield § ë generatedby sets ¨Sml(Ô©¨Spo=Ôrqrqrq(Ôª¨S ë is thecol-
lectionof setswhich canbeobtainedby anysequenceof usualsetoperations
(union,intersection,complement,anddifference)on ¨Sml*Ôª¨Spo=Ôrqrqrq�Ôª¨S ë .¢�£¥¤ HJKEHJI�H®ÙEK�¦Àà&L

Theatomsof § ë are setsof the form � ëz¬«Gl T!z , where T\z is
either ¨S�z or ¨S�z , thecomplementof ¨S�z .

Thereare ù;ë atomsand ù o � setsin § ë . Evidently, all theatomsin § ë are
disjoint,andeachsetin § ë canbeexpresseduniquelyastheunionof asubset
of theatomsof § ë 1. We assumethat thesets ¨Sml(Ô ¨Spo=Ôrqrqrq�Ô ¨S ë intersectwith
eachothergenerically, i.e.,all theatomsof § ë arenonemptyunlessotherwise
specified.®©¯ ÝG°±D�Ü £ ¦Àà³²

Thesets ¨Sml and ¨Spo generate thefield §ªo . Theatomsof §ªo
are ¨S l �´¨S o Ôª¨S l �µ¨S o Ô±¨S l �´¨S o Ô©¨S l �´¨S o Ô (6.1)

which are representedby thefour distinctregionsin theVenndiagramin Fig-
ure 6.2. Thefield §ªo consistsof the unionsof subsetsof the atomsin (6.1).
Therearea total of 16setsin §ªo , which arepreciselyall thesetswhich canbe
obtainedfrom ¨Sml and ¨Spo by theusualsetoperations.¢�£¥¤ HJKEHJI�H®ÙEK�¦Àà·¶

A real function ¸ definedon § ë is calleda signedmeasure
if it is set-additive, i.e., for disjoint � and ¹ in § ë ,¸QÒV��º�¹ Ö 	 ¸QÒV� Ö + ¸QÒV¹ Öb� (6.2)

For asignedmeasurȩ , we have¸QÒ¼»8Ö 	 �$Ô (6.3)

1Weadopttheconventionthattheunionof theemptysubsetof theatomsof ½ � is theemptyset.
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X1
X2

Figure 6.2. TheVenndiagramfor ¾¿±À and ¾¿�Á .
whichcanbeseenasfollows. For any � in § ë ,¸QÒV��Ö 	 ¸QÒV�Nº�»8Ö 	 ¸QÒV� Ö + ¸QÒ¼»8Ö (6.4)

by set-additivity because� and » aredisjoint,which implies(6.3).
A signedmeasurȩ on § ë is completelyspecifiedby its valuesontheatoms

of § ë . Thevaluesof ¸ ontheothersetsin § ë canbeobtainedvia set-additivity.®©¯ ÝG°±D�Ü £ ¦Ààxß
A signedmeasure ¸ on §ªo is completelyspecifiedby theval-

ues ¸QÒ#¨SmlÂ�µ¨Spo�Ö�Ôn¸QÒÃ¨S l �µ¨Spo�Ö�Ôn¸QÒ#¨SmlÃ�´¨S o Ö�Ôn¸QÒ#¨S l �´¨S o Öb� (6.5)

Thevalueof ¸ on ¨Sml , for example, canbeobtainedas¸QÒ±¨S l Ö 	 ¸QÒ�ÒÄ¨S l �i¨S o ÖÅº¸ÒÄ¨S l �´¨S o Ö�Ö (6.6)	 ¸QÒ ¨SmlÂ� ¨Spo�Ö + ¸QÒ ¨SmlÂ� ¨S o Öb� (6.7)

6.2 THE Æ -MEASURE FOR TWO RANDOM
VARIABLES

To fix ideas,wefirst formulatein thissectiontheone-to-onecorrespondence
betweenShannon’s informationmeasuresandsettheoryfor two randomvari-
ables.For randomvariablesSml and Spo , let ¨Sml and ¨Spo besetscorresponding
to Sml and Spo , respectively. Thesets ¨Sml and ¨Spo generatesthefield §ªo whose
atomsare listed in (6.1). In our formulation, we set the universalset Ç to¨SmlÂº ¨Spo for reasonswhich will becomeclearlater. With thischoiceof Ç , the
Venndiagramfor ¨Sml and ¨Spo is representedby thediagramin Figure6.3. For
simplicity, the sets ¨Sml and ¨Spo arerespectively labeledby Sml and Spo in the
diagram. We call this the informationdiagram for the randomvariablesSml
and S o . In thisdiagram,theuniversalset,which is theunionof ¨S l and ¨S o , is
notshown explicitly justasin ausualVenndiagram.Notethatwith ourchoice
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Figure 6.3. Thegenericinformationdiagramfor
¿±À

and
¿XÁ

.

of theuniversalset,theatom ¨S l �´¨S o degeneratesto theemptyset,because¨S l � ¨S o 	 Ò ¨SmlÂº ¨Spo�Ö  	 Ç  	 »?� (6.8)

Thusthis atomis not shown in theinformationdiagramin Figure6.3.
For randomvariablesSml and Spo , theShannon’s informationmeasuresaref ÒgS l Ö�Ô f ÒgS o Ö�Ô f ÒgS l ô S o Ö�Ô f ÒgS o ô S l Ö�Ô f ÒgS l ÔnS o Ö�Ô j ÒgS l knS o Öb� (6.9)

Writing ����¹  as �Â÷�¹ , we now defineasignedmeasure2 ¸EÈ by¸ È Ò ¨SmlO÷ ¨Spo*Ö 	 f ÒgSml ô Spo�Ö (6.10)¸ È Ò#¨Spo�÷x¨Sml[Ö 	 f ÒgSpo ô Sml�Ö�Ô (6.11)

and ¸ È ÒÃ¨S l �µ¨S o Ö 	 j ÒgS l knS o Öb� (6.12)

Theseare the valuesof ¸ È on the nonemptyatomsof §ªo (i.e., atomsof §ªo
otherthan ¨S l �É¨S o ). Thevaluesof ¸EÈ on theothersetsin §ªo canbeobtained
via set-additivity. In particular, therelations¸ È ÒÊ¨SmlÂº´¨Spo�Ö 	 f ÒgSml(ÔnSpo�Ö (6.13)¸ È Ò ¨Sml�Ö 	 f ÒgSml�Ö�Ô (6.14)

and ¸ È Ò ¨Spo�Ö 	 f ÒgSpo�Ö (6.15)

canreadilybeverified.For example,(6.13)is seento betrueby considering¸ È Ò ¨SmlÂº ¨Spo�Ö	 ¸ È ÒÊ¨SmlQ÷x¨Spo�Ö + ¸ È Ò#¨Spo4÷�¨Sml�Ö + ¸ È ÒÃ¨SmlÂ�´¨Spo�Ö (6.16)	 f ÒgSml ô Spo�Ö + f ÒgSpo ô Sml�Ö + j ÒgSml�knSpo�Ö (6.17)	 f ÒgSml(ÔnSpo�Öb� (6.18)

2It happensthat Ë�Ì definedherefor ë «Ío assumesonly nonnegative values,but wewill seein Section6.4
that Ë�Ì canassumenegative valuesfor ë±Î u .
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The right handsidesof (6.10) to (6.15)arethe six Shannon’s information
measuresfor Sml and Spo in (6.9). Now observe that(6.10)to (6.15)areconsis-
tentwith how theShannon’s informationmeasureson theright handsideare
identifiedin Figure6.1,with theleft circleandtheright circle representingthe
sets ¨Sml and ¨Spo , respectively. Specifically, in eachof theseequations,the left
handsideandthe right handsidecorrespondto eachothervia the following
substitutionof symbols: f � j Ï ¸ ÈÔ Ï ºk Ï �ô Ï ÷�� (6.19)

Note that we make no distinctionbetweenthe symbols

f
and

j
in this sub-

stitution. Thus,for two randomvariablesS l and S o , Shannon’s information
measurescanberegardedformally asa signedmeasureon §ªo . We will refer
to ¸EÈ astheI-Measure for therandomvariablesSml and Spo 3.

Upon realizing that Shannon’s information measurescan be viewed as a
signedmeasure,we canapply the rich family of operationsin set theory to
information theory. This explains why Figure 6.1 or Figure 6.3 represents
the relationshipsamongall Shannon’s informationmeasuresfor two random
variablescorrectly. As anexample,considerthe following setidentity which
is readilyidentifiedin Figure6.3:¸ È Ò ¨SmlÂº ¨Spo�Ö 	 ¸ È Ò ¨Sml Ö + ¸ È Ò ¨Spo�Ö6÷Ð¸ È Ò ¨SmlÂ� ¨Spo�Ö (6.20)

This identity is a specialcaseof theinclusion-exclusionformulain settheory.
By meansof thesubstitutionof symbolsin (6.19),we immediatelyobtainthe
informationidentityf ÒgS l ÔnS o Ö 	 f ÒgS l Ö + f ÒgS o Ö ÷ j ÒgS l knS o Öb� (6.21)

We endthis sectionwith a remark.Thevalueof ¸EÈ on theatom ¨S l �Ñ¨S o
hasnoapparentinformation-theoretic meaning.In our formulation,we setthe
universalset Ç to ¨S l ºÒ¨S o sothattheatom ¨S l �Ò¨S o degeneratesto theempty
set.Then ¸ È Ò ¨S�l � ¨S�o Ö naturallyvanishesbecausȩ È is ameasure,sothat ¸ È
is completelyspecifiedby all Shannon’s informationmeasuresinvolving the
randomvariablesSml and Spo .
3ThereadershouldnotconfuseËÓÌ with theprobabilitymeasuredefiningtherandomvariablesí À and í Á .
Theformer, however, is determinedby thelatter.
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6.3 CONSTRUCTION OF THE Æ -MEASURE Ô *

We have constructedthe
j
-Measurefor two randomvariablesin the last

section.Wenow constructthe
j
-Measurefor any × õ ù randomvariables.

Consider× randomvariablesSml(ÔnSpo=Ôrqrqrq�ÔnS ë . For any randomvariableS ,
let ¨S beasetcorrespondingto S . LetÕ ë 	 � ö=Ô[ù:Ôrqrqrq;Ô�×Ê��� (6.22)

Definetheuniversalset Ç to betheunionof thesets ¨Sml(Ôª¨Spo=Ôrqrqrq�Ô©¨S ë , i.e.,Ç 	 �z ×Ö � ¨S�zØ� (6.23)

Weuse§ ë to denotethefield generatedby ¨Sml(Ô ¨Spo=Ôrqrqrq(Ô ¨S ë . Theset� A 	 Ùz ÚÖ � ¨S z (6.24)

is calledtheemptyatomof § ë because

Ùz ×Ö � ¨S z 	
ÛÜ �z ÚÖ � ¨S zVÝÞ  	 Ç  	 »?� (6.25)

All theatomsof § ë otherthan �±A arecallednonemptyatoms.
Let ß bethesetof all nonemptyatomsof § ë . Then

ô ß ô
, thecardinalityofß , is equalto ù ë ÷
ö . A signedmeasurȩ on § ë is completelyspecifiedby

thevaluesof ¸ on thenonemptyatomsof § ë .
To simplify notation,we will use Sáà to denote ÒgS�zGÔn{ ðãâ Ö and ¨Sáà to

denoteº z  à ¨S z for any nonemptysubsetâ of
Õ ë .äRå £ ÙÛÚ £ °æ¦Àà·¦

Letç 	éè ¨Sáàê��â is a nonemptysubsetof
Õ ëìë � (6.26)

Thena signedmeasure ¸ on § ë is completelyspecifiedby
� ¸QÒV¹éÖ�Ô=¹ ð ç � ,

which canbeanysetof real numbers.

Proof Thenumberof elementsin
ç

is equalto thenumberof nonemptysub-
setsof

Õ ë , which is ù ë ÷ ö . Thus
ô ß ô 	 ô ç ô 	 ù ë ÷ ö . Let í 	 ù ë ÷^ö .

Let î bea column í -vectorof ¸QÒV� Ö�Ô=�\ðêß , and ï bea column í -vectorof¸QÒV¹ Ö�Ô=¹ ð ç . Sinceall thesetsin
ç

canexpresseduniquelyastheunionof
somenonemptyatomsin ß , by theset-additivity of ¸ , for each¹ ð ç , ¸QÒV¹ Ö
canbeexpresseduniquelyasthesumof somecomponentsof î . Thusï 	vð ë îQÔ (6.27)
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where ð ë is a unique í çñí matrix. On theotherhand,it canbeshown (see
Appendix6.A) that for each� ðdß , ¸QÒV� Ö canbeexpressedasa linearcom-
binationof ¸QÒV¹éÖ�Ô=¹ ð ç by applications,if necessary, of the following two
identities:¸QÒV����¹ ÷óò¥Ö 	 ¸QÒV�Â÷óò1Ö + ¸QÒV¹ ÷êò1Ö/÷Ð¸QÒV��ºm¹ ÷óò1Ö (6.28)¸QÒV�Â÷�¹éÖ 	 ¸QÒV��ºm¹éÖ/÷Ð¸QÒV¹éÖb� (6.29)

However, the existenceof the saidexpressiondoesnot imply its uniqueness.
Nevertheless,we canwrite î 	õô ë ï (6.30)

for someí�çhí matrix ô ë . Uponsubstituting(6.27)into (6.30),we obtainî 	 Ò ô ë ð ë Ö`îQÔ (6.31)

which implies that ô ë is the inverseof ð ë as(6.31)holdsregardlessof the
choiceof ¸ . Since ð ë is unique,so is ô ë . Therefore, ¸QÒV��Ö�Ô=� ðöß are
uniquelydeterminedonce ¸QÒV¹éÖ�Ô=¹�ð ç arespecified.Hence,a signedmea-
surȩ on § ë is completelyspecifiedby

� ¸QÒV¹éÖ�Ô=¹ ð ç � , whichcanbeany set
of realnumbers.Thetheoremis proved.

We now prove thefollowing two lemmaswhich arerelatedby thesubstitu-
tion of symbolsin (6.19).÷ £ °Ä°4Ýõ¦Àà¬ø
¸QÒV���m¹ ÷óò1Ö 	 ¸QÒV��ºhò¥Ö + ¸QÒV¹*ºhò1Ö/÷Ð¸QÒV��ºm¹*º�ò1Ö/÷�¸QÒùò1Öb� (6.32)

Proof From(6.28)and(6.29),we have¸QÒV�N�ú¹ ÷óò¥Ö	 ¸QÒV�J÷êò1Ö + ¸QÒV¹ ÷óò¥Ö/÷Ð¸QÒV�ûº�¹ ÷êò1Ö (6.33)	 Òg¸QÒV�Nºhò1Ö/÷ñ¸QÒùò¥Ö�Ö + Òg¸QÒV¹*ºhò1Ö/÷�¸QÒùò1Ö�Ö÷1Òg¸QÒV��ºm¹*ºhò1Ö/÷Ð¸QÒùò¥Ö�Ö (6.34)	 ¸QÒV�ûºüò1Ö + ¸QÒV¹*ºhò¥Ö/÷Ð¸QÒV�ûº�¹ýºüò1Ö/÷Ð¸QÒùò¥Öb� (6.35)

Thelemmais proved.÷ £ °Ä°4Ýõ¦Àà·þj ÒgSók=T ô U Ö 	 f ÒgS ÔbU Ö + f ÒVTOÔbU Ö ÷ f ÒgS Ô=TOÔbULÖ6÷ f ÒùU Öb� (6.36)
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Proof Considerj ÒgSdk=T ô U Ö	 f ÒgS ô U Ö ÷ f ÒgS ô TOÔbULÖ (6.37)	 f ÒgS ÔbU Ö ÷ f ÒùULÖ/÷JÒ f ÒgS Ô=TQÔbU Ö6÷ f ÒVTOÔbU Ö�Ö (6.38)	 f ÒgS ÔbU Ö + f ÒVTQÔbU Ö/÷ f ÒgS Ô=TOÔbU Ö6÷ f ÒùU Öb� (6.39)

Thelemmais proved.

Wenow constructthe
j
-MeasurȩEÈ on § ë usingTheorem6.6by defining¸ È Ò#¨S à Ö 	 f ÒgS à Ö (6.40)

for all nonemptysubsetsâ of
Õ ë . In orderfor ¸ È to bemeaningful,it hasto

beconsistentwith all Shannon’s informationmeasures(via thesubstitutionof
symbolsin (6.19)).In thatcase,thefollowing mustholdfor all (notnecessarily
disjoint) subsetsâ ÔbâÄ��ÔbâÄ� � of

Õ ë where â and âÄ� arenonempty:¸ È ÒÃ¨S à �µ¨S à � ÷�¨S à � � Ö 	 j ÒgS à knS à � ô S à � � Öb� (6.41)

When â � � 	 » , (6.41)becomes¸ È ÒÃ¨Sáàh�´¨S à � Ö 	 j ÒgSáà
knS à � Öb� (6.42)

When â 	 â � , (6.41)becomes¸ È ÒÃ¨Sáà�÷x¨S à � � Ö 	 f ÒgSáà ô S à � � Öb� (6.43)

When â 	 âÄ� and âÿ� � 	 » , (6.41)becomes¸ È Ò ¨SáàAÖ 	 f ÒgSáàAÖb� (6.44)

Thus(6.41)coversall thefour casesof Shannon’s informationmeasures,andit
is thenecessaryandsufficient conditionfor ¸ È to beconsistentwith all Shan-
non’s informationmeasures.äRå £ ÙÛÚ £ °æ¦Àà�� ¸EÈ is the uniquesignedmeasure on § ë which is consistent
with all Shannon’s informationmeasures.

Proof Consider¸ È Ò ¨Sáàh� ¨S à � ÷ ¨S à � � Ö	 ¸ È Ò#¨S à���à � � Ö + ¸ È ÒÃ¨S à � ��à � � Ö ÷Ð¸ È ÒÊ¨S à���à � ��à � � Ö/÷Ð¸ È ÒÃ¨S à � � Ö (6.45)	 f ÒgS à���à � � Ö + f ÒgS à � ��à � � Ö/÷ f ÒgS à���à � ��à � � Ö/÷ f ÒgS à � � Ö (6.46)	 j ÒgSáà
knS à � ô S à � � Ö�Ô (6.47)
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where(6.45) and(6.47) follow from Lemmas6.7 and6.8, respectively, and
(6.46)follows from (6.40),thedefinitionof ¸ È . Thuswe have proved(6.41),
i.e., ¸EÈ is consistentwith all Shannon’s informationmeasures.

In orderthat ¸EÈ is consistentwith all Shannon’s informationmeasures,for
all nonemptysubsetsâ of

Õ ë , ¸ È hasto satisfy (6.44),which in fact is the
definitionof ¸EÈ in (6.40). Therefore,̧EÈ is theuniquesignedmeasureon § ë
which is consistentwith all Shannon’s informationmeasures.

6.4 Ô * CAN BE NEGATIVE
In theprevioussections,wehavebeencautiousin referringto the

j
-Measure¸EÈ asasignedmeasureinsteadof ameasure4. In this section,we show that ¸EÈ

in factcantake negative valuesfor × õ��
.

For × 	 ù , thethreenonemptyatomsof §ªo are¨SmlG�´¨Spo=Ôª¨SmlQ÷�¨Spo=Ôª¨SpoÊ÷�¨Sml�� (6.48)

Thevaluesof ¸EÈ on theseatomsarerespectivelyj ÒgSml�knSpo�Ö�Ô f ÒgSml ô Spo�Ö�Ô f ÒgSpo ô Sml�Öb� (6.49)

ThesequantitiesareShannon’s informationmeasuresandhencenonnegative
by thebasicinequalities.Therefore,̧EÈ is alwaysnonnegative for × 	 ù .

For × 	 � , thesevennonemptyatomsof § u are¨S z ÷x¨S��	� � s�
 Ôª¨S z �´¨S � ÷x¨Sps<Ô©¨S l �´¨S o �µ¨S u Ô (6.50)

where ö " {
�� � í "�� . Thevaluesof ¸EÈ onthefirst two typesof atomsare¸ È ÒÃ¨S�z¾÷x¨S �	� � s�
 Ö 	 f ÒgS�z ô S � ÔnSps=Ö (6.51)

and ¸ È ÒÊ¨S�z!�´¨S � ÷x¨Sps=Ö 	 j ÒgS�z`knS � ô Sps8Ö�Ô (6.52)

respectively, which are Shannon’s information measuresand thereforenon-
negative. However, ¸ È Ò ¨SmlX� ¨Spoª� ¨S u Ö doesnot correspondto a Shannon’s
informationmeasure.In thenext example,we show that ¸EÈ-ÒÊ¨Sml#�Ñ¨Spo��Ñ¨S u Ö
canactuallybenegative.®©¯ ÝG°±D�Ü £ ¦Àà®á��

In this example, all entropiesare in thebase2. Let Sml andSpo beindependentbinary randomvariableswithOtP � S�z 	 �?� 	 OtP � S�z 	 ö � 	 �$���:Ô (6.53)

4A measurecanassumeonly nonnegative values.



104 A FIRSTCOURSEIN INFORMATIONTHEORY{ 	 ö=Ô[ù . Let S u 	 ÒgSml + Spo�Ö�� ��� ù?� (6.54)

It is easyto check that S u hasthesamemarginal distribution as Sml and Spo .
Thus, f ÒgS z Ö 	 ö (6.55)

for { 	 ö=Ô[ù:Ô � . Moreover, Sml , Spo , and S u are pairwiseindependent.There-
fore, f ÒgS�z ÔnS � Ö 	 ù (6.56)

and j ÒgS�zØknS � Ö 	 � (6.57)

for ö " {���� "�� . We further seefrom(6.54)that each randomvariableis a
functionof theothertworandomvariables.Thenbythechainrule for entropy,
wehave f ÒgSml(ÔnSpo=ÔnS u Ö 	 f ÒgSml(ÔnSpo�Ö + f ÒgS u ô Sml(ÔnSpo�Ö (6.58)	 ù + � (6.59)	 ù?� (6.60)

Nowfor ö " {t�� � í "�� ,j ÒgS�z`knS � ô Sps-Ö	 f ÒgS z ÔnSps8Ö + f ÒgS � ÔnSps8Ö/÷ f ÒgS l ÔnS o ÔnS u Ö ÷ f ÒgSps=Ö (6.61)	 ù + ù�÷�ù ÷ ö (6.62)	 ö=Ô (6.63)

wherewehaveinvokedLemma6.8. It thenfollowsthat¸ È ÒÊ¨S l �´¨S o �´¨S u Ö 	 ¸ È ÒÃ¨S l �µ¨S o Ö/÷Ð¸ È ÒÃ¨S l �´¨S o ÷�¨S u Ö (6.64)	 j ÒgSml�knSpo�Ö ÷ j ÒgSml(knSpo ô S u Ö (6.65)	 ��÷ ö (6.66)	 ÷ ö�� (6.67)

Thuş È takesa negativevalueon theatom ¨SmlÂ� ¨Spot� ¨S u .
Motivatedby thesubstitutionof symbolsin (6.19)for Shannon’s informa-

tion measures,wewill write ¸EÈ;Ò#¨SmlÅ�Ò¨SpoG�Ò¨S u Ö as
j ÒgSml(knSpo�knS u Ö . In general,

we will write ¸ È ÒÃ¨Sáà À �µ¨Sáà Á � qrqrq��´¨Sáà�� ÷�¨S��6Ö (6.68)

as j ÒgSáà À knSáà Á krqrqrq(knSáà�� ô S��QÖ (6.69)
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.

andreferto it asthemutualinformationbetweenSáà À ÔnSáà Á Ôrqrqrq�ÔnSáà�� condi-
tioningon S�� . Then(6.64)in theabove examplecanbewrittenasj ÒgS l knS o knS u Ö 	 j ÒgS l knS o Ö/÷ j ÒgS l knS o ô S u Öb� (6.70)

For thisexample,
j ÒgSml�knSpo�knS u ÖX�N� , which impliesj ÒgSml(knSpo ô S u Ö
M j ÒgSml knSpo�Öb� (6.71)

Therefore,unlike entropy, the mutualinformationbetweentwo randomvari-
ablescanbe increasedby conditioningon a third randomvariable. Also, we
notein (6.70)thatalthoughtheexpressionon theright handsideis not sym-
bolically symmetricalin Sml , Spo , and S u , we seefrom the left handsidethat
it is in factsymmetricalin Sml , Spo , and S u .
6.5 INFORMA TION DIAGRAMS

We have establishedin Section6.3 a one-to-onecorrespondencebetween
Shannon’s informationmeasuresandsettheory. Therefore,it is valid to usean
informationdiagram, which is a variationof a Venndiagram,to representthe
relationshipbetweenShannon’s informationmeasures.

For simplicity, aset ¨S�z will belabeledby S�z in aninformationdiagram.We
have seenthegenericinformationdiagramfor × 	 ù in Figure6.3. A generic
information diagramfor × 	 �

is shown in Figure 6.4. The information-
theoreticlabelingof the valuesof ¸ È on someof the setsin § u is shown in
the diagram. As an example,the informationdiagramfor the

j
-Measurefor

randomvariablesSml ÔnSpo , and S u discussedin Example6.10is shown in Fig-
ure6.5.

For × õ$#
, it is not possibleto displayaninformationdiagramperfectlyin

two dimensions.In general,an informationdiagramfor × randomvariables
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in Example6.10.

needs×�÷^ö dimensionsto be displayedperfectly. Nevertheless,for × 	 #
,

an informationdiagramcanbe displayedin two dimensionsalmostperfectly
asshown in Figure6.6. This informationdiagramis correctin that theregion
representingtheset ¨S(' splitseachatomin Figure6.4into two atoms.However,
the adjacency of certainatomsarenot displayedcorrectly. For example,the
set ¨Sml©� ¨Spo�� ¨S�' , which consistsof the atoms ¨Sml©� ¨Spo�� ¨S u � ¨S�' and¨Smlì� ¨SpoE� ¨S u � ¨S ' , is not representedby aconnectedregionbecausethetwo
atomsarenotadjacentto eachother.

When ¸EÈ takesthevaluezeroonanatom � of § ë , wedonotneedto display
theatom � in aninformationdiagrambecausetheatom � doesnotcontribute
to ¸EÈ=ÒV¹éÖ for any set ¹ containingthe atom � . As we will seeshortly, this
canhappenif certainMarkov constraintsareimposedon therandomvariables
involved, and the information diagramcan be simplified accordingly. In a
genericinformationdiagram(i.e., whenthereis no constrainton the random
variables),however, all the atomshave to be displayed,as is implied by the
next theorem.

X1

X2

X
)

3

X4
*

Figure 6.6. Thegenericinformationdiagramfor
¿±À

,
¿�Á

,
¿"!

, and
¿,+

.
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If there is no constraint on Sml(ÔnSpo=Ôrqrqrq(ÔnS ë , then ¸ È can
take anysetof nonnegativevalueson thenonemptyatomsof § ë .

Proof Wewill prove thetheoremby constructinga ¸EÈ whichcantake any set
of nonnegativevaluesonthenonemptyatomsof § ë . Recallthat ß is thesetof
all nonemptyatomsof § ë . Let T.-QÔ=� ðêß bemutually independentrandom
variables.Now definetherandomvariablesS�zGÔn{ 	 ö=Ô[ù:Ôrqrqrq;Ô�× byS�z 	 ÒVT.-ó��� ðmß and �vW ¨S�zyÖb� (6.72)

We determinethe
j
-MeasurȩEÈ for Sml(ÔnSpo=Ôrqrqrq�ÔnS ë so definedas follows.

Since T/- aremutually independent,for any nonemptysubsetsâ of
Õ ë , we

have f ÒgS à Ö 	 0- 2143 -�576í98 f ÒVT - Öb� (6.73)

On theotherhand,f ÒgS à Ö 	 ¸ È ÒÊ¨S à Ö 	 0- 2143 -�576í98 ¸ È ÒV��Öb� (6.74)

Equatingtheright handsidesof (6.73)and(6.74),we have0- :1;3 -<5(6í 8 f ÒVT.- Ö 	 0- :143 -�5=6í 8 ¸ È ÒV� Öb� (6.75)

Evidently, wecanmake theabove equalityhold for all nonemptysubsetsâ ofÕ ë by taking ¸ È ÒV� Ö 	 f ÒVT/-/Ö (6.76)

for all � ð�ß . By theuniquenessof ¸ È , this is alsotheonly possibilityfor ¸ È .
Since

f ÒVT/-/Ö cantake any nonnegative valueby Corollary 2.44, ¸EÈ cantake
any setof nonnegative valueson thenonemptyatomsof § ë . The theoremis
proved.

In therestof thissection,weexplorethestructureof Shannon’s information
measureswhen Sml���Spo±� qrqrqY��S ë formsa Markov chain.To startwith,
weconsider× 	 � , i.e., Sml
��Spoª��S u formsaMarkov chain.Since¸ È ÒÃ¨SmlÊ�´¨S o �´¨S u Ö 	 j ÒgSml�knS u ô Spo�Ö 	 �$Ô (6.77)

theatom ¨Sml×�N¨S o �N¨S u doesnothavetobedisplayedin aninformationdiagram.
As such,in constructingtheinformationdiagram,theregionsrepresentingthe
randomvariablesSml , Spo , and S u shouldoverlapwith eachothersuchthatthe
region correspondingto theatom ¨S l � ¨S o �Ñ¨S u is empty, while the regions
correspondingto all othernonemptyatomsarenonempty. Figure6.7 shows
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X3X
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1 X2

Figure 6.7. Theinformationdiagramfor theMarkov chain
¿ªÀ/? ¿�Á�? ¿,!

.

sucha construction,in which eachrandomvariableis representedby a moun-
tain5. FromFigure6.7,weseethat ¨S l ��¨S o �Ò¨S u , astheonly atomonwhich¸ È may take a negative value,now becomesidentical to the atom ¨Sml
� ¨S u .
Therefore,wehavej ÒgS l knS o knS u Ö 	 ¸ È ÒÊ¨S l �µ¨S o �µ¨S u Ö (6.78)	 ¸ È Ò ¨SmlÂ� ¨S u Ö (6.79)	 j ÒgSml�knS u Ö (6.80)õ �$� (6.81)

Hence,we concludethatwhen Sml©�xSpoÿ�xS u formsa Markov chain, ¸ È is
alwaysnonnegative.

Next, we consider× 	 #
, i.e., Sml�� Spoú� S u � S(' forms a Markov

chain. With referenceto Figure 6.6, we first show that under this Markov
constraint,̧EÈ alwaysvanishesoncertainnonemptyatoms:

1. TheMarkov chain Sml
��Spoª� S u impliesj ÒgSml�knS u knS(' ô Spo�Ö + j ÒgSml�knS u ô Spo=ÔnS('�Ö 	 j ÒgSml�knS u ô Spo�Ö 	 �$� (6.82)

2. TheMarkov chain Sml
��Spoª� S(' impliesj ÒgSml�knS u knS(' ô Spo�Ö + j ÒgSml�knS(' ô Spo=ÔnS u Ö 	 j ÒgSml�knS(' ô Spo�Ö 	 �$� (6.83)

3. TheMarkov chain S l ��S u � S ' impliesj ÒgS l knS o knS ' ô S u Ö + j ÒgS l knS ' ô S o ÔnS u Ö 	 j ÒgS l knS ' ô S u Ö 	 �$� (6.84)

5This form of aninformationdiagramfor aMarkov chainfirst appearedin Kawabata[114].
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4. TheMarkov chain Spoª� S u ��S(' impliesj ÒgSml�knSpo�knS(' ô S u Ö + j ÒgSpo�knS(' ô Sml(ÔnS u Ö 	 j ÒgSpo�knS(' ô S u Ö 	 �$� (6.85)

5. TheMarkov chain ÒgSml(ÔnSpo�ÖÃ� S u � S(' impliesj Ò S lrknSpo�knS(' ô S u Ö + j ÒgSml�knS(' ô Spo=ÔnS u Ö + j ÒgSpo�knS(' ô Sml(ÔnS u Ö	 j ÒgSml(ÔnSpo�knS(' ô S u Ö (6.86)	 �$� (6.87)

Now (6.82)and(6.83)implyj ÒgSml(knS(' ô Spo=ÔnS u Ö 	 j ÒgSml knS u ô Spo=ÔnS('�Ö�Ô (6.88)

(6.84)and(6.88)implyj ÒgSml�knSpo�knS(' ô S u Ö 	 ÷ j ÒgSml�knS u ô Spo=ÔnS('�Ö�Ô (6.89)

and(6.85)and(6.89)implyj ÒgSpoÓknS(' ô Sml(ÔnS u Ö 	 j ÒgSml knS u ô Spo=ÔnS('�Öb� (6.90)

Thetermsontheleft handsidesof (6.88),(6.89),and(6.90)arethethreeterms
on theleft handsideof (6.87).Thenwe substitute(6.88),(6.89),and(6.90)in
(6.87)to obtain¸ È Ò ¨SmlÂ� ¨S o � ¨S u � ¨S ' Ö 	 j ÒgSml�knS u ô Spo=ÔnS('�Ö 	 �$� (6.91)

From(6.82),(6.88),(6.89),and(6.90),(6.91)implies¸ È ÒÊ¨S l �´¨S o �´¨S u �´¨S ' Ö 	 j ÒgS l knS u knS ' ô S o Ö 	 � (6.92)¸ È Ò ¨SmlÂ� ¨S o � ¨S u � ¨S('�Ö 	 j ÒgSml(knS(' ô Spo=ÔnS u Ö 	 � (6.93)¸ È ÒÊ¨SmlÂ�´¨Spot�µ¨S u �´¨S('�Ö 	 j ÒgSml�knSpo�knS(' ô S u Ö 	 � (6.94)¸ È Ò ¨S l � ¨Spot� ¨S u � ¨S('�Ö 	 j ÒgSpoÓknS(' ô Sml(ÔnS u Ö 	 �$� (6.95)

From(6.91)to (6.95),we seethat ¸EÈ alwaysvanisheson theatoms¨SmlÂ� ¨S o � ¨S u � ¨S '¨SmlÂ�´¨S o �µ¨S u �µ¨S('¨S l �´¨S o �µ¨S u �É¨S '¨SmlÂ�´¨Spot�´¨S u �µ¨S('¨S l �µ¨S o �µ¨S u �É¨S ' (6.96)
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of § ' , whichwemarkby anasteriskin theinformationdiagramin Figure6.8.
In fact,thereadercangaina lot of insightby letting

j ÒgSml�knS u ô Spo=ÔnS('�Ö 	 � õ� in (6.82)andtracingthesubsequentstepsleadingto theabove conclusionin
theinformationdiagramin Figure6.6.

It is not necessaryto displaythefive atomsin (6.96) in an informationdi-
agrambecausȩEÈ alwaysvanisheson theseatoms. Therefore,in construct-
ing the information diagram,the regions representingthe randomvariables
shouldoverlapwith eachothersuchthat the regionscorrespondingto these
five nonemptyatomsareempty, while the regionscorrespondingto theother
tennonemptyatoms,namely¨S l �É¨S o �´¨S u �µ¨S '¨SmlÂ� ¨Spot� ¨S u � ¨S '¨SmlÂ�É¨Spot�´¨S u �µ¨S '¨SmlÂ� ¨Spot� ¨S u � ¨S('¨S l �µ¨Spot�´¨S u �µ¨S '¨S l �µ¨S o �´¨S u �É¨S '¨S l �µ¨Spot�´¨S u �É¨S('¨S l �µ¨S o �´¨S u �µ¨S '¨S l � ¨S o � ¨S u � ¨S('¨S l �µ¨S o �´¨S u �´¨S('-Ô

(6.97)

arenonempty. Figure6.9shows sucha construction.Thereadershouldcom-
paretheinformationdiagramsin Figures6.7and6.9andobserve thatthelatter
is anextensionof theformer.
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FromFigure6.9,weseethatthevaluesof ¸ È on thetennonemptyatomsin
(6.97)areequivalentto f ÒgS l ô S o ÔnS u ÔnS ' Öj ÒgSml�knSpo ô S u ÔnS('�Öj ÒgSml�knS u ô S('�Öj ÒgSml�knS('�Öf ÒgSpo ô Sml(ÔnS u ÔnS('�Öj ÒgS o knS u ô S l knS ' Öj ÒgSpo�knS(' ô Sml�Öf ÒgS u ô S l ÔnS o ÔnS ' Öj ÒgS u knS(' ô Sml(ÔnSpo�Öf ÒgS(' ô Sml(ÔnSpo=ÔnS u Ö�Ô

(6.98)

respectively6. Sincetheseareall Shannon’s informationmeasuresand thus
nonnegative,we concludethat ¸EÈ is alwaysnonnegative.

When Sml � Spom� qrqrqt� S ë forms a Markov chain, for × 	 �
, there

is only one nonemptyatom, namely ¨Smlÿ�e¨S o �w¨S u , on which ¸EÈ always
vanishes.This atomcanbe determineddirectly from the Markov constraintj ÒgSml�knS u ô Spo�Ö 	 � . For × 	 # , thefive nonemptyatomson which ¸ È always
vanishesare listed in (6.96). The determinationof theseatoms,aswe have
seen,is notstraightforward. Wehavealsoshown thatfor × 	 � and × 	 # , ¸ È
is alwaysnonnegative.

Wewill extendthis themein Chapter7 to finite Markov randomfieldswith
Markov chainsbeinga specialcase.For a Markov chain,theinformationdia-
gramcanalwaysbedisplayedin two dimensionsasin Figure6.10,and ¸EÈ is
alwaysnonnegative. Thesewill beexplainedin Chapter7.

6A formal proof will begivenin Theorem7.30.
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...
X1 X2

E XnF -1 XnF

Figure 6.10. Theinformationdiagramfor theMarkov chain
¿ªÀ/? ¿�Á<?HGIGJG�?*¿ � .

6.6 EXAMPLES OF APPLICATIONS
In this section,we give a few examplesof applicationsof informationdi-

agrams. Theseexamplesshow how information diagramscan help solving
informationtheoryproblems.

The useof an informationdiagramis highly intuitive. To obtainan infor-
mationidentity from an informationdiagramis WYSIWYG7. However, how
to obtainan informationinequalityfrom an informationdiagramneedssome
explanation.

Very often, we usea Venndiagramto representa measurȩ which takes
nonnegative values. If we seein the Venndiagramtwo sets � and ¹ such
that � is a subsetof ¹ , thenwe canimmediatelyconcludethat ¸QÒV��Ö " ¸QÒV¹ Ö
because ¸QÒV¹éÖ/÷Ð¸QÒV��Ö 	 ¸QÒV¹ ÷���Ö õ �$� (6.99)

However, an
j
-Measurȩ È cantake negative values.Therefore,whenwe see

in an informationdiagramthat � is a subsetof ¹ , we cannotconcludefrom
this fact alonethat ¸ È ÒV��Ö " ¸ È ÒV¹ Ö unlesswe know from the setupof the
problemthat ¸EÈ is nonnegative. (For example,̧EÈ is nonnegative if therandom
variablesinvolved form a Markov chain.) Instead,information inequalities
canbe obtainedfrom an information diagramin conjunctionwith the basic
inequalities.Thefollowing exampleswill illustratehow it works.®©¯ ÝG°±D�Ü £ ¦Àà®á�LLK[Ø�ÙGK�M�ÝONÂHJI�ÞJÙ ¤�£ KEI�ÚÀÙGD$Þ4P

Let S l=Q ã l Ò|äÀÖ and S oRQã\o-Ò|äÀÖ . Let S Q ã/Ò|ä¾Ö 	*) ã l Ò|äÀÖ +TS) ã o Ò|äÀÖ�Ô (6.100)

where � " ) " ö and S) 	 ö4÷ ) . Wewill showthatf ÒgS�Ö õ ) f ÒgSml�Ö +TS) f ÒgSpo�Öb� (6.101)

Considerthesystemin Figure6.11in which thepositionof theswitch is deter-
minedbya randomvariable U with

7Whatyou seeis whatyouget.
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X
U

Z 
V

= 1

Z = 2

X1

X
U

2

Figure 6.11. Theschematicdiagramfor Example6.12.OtP � U 	 ö � 	*) and
OtP � U 	 ù�� 	HS) Ô (6.102)

where U is independentof Sml and Spo . Theswitch takesposition { if U 	 { ,{ 	 ö=Ô[ù . Figure 6.12showsthe informationdiagram for S and U . Fromthe
diagram,weseethat ¨S ÷ ¨U is a subsetof ¨S . Sincȩ È is nonnegativefor two
randomvariables,wecanconcludethat¸ È Ò ¨S¸Ö õ ¸ È Ò ¨S ÷ ¨U�Ö�Ô (6.103)

which is equivalentto f ÒgS�Ö õ f ÒgS ô U Öb� (6.104)

Thenf ÒgS�Ö õ f ÒgS ô ULÖ (6.105)	 O#P � U 	 ö � f ÒgS ô U 	 ö�Ö + O#P � U 	 ù�� f ÒgS ô U 	 ù8Ö (6.106)	 ) f ÒgS l Ö +WS) f ÒgS o Ö�Ô (6.107)

proving (6.101).Thisshowsthat

f ÒgS�Ö is a concavefunctionalof ã/Ò|äÀÖ .®©¯ ÝG°±D�Ü £ ¦Àà®á�²XK[Ø�ÙGK�N £ ¯ HJI�ÞJÙ ¤ °ZYBI�Y¾Ý2Ü�HJK ¤ Ù2ÚÅ°�Ý¥I�H|ÙGK[P
LetÒgS Ô=TéÖ Q ã Ò|ä2Ô�å�Ö 	 ã/Ò|ä¾Öxã/Ò|å ô ä¾Öb� (6.108)

X
\

Z

Figure 6.12. Theinformationdiagramfor Example6.12.
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YX

Z = 1

Z = 2

p] 2(      
^

)
_

y` xa
p] 1(      
^

)
_

y` xa

Figure 6.13. Theschematicdiagramfor Example6.13.

Wewill showthat for fixedã/Ò|ä¾Ö , j ÒgSdk=T Ö is a convex functionalof ã/Ò|å ô äÀÖ .
Let ã l Ò|å ô äÀÖ and ã o Ò|å ô äÀÖ be two transitionmatrices. Considerthe system

in Figure 6.13in which thepositionof theswitch is determinedby a random
variable U asin thelastexample, where U is independentof S , i.e.,j ÒgSdkbU Ö 	 �$� (6.109)

In theinformationdiagramfor S , T , and U in Figure 6.14,letj ÒgSdkbU ô TéÖ 	 � õ �$� (6.110)

Since
j ÒgSókbU Ö 	 � , weseethatj ÒgSók=T kbU Ö 	 ÷©��Ô (6.111)

because j ÒgSókbULÖ 	 j ÒgSókbU ô T Ö + j ÒgSdk=TúkbU Öb� (6.112)

Thenj ÒgSdk=TéÖ	 j ÒgSdk=T ô U Ö + j ÒgSdk=TmkbU Ö (6.113)

X
b

Z

Y

ac-ac
Figure 6.14. Theinformationdiagramfor Example6.13.
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X
Ypd (ye |xf )

Z
g

=1
pd 1(xf )

Z
g

=2
pd 2(xf )

Figure 6.15. Theschematicdiagramfor Example6.14.

	 j ÒgSdk=T ô U Ö/÷�� (6.114)" j ÒgSdk=T ô U Ö (6.115)	 O#P � U 	 ö � j ÒgSók=T ô U 	 ö�Ö + OtP � U 	 ù�� j ÒgSók=T ô U 	 ù8Ö (6.116)	 ) j Ò�ã/Ò|äÀÖ�Ô®ãBl�Ò|å ô äÀÖ�Ö +TS) j Ò�ã/Ò|äÀÖ�Ô®ãìouÒ|å ô ä¾Ö�Ö�Ô (6.117)

where
j Ò�ã/Ò|äÀÖ�Ô®ã!z&Ò|å ô äÀÖ�Ö denotesthemutualinformationbetweentheinput and

outputof a channelwith inputdistribution ã/Ò|äÀÖ andtransitionmatrix ã z Ò|å ô ä¾Ö .
Thisshowsthat for fixedã/Ò|äÀÖ , j ÒgSdk=T Ö is a convex functionalof ã/Ò|å ô äÀÖ .®©¯ ÝG°±D�Ü £ ¦Àà®áÓ¶�K[Ø�ÙGK�M�ÝONÂHJI�ÞJÙ ¤ °ZYBI�Y¾Ý2Ü�HJK ¤ Ù2ÚÅ°�Ý¥I�H|ÙGK[P

LetÒgS Ô=TéÖ Q ã Ò|ä2Ô�å�Ö 	 ã/Ò|ä¾Öxã/Ò|å ô ä¾Öb� (6.118)

Wewill showthat for fixedã/Ò|å ô äÀÖ , j ÒgSdk=T Ö is a concavefunctionalof ã/Ò|ä¾Ö .
Considerthesystemin Figure6.15,wherethepositionof theswitch is deter-

minedby a randomvariable U asin thelast example. In this system,when S
is given, T is independentof U , or Uõ� S ��T formsa Markov chain. Then¸ È is nonnegative, and theinformationdiagramfor S , T , and U is shownin
Figure6.16.

YZ
h

X

Figure 6.16. Theinformationdiagramfor Example6.14.
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FromFigure6.16,since ¨Sé� ¨T
÷ ¨U is a subsetof ¨Sã� ¨T and ¸ È is nonneg-
ative, weimmediatelyseethatj ÒgSdk=TéÖõ j ÒgSdk=T ô U Ö (6.119)	 O#P � U 	 ö � j ÒgSók=T ô U 	 ö�Ö + OtP � U 	 ù�� j ÒgSók=T ô U 	 ù8Ö (6.120)	 ) j Ò�ãBl�Ò|äÀÖ�Ô®ã/Ò|å ô äÀÖ�Ö +TS) j Ò�ã\o8Ò|äÀÖ�Ô®ã Ò|å ô ä¾Ö�Öb� (6.121)

Thisshowsthat for fixedã/Ò|å ô äÀÖ , j ÒgSdk=TéÖ is a concavefunctionalof ã/Ò|ä¾Ö .®©¯ ÝG°±D�Ü £ ¦Àà®á<ßiKJj�°ÄD £ Ú ¤$£ MìI F £ M�Ú £ M�ÞÉI å £ ÙÛÚ £ °kP
Let S be the plain

text, T betheciphertext, and U bethekey in a secret key cryptosystem.SinceS canberecoveredfrom T and U , wehavef ÒgS ô TQÔbU Ö 	 �$� (6.122)

Wewill showthat this constraint impliesj ÒgSdk=TéÖ õ f ÒgS�Ö ÷ f ÒùULÖb� (6.123)

Thequantity
j ÒgSdk=TéÖ is a measureof thesecuritylevelof thecryptosystem.

In general, we want to make
j ÒgSók=T Ö small so that the eavesdroppercannot

obtain too much informationabout the plain text S by observingthe cipher
text T . Theinequalityin (6.123)saysthat thesystemcanattaina certainlevel
of securityonly if

f ÒùU Ö (oftencalled the key length)is sufficiently large. In
particular, if perfectsecrecyis required, i.e.,

j ÒgSdk=T Ö 	 � , then

f ÒùULÖ must
be at leastequalto

f ÒgS�Ö . This specialcaseis knownas Shannon’s perfect
secrecytheorem[185]8.

Wenowprove(6.123).Letj ÒgSdk=T ô U Ö 	 � õ � (6.124)j ÒVTúkbU ô S�Ö 	 � õ � (6.125)f ÒùU ô S Ô=TéÖ 	ml õ �$Ô (6.126)

and j ÒgSók=TmkbULÖ 	�n � (6.127)

(SeeFigure 6.17.)Since
j ÒVT kbU Ö õ � ,

8Shannonuseda combinatorialargumentto prove this theorem. An information-theoreticproof canbe
foundin Massey [142].
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ao
cpb

q
d
r

0
s

X Z

Y

Figure 6.17. Theinformationdiagramfor Example6.15.� +�n õ �$� (6.128)

In comparing

f ÒgS�Ö with

f ÒùU Ö , wedo not haveto consider
j ÒgSdkbU ô TéÖ andj ÒgSdk=TúkbU Ö sincethey belongto both

f ÒgS�Ö and

f ÒùULÖ . Thenwe seefrom
Figure6.17that f ÒgS�Ö ÷ f ÒùU Ö 	 � ÷d�]÷ l � (6.129)

Therefore, j ÒgSók=TéÖ 	 � +tn (6.130)õ � ÷�� (6.131)õ � ÷�� ÷ l (6.132)	 f ÒgS�Ö6÷ f ÒùU Ö�Ô (6.133)

where (6.131)and(6.132)follow from(6.128)and(6.126),respectively, prov-
ing (6.123).

Notethat in derivingour result,theassumptionsthat

f ÒVT ô S ÔbU Ö 	 � , i.e.,
theciphertext is a functionof theplain text andthekey, and

j ÒgSókbU Ö 	 � , i.e.,
theplain text andthekey are independent,arenotnecessary.®©¯ ÝG°±D�Ü £ ¦Àà®á�¦

Figure 6.18showsthe informationdiagram for theMarkov
chain S � T � U . From this diagram, we can identify the following two
informationidentities: j ÒgSdk=TéÖ 	 j ÒgSdk=TOÔbULÖ (6.134)f ÒgS ô TéÖ 	 f ÒgS ô TOÔbU Öb� (6.135)

SincȩEÈ is nonnegativeand ¨S �ö¨U is a subsetof ¨S �*¨T , wehavej ÒgSdkbU Ö " j ÒgSdk=TéÖ�Ô (6.136)

which hasalreadybeenobtainedin Lemma2.41.Similarly, wecanalsoobtainf ÒgS ô TéÖ " f ÒgS ô ULÖb� (6.137)
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X
u

Y Z
v

Figure 6.18. Theinformationdiagramfor theMarkov chain
¿w?Txy?{z

.®©¯ ÝG°±D�Ü £ ¦Àà®á�øLK ¢ Ý¥I<ÝND�ÚÀÙ|M £ F F�HgK�} I å £ Ù2Ú £ °~P
Figure6.19showsthein-

formationdiagram for the Markov chain S � T�� UÉ� ñ . Since ¸ È is
nonnegativeand ¨S �é¨ñ is a subsetof ¨T*�ö¨U , wehavej ÒgSdk�ñ Ö " j ÒVT kbU Ö�Ô (6.138)

which is thedataprocessingtheorem(Theorem2.42).

Weendthischapterby giving anapplicationof theinformationdiagramfor
aMarkov chainwith five randomvariables.®©¯ ÝG°±D�Ü £ ¦Àà®á�þ

In this example, we prove with the help of an information
diagram that for five randomvariables S Ô=TOÔbU , ñ , and � such that S �T ��U � ñý��� formsa Markov chain,f ÒVT Ö + f Ò ñ�Ö 	j ÒùURknS Ô=TQÔ�ñ4Ô�� Ö + j ÒgS Ô=Túk�ñ4Ô�� Ö + f ÒVT ô U Ö + f Ò ñ ô U Öb� (6.139)

In theinformationdiagramfor S Ô=TQÔbU�Ô�ñ , and � in Figure6.20,wefirst iden-
tify theatomsof

f ÒVTéÖ andthentheatomsof

f Ò ñ Ö by markingeach of them
bya dot. If anatombelongsto both

f ÒVT Ö and

f Ò ñ Ö , it receivestwodots.The

X
B

TZY

Figure 6.19. Theinformationdiagramfor theMarkov chain
¿$?Wx�?�z�?W�

.
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Figure 6.20. Theatomsof � à x á�� � à � á .
resultingdiagramrepresents f ÒVTéÖ + f Ò ñ�Öb� (6.140)

By repeatingthesameprocedure forj ÒùURknS Ô=TQÔ�ñ4Ô�� Ö + j ÒgS Ô=Túk�ñ4Ô�� Ö + f ÒVT ô U Ö + f Ò ñ ô U Ö�Ô (6.141)

we obtain the informationdiagram in Figure 6.21. Comparingthesetwo in-
formationdiagrams,we find that they are identical. Hence, the information
identityin (6.139)alwaysholdsconditioningon theMarkov chain Sµ��T �Ux� ñi� � . This identity is critical in proving an outer boundon the
achievablecodingrateregion of themultipledescriptionsproblemin Fu et al.
[76]. It is virtually impossibleto discover this identitywithout thehelpof an
informationdiagram!

. .

.

. .

.
.

.

.. ..

..

..

X
�

Y Z
�

T U

Figure 6.21. Theatomsof � à z4�V¿���x/�	�<��� áO� � à ¿��	x������I� áO� � à x�� z á�� � à ��� z á .
APPENDIX 6.A: A VARIATION OF THE INCLUSION-
EXCLUSION FORMULA

In this appendix,we show that for each��=� , A à � á canbeexpressedasa linearcombi-
nationof A à��#á � � ��� via applicationsof (6.28)and(6.29).Wefirst prove by using(6.28)the
following variationof theinclusive-exclusive formula.
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For a set-additivefunction A ,A�¡ �Ù¢J£ À � ¢|¤ �;¥§¦ 0À�¨ª©�¨ � A à � © ¤ �¯á ¤ 0À�¨ª©�«¬®¨ � A à � ©2¯ � ¬ ¤ �#á� GJGJG �_à ¤4° á �²± À A à � À�¯ � Á³¯kGJGIG´¯ � � ¤ �#á�µ (6.A.1)

Proof Thetheoremwill beprovedby inductionon ¶ . First,(6.A.1) is obviously truefor ¶ ¦ ° .
Assume(6.A.1) is truefor some¶¸· ° . Now considerAR¡ ��± ÀÙ¢J£ À � ¢ ¤ �;¥¦ A¹¡º¡ �Ù¢J£ À � ¢ ¥y» � ��± À ¤ �;¥ (6.A.2)¦ A¹¡ �Ù¢I£ À � ¢ ¤ �¼¥y� A à � ��± À ¤ �#á ¤ A�¡�¡ �Ù¢J£ À � ¢ ¥ ¯ � �²± À ¤ �¼¥ (6.A.3)¦ ½ 0À�¨ª©�¨ � A à � © ¤ �¯á ¤ 0À�¨¾©¿«�¬®¨ � A à � © ¯ � ¬ ¤ �#á�� GIGJG� à ¤4° á ��± À A à � À ¯ � Á ¯ÀGJGJGÁ¯ � � ¤ �#á²Â�� A à � ��± À ¤ �#á¤ A¹¡ �Ù¢I£ À à � ¢ ¯ � �²± À á ¤ �;¥ (6.A.4)¦ ½ 0À�¨ª©�¨ � A à � © ¤ �¯á ¤ 0À�¨¾©¿«�¬®¨ � A à � © ¯ � ¬ ¤ �#á�� GIGJG�÷à ¤4° á ��± À A à � À ¯ � Á ¯~GÁGJG®¯ � � ¤ �#á²Â�� A à � ��± À ¤ �#á¤ ½ 0À�¨ª©�¨ � A à � © ¯ � ��± À ¤ �#á ¤ 0À�¨ª©�«¬®¨ � A à � © ¯ � ¬ ¯ � �²± À ¤ �¯á� GJGJG �_à ¤4° á �²± À A à � À ¯ � Á ¯kGJGIG´¯ � � ¯ � ��± À ¤ �#á²Â (6.A.5)¦ 0À�¨ª©�¨ ��± À A à � © ¤ �#á ¤ 0À�¨ª©�«¬®¨ �²± À A à � © ¯ � ¬ ¤ �¯áO� GÁGJG�¯à ¤4° á ��± Á A à � À ¯ � Á ¯~GÁGJG®¯ � �²± À ¤ �¯á�µ (6.A.6)

In the above, (6.28)wasusedin obtaining(6.A.3), andthe inductionhypothesiswasusedin
obtaining(6.A.4)and(6.A.5). Thetheoremis proved.
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Now a nonemptyatomof @ � hastheform�Ù© £ À x�©�� (6.A.7)

where
x ©

is either ¾¿ © or ¾¿�Ã© , andthereexists at leastone Ä suchthat
x © ¦ ¾¿ © . Thenwe can

write theatomin (6.A.7)as

Ù©¿Å Æ®Ç £ÉÈ� Ç ¾¿,© ¤ ÛÊÜ �¬ÁÅ ÆÁË £ÉÈ�<ÌË ¾¿4¬ Ý´ÍÞ µ (6.A.8)

Notethattheintersectionabove is alwaysnonempty. Thenusing(6.A.1)and(6.29),weseethat
for each�Î�Z� , A à � á canbeexpressedasa linearcombinationof A à��¯á � � ��� .

PROBLEMS
1. Show that j ÒgSdk=TúkbU Ö 	mÏ§Ð �¾Ñ ã/ÒgS Ô=T Öxã ÒVTQÔbU Öxã/ÒgS ÔbULÖã/ÒgS�Öxã ÒVT Öxã ÒùULÖxã ÒgS Ô=TOÔbULÖ

andobtainageneralformulafor
j ÒgS l knS o Ôrkrqrqrq knS ë Ö .

2. Show that
j ÒgSók=T kbU Ö vanishesif at leastoneof the following conditions

hold:

a) S , T , and U aremutuallyindependent;

b) Sµ��T ��U formsaMarkov chainand S and U areindependent.

3. a) Verify that
j ÒgSók=TúkbULÖ vanishesfor thedistribution ã/Ò|äÛÔ�å�Ô=<<Ö givenbyã/ÒV�$Ô=�$Ô=�uÖ 	 �$� ��Ò-ù¾�:Ô ã/ÒV�$Ô=�$Ô(ö�Ö 	 �$� �OÓ¾Ó=ù:Ô ã/ÒV�$Ô(ö=Ô=�uÖ 	 �$� ��Ò-ù¾�ã/ÒV�$Ô(ö=Ô(ö�Ö 	 �$� ��Ò-ù¾�:Ô ã/Ò�ö=Ô=�$Ô=�uÖ 	 �$� ��Ò-ù¾�:Ô ã/Ò�ö=Ô=�$Ô(ö�Ö 	 �$� ö-ör� �ã/Ò�ö=Ô(ö=Ô=�uÖ 	 �$� ö�Ô�Óª�:Ô ã/Ò�ö=Ô(ö=Ô(ö�Ö 	 �$� � Óª�?�

b) Verify that thedistribution in parta) doesnot satisfytheconditionsin
Problem2.

4. WeakindependenceS is weaklyindependentof T if therows of thetran-
sition matrix Õ ã Ò|ä ô å�Ö×Ö arelinearlydependent.

a) Show that if S and T areindependent,then S is weakly independent
of T .

b) Show thatfor randomvariablesS and T , thereexistsarandomvariableU satisfying

i) S ��T ��U
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ii) S and U areindependent
iii) T and U arenot independent

if andonly if S is weaklyindependentof T .

(BergerandYeung[22].)

5. Prove that

a)
j ÒgSdk=TúkbU Ö õ ÷Ø�¹Ù�Ú � j ÒgSdk=T ô U Ö�Ô j ÒVT kbU ô S�Ö�Ô j ÒgS ÔbU ô T Ö��

b)
j ÒgSdk=TúkbU Ö " ��ÙÛÚ � j ÒgSdk=T Ö�Ô j ÒVT kbU Ö�Ô j ÒgSdkbU Ö����

6. a) Provethatif S and T areindependent,then
j ÒgS Ô=TmkbU Ö õ j ÒgSdk=T ô U Ö .

b) Show that the inequality in part a) is not valid in generalby giving a
counterexample.

7. In Example6.15, it was shown that
j ÒgSók=T Ö õ f ÒgS�Ö�÷ f ÒùULÖ , whereS is the plain text, T is the ciphertext, and U is the key in a secretkey

cryptosystem.Giveanexampleof a secretkey cryptosystemsuchthatthis
inequalityis tight.

8. Secret sharing For a given finite set � anda collection ß of subsetsof� , a secretsharingschemeis a randomvariable ê anda family of random
variables

� S � � ã ð��Í� suchthatfor all � ðhß ,f Òoê ô S�-6Ö 	 �$Ô
andfor all ¹ÝÜðmß , f Òoê ô S¹ÞOÖ 	 f ÒoêAÖb�
Here, ê is the secret and � is the set of participantsof the scheme.A
participantã of the schemepossessesa share S � of the secret. The setß specifiesthe accessstructure of the scheme:For a subset� of � , by
pooling their shares,if � ðvß , the participantsin � can reconstructê ,
otherwisethey canknow nothingabout ê .

a) i) Prove thatfor �¥Ô=¹ÒW�� , if ¹ÝÜð�ß and �ûºm¹ ð�ß , thenf ÒgS�- ô S¹ÞQÖ 	 f ÒoêQÖ + f ÒgS�- ô S¹Þ Ô�êAÖb�
ii) Prove thatif ¹ ðmß , thenf ÒgS�- ô S¹ÞQÖ 	 f ÒgS�- ô S¹ÞÊÔ�êAÖb�
(Capocelliet al. [39].)

b) Prove that for �¥Ô=¹¨Ôbò´W � suchthat � ºÐò ðûß , ¹ ºÐò ðûß , andòßÜð�ß , then j ÒgS�-tknS¹Þ ô S¹àAÖ õ f ÒoêAÖb�
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(vanDijk [207].)

9. Considerfour randomvariablesS Ô=TQÔbU , and ñ which satisfythe follow-
ing constraints:

f Ò ñ ô S�Ö 	 f Ò ñ Ö , f Ò ñ ô S Ô=TéÖ 	 � , f Ò ñ ô T Ö 	 f Ò ñ Ö ,f ÒVT ô U Ö 	 � , and

f Ò ñ ô ULÖ 	 � . Prove that

a)

f Ò ñ ô S Ô=TQÔbU Ö 	 j ÒùURk�ñ ô S Ô=TéÖ 	 �$�
b)
j ÒgSdk�ñ ô TOÔbU Ö 	 j ÒgSdk=Tmk�ñ ô U Ö 	 j ÒVT k�ñ ô S ÔbU Ö 	 �$�

c)
j ÒgSdkbURk�ñ Ö 	 j ÒVTúkbURk�ñ Ö 	 �$�

d)

f ÒVT ô S ÔbU�Ô�ñ Ö 	 j ÒgSdk=T ô U�Ô�ñ Ö 	 � .
e)
j ÒgSdk=TúkbU Ö õ � .

f)
j ÒgSdkbU Ö õ f Ò ñ Ö .

Theinequalityin f) findsapplicationin asecretsharingproblemstudiedby
Blundoetal. [33].

In the following, we use Sâá T�ã U to denotethat S and T areindependent
given ä .

10. a) Prove that underthe constraintthat å æ ç�æ ä forms a Markov
chain, åèá�ç�ãéä and åêáWä imply åêámç .

b) Provethattheimplicationin a)continuestobevalidwithouttheMarkov
chainconstraint.

11. a) Show that çëáìä=ã í doesnot imply çëáìä=ã�î�åðïJí~ñ by giving a coun-
terexample.

b) Prove that çòáóä=ã í implies çòáóä7ã�î�åÎïJí�ñ conditioningon å æçìæôämæõí .

12. Prove thatfor randomvariableså , ç , ä , and í ,åèáTä7ã çî�åðï®ç¹ñ4áwí(ãéäçöáWä=ã íçöáWä=ã ååèá$í
÷ øøøøùøøøøú�û çìáTäÉü

Hint: Observe that å�áëä=ã ç and î�åðï®ç�ñ�áýí(ãéä areequivalentto å�æçöæôä$æóí anduseaninformationdiagram.

13. Prove that åêámçåêámçþã�îÿäÉïJí�ñämáwí=ã åämáwí=ã ç
÷ øøùøøú��

�øø� øø� ämá�íämá�í=ã�î�åÎï®ç¹ñåèámç�ãéäåèámç�ã í�ü
(Studen�� [202].)



124 A FIRSTCOURSEIN INFORMATIONTHEORY

HISTORICAL NOTES
The original work on the set-theoreticstructureof Shannon’s information

measuresis dueto Hu [102]. It wasestablishedin this paperthatevery infor-
mationidentity impliesasetidentityvia asubstitutionof symbols.Thisallows
thetoolsfor proving informationidentitiesto beusedin proving setidentities.
Sincethepaperwaspublishedin Russian,it waslargely unknown to theWest
until it wasdescribedin Csisz�� r andK �	 rner [55]. Throughoutthe years,the
useof Venndiagramsto representthestructureof Shannon’s informationmea-
suresfor two or threerandomvariableshasbeensuggestedby variousauthors,
for example,Reza[170], Abramson[2], andPapoulis[159], but noformal jus-
tification wasgivenuntil Yeung[228] introducedthe 
 -Measure.Most of the
examplesin Section6.6werepreviously unpublished.

McGill [149] proposeda multiple mutual information for any numberof
randomvariableswhich is equivalentto themutualinformationbetweentwo
or morerandomvariablesdiscussedhere.Propertiesof thisquantityhavebeen
investigatedby Kawabata[114] andYeung[228].

Along a relateddirection,Han [92] viewed the linear combinationof en-
tropiesasavectorspaceanddevelopeda lattice-theoreticdescriptionof Shan-
non’s informationmeasures.



Chapter7

MARK OV STRUCTURES

We have proved in Section6.5 that if å���æ å�yæ å��yæ å�� forms a
Markov chain,the 
 -Measure��� alwaysvanisheson thefiveatoms�å���� �å�� � �å���� �å����å���� �å � � �å���� �å���å���� �å � � �å �� � �å���å���� �å��� �å �� � �å���å �� � �å  � �å �� � �å � ü (7.1)

Consequently, the 
 -Measure� � is completelyspecifiedby the valuesof � �
on theothertennonemptyatomsof � � , andtheinformationdiagramfor four
randomvariablesformingaMarkov chaincanbedisplayedin two dimensions
asin Figure6.11.

Figure 7.1 is a graphwhich representsthe Markov chain å���æ å�§æå���æ å�� . The observant readerwould notice that � � alwaysvanisheson
a nonemptyatom � of � � if and only if the graph in Figure 7.1 becomes
disconnectedupon removing all the verticescorrespondingto the comple-
mentedset variablesin � . For example, � � always vanisheson the atom�å���� �å � � �å���� �å �� , andthegraphin Figure7.1becomesdisconnectedupon
removing vertices2 and4. On theotherhand, � � doesnot necessarilyvanish
ontheatom

�å �� � �å  � �å � � �å �� , andthegraphin Figure7.1remainsconnected

1 2
�

3 4
�

Figure 7.1. ThegraphrepresentingtheMarkov chain  "!$#% '&(#) '*�#% ,+ .
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uponremoving vertices1 and4. This observationwill beexplainedin a more
generalsettingin thesubsequentsections.

Thetheoryof 
 -Measureestablishesa one-to-onecorrespondencebetween
Shannon’s information measuresand set theory. Basedon this theory, we
develop in this chaptera set-theoreticcharacterizationof a Markov structure
calledfull conditionalmutualindependence. A Markov chain,andmoregener-
ally aMarkov randomfield, is acollectionof full conditionalmutualindepen-
dencies.Wewill show thatif acollectionof randomvariablesformsaMarkov
randomfield, thenthe structureof � � canbe simplified. In particular, when
therandomvariablesform aMarkov chain, � � exhibitsaverysimplestructure
sothattheinformationdiagramcanbedisplayedin two dimensionsregardless
of the lengthof the Markov chain,and ��� is alwaysnonnegative. (Seealso
Sections6.5and6.6.)

Thetopicsto becoveredin thischapterarefundamental.Unfortunately, the
proofsof theresultsarevery heavy. Thereadermayskip this chapterwithout
affectingfurtherreadingof thebook.

7.1 CONDITION AL MUTUAL INDEPENDENCE
In thissection,weexploretheeffectof conditionalmutualindependenceon

thestructureof the 
 -Measure� � . Webegin with a simpleexample.-/.10(2"3547698;:=<
Let å , ç , and ä bemutuallyindependentrandomvariables.

Then 
.î�å9>®ç(ñ�?@
.î�å9>®çA> ä�ñCB�
/î�åD>®çFEéä�ñ�?@G�ü (7.2)

Since
.î�åD>®çFEéä�ñ,HIG , welet
.î�åD>®çJEéä�ñK?@LMHIG�ï (7.3)

sothat 
.î�å9>®çA> ä�ñ�?ON/L³ü (7.4)

Similarly, 
.î	çM> ä�ñK?@
.î�å9>®çA> ä�ñ1BP
.î	çA> äQE å�ñ�?@G (7.5)

and 
/î�åD> ä�ñ�?@
/î�åD>®ç�> ä�ñCB�
.î�å9> äRE ç(ñ�?@G�ü (7.6)

Thenfrom(7.4),weobtain
/î	çM> äQE å�ñ�?@
/î�åD> äRE ç�ñ�?@L.ü (7.7)

Therelations(7.3), (7.4), and (7.7) are shownin the informationdiagram in
Figure 7.2,which indicatesthat å , ç , and ä are pairwiseindependent.

Wehaveprovedin Theorem2.39that å , ç , and ä aremutuallyindependent
if andonly if S î�åðï®ç�ï ä�ñ�? S î�åyñ1B S î	ç�ñCB S îÿä�ñ ü (7.8)
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aT
aT aT
-a

X
U

Z
V

Y

Figure 7.2.  , W , and X arepairwiseindependent.

Bycountingatomsin theinformationdiagram,weseethatG ? S î�åyñ�B S î	ç(ñ1B S îÿä�ñ�N S î�åðï®ç�ï äZñ (7.9)? 
/î�åD>®çFEéä�ñCB�
.î	çM> äRE åyñ�B�
.î�å9> äQE ç�ñCBPYZ
/î�åD>®ç�> ä�ñ (7.10)? L.ü (7.11)

ThusL�?@G , which implies
.î�å9>®çJEéäZñ ï[
/î	çM> äQE å�ñ ï[
.î�å9> äQE ç¹ñ ï[
/î�åD>®ç�> ä�ñ (7.12)

areall equalto 0. Equivalently, � � vanisheson�å\� �ç]N �äkï �ç^� �äIN �åtï �å\� �äIN �ç¹ï �å\� �ç^� �äÀï (7.13)

which arepreciselytheatomsin theintersectionof anytwoof thesetvariables�å ,
�ç , and

�ä .
Conversely, if � � vanisheson thesetsin (7.13),thenweseefrom(7.10)that

(7.8)holds,i.e., å , ç , and ä aremutuallyindependent.Therefore, å , ç , andä are mutually independentif and only if � � vanisheson the setsin (7.13).
Thisis shownin theinformationdiagramin Figure 7.3.

0
_

0
_ 0

_
0
_

X
`

Z
a

Y

Figure 7.3.  , W , and X aremutuallyindependent.
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Thethemeof this examplewill beextendedto conditionalmutualindepen-
denceamongcollectionsof randomvariablesin Theorem7.9, which is the
mainresultin this section.In therestof thesection,we will develop thenec-
essarytoolsfor proving this theorem.At first reading,thereadershouldtry to
understandtheresultsby studyingtheexampleswithoutgettinginto thedetails
of theproofs.

In Theorem2.39,we have proved that å���ïÁå�ªïcbcbcb�ïÁå�d aremutually inde-
pendentif andonly if S î�å � ïÁå  ïcbcbcb�ïÁå d ñK? defhg � S î�å f ñ ü (7.14)

By conditioningon a randomvariable ç , onecanreadilyprove thefollowing.ikj 6ml(nC652o8;:hp å���ïÁå�ªïcbcbcb ïÁå�d aremutuallyindependentconditioningon ç
if andonly if S î�å���ïÁå�ªïcbcbcb ïÁå�d1E ç=ñK? defhg � S î�å f E ç�ñ ü (7.15)

Wenow prove two alternative characterizationsof conditionalmutualinde-
pendence.ikj 6ml(nC652o8;:rq å���ïÁå�ªïcbcbcb ïÁå�d aremutuallyindependentconditioningon ç
if andonly if for all sutPv,tPw ,
.î�å f >Áåkx¾ïzy�{?|v}E ç�ñ�?@G�ï (7.16)

i.e., å f and î�åkx�ïzy�{?|vIñ are independentconditioningon ç .

Remark A conditionalindependency is aspecialcaseof aconditionalmutual
independency. However, this theoremsaysthata conditionalmutualindepen-
dency is equivalentto asetof conditionalindependencies.

Proof of Theorem7.3 It sufficesto provethat(7.15)and(7.16)areequivalent.
Assume(7.15)is true,sothat å���ïÁå�ªïcbcbcb�ïÁå�d aremutually independentcon-
ditioning on ç . Thenfor all v , å f is independentof î�å x ïzy9{?~vIñ conditioning
on ç . This proves(7.16).

Now assumethat(7.16)is truefor all sutIv�tPw . ConsiderG ? 
/î�å f >ÁåkxOïzy�{?|v}E ç(ñ (7.17)? 
/î�å f >Áå � ïÁå  ïcbcbcb�ïÁå f�� � E ç(ñB�
/î�å f >Áå f�� ��ïcbcbcb:ïÁå�d�E ç�ïÁå�� ïÁå�ªïcbcbcb�ïÁå f�� �²ñ ü (7.18)
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Sincemutualinformationis alwaysnonnegative, this implies
/î�å f >Áå���ïcbcbcb:ïÁå f�� ��E ç=ñ�?^G�ï (7.19)

or å f and î�å���ïÁå�¾ïcbcbcb ïÁå f�� �²ñ areindependentconditioningon ç . Therefore,å���ïÁå�ªïcbcbcb�ïÁå�d aremutuallyindependentconditioningon ç (seetheproofof
Theorem2.39),proving (7.15).Hence,thetheoremis proved.ikj 6ml(nC652o8;:�� å���ïÁå�ªïcbcbcb ïÁå�d aremutuallyindependentconditioningon ç
if andonly if S î�å���ïÁå�ªïcbcbcb�ïÁå�dCE ç(ñ�? defhg � S î�å f E ç¼ïÁåkx�ïzyJ{?@vIñ ü (7.20)

Proof It sufficesto prove that(7.15)and(7.20)areequivalent.Assume(7.15)
is true,so that å���ïÁå�ªïcbcbcb ïÁå�d aremutually independentconditioningon ç .
Sincefor all v , å f is independentof åkx�ïzyJ{?@v conditioningon ç ,S î�å f E ç(ñ�? S î�å f E ç¼ïÁåkx�ïzyJ{?@vIñ (7.21)

Therefore,(7.15)implies(7.20).
Now assumethat(7.20)is true.ConsiderS î�å���ïÁå�ªïcbcbcb ïÁå�d1E ç=ñ? de fhg � S î�å f E ç¼ïÁå���ïcbcbcb ïÁå f�� �ñ (7.22)? de fhg �c� S î�å f E ç¼ïÁåkx�ïzyJ{?@vIñ1B�
/î�å f >Áå fh� ��ïcbcbcb:ïÁå�d�E ç�ïÁå�� ïcbcbcb�ïÁå f�� �²ñz�

(7.23)? de fhg � S î�å f E ç¼ïÁå x ïzyJ{?@vIñ1B defhg � 
/î�å f >Áå fh� � ïcbcbcb:ïÁå d E ç�ïÁå � ïcbcbcb�ïÁå f�� � ñ ü
(7.24)

Then(7.20)impliesde fhg � 
/î�å f >Áå f�� � ïcbcbcb:ïÁå d E ç�ïÁå � ïcbcbcb�ïÁå f�� � ñ�?@G�ü (7.25)

Sinceall the termsin theabove summationarenonnegative, they mustall be
equalto 0. In particular, for v�?]s , we have
/î�å���>Áå�ªïcbcbcb�ïÁå�d1E ç=ñ�?^G�ü (7.26)
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By symmetry, it canbeshown that
/î�å f >Áåkx�ïzyJ{?@v}E ç�ñK?@G (7.27)

for all sutPv�tIw . Thenthis implies(7.15)by thelasttheorem,completingthe
proof.ikj 6ml(nC652o8;:h�

Let � and � f bedisjoint index setsand � f bea subsetof � f
for sMt%v�t]� , where ��H]Y . Assumethat there exist at leasttwo v such that� f {?�� . Let å��1��?óî�å���ï[�Q�^� f ñ ï�s�t�v�to� , and å��~?õî�å��×ï[�k�)�Àñ be
collectionsof randomvariables.If å �C� ï�sQtIv t|� , are mutuallyindependent
conditioningon å�� , then å�¡¢� such that � f {?£� are mutually independent
conditioningon î�å��,ïÁå��C� � ¡¢� , s�tPv�t¤� ñ .

Wefirst give anexamplebeforewe prove thetheorem.-/.10(2"3547698;:�¥
Supposeå���ï î�å�ªïÁå��ªïÁå��ªñ ï and î�å�¦ªïÁå�§:ñ are mutuallyinde-

pendentconditioningon å�¨ . By Theorem 7.5, å�� , å� , and î�å�¦ªïÁå�§ ñ are
mutuallyindependentconditioningon î�å��ªïÁå��¾ïÁå�¨�ñ .
Proof of Theorem 7.5 Assumeå �C� ï�s©tªvRto� , aremutually independent
conditioningon å�� , i.e.,S î�å��C�Áï�sktPv�tI�1E å��;ñ�? «efhg � S î�å��C�}E å��9ñ ü (7.28)

ConsiderS î�å�¡/�Áï�sutIv�t¬�1E å��,ïÁå��C� � ¡/�Jï�sutPv,t¬� ñ? S î�å �C� ï�sktPv�t¬�1E å � ñN S î�å �C� � ¡/� ï�sutPv,t¬�1E å � ñ (7.29)? «e fhg � S î�å �C� E å � ñN «efhg � S î�å��C� � ¡/�®E å��,ïÁå��5¯ � ¡�¯ªï�sktDy�tIv�NIs ñ (7.30)

H «e fhg � S î�å��C�°E å���ïÁå��5¯ � ¡�¯¾ï�sutDyAtPv(NIs ñN «efhg � S î�å �C� � ¡/� E å � ïÁå �5¯ � ¡�¯ ï�sktDy�tIv�NIs ñ (7.31)

? «e fhg � S î�å�¡/�}E å��,ïÁå��5¯ � ¡�¯ªï�skt�yAtPvIñ (7.32)

H «e fhg � S î�å�¡/�}E å��,ïÁå��5¯ � ¡�¯ªï�skt�yAt¬� ñ ü (7.33)
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In thesecondstepwehaveused(7.28),andthetwo inequalitiesfollow because
conditioningdoesnot increaseentropy. On theotherhand,by the chainrule
for entropy, we haveS î�å ¡/� ï�sktPv�t¬�1E å � ïÁå �C� � ¡/� ï�sutIv�t¬� ñ? «efhg � S î�å�¡¢�®E å��,ï î�å��5¯ � ¡�¯ªï�skt9y�t¬� ñ ï î�å�¡¢±Jï�sutI�tPv(NPs ñÁñ ü

(7.34)

Therefore,it follows from (7.33)that«e fhg � S î�å�¡/�°E å���ïÁå��5¯ � ¡�¯¾ï�sutDyAt¬� ñ (7.35)t S î�å�¡¢�Jï�skt�v�t¤�1E å��,ïÁå��C� � ¡/�Jï�s²tPv�t¬� ñ (7.36)? «efhg � S î�å ¡¢� E å � ï î�å �5¯ � ¡�¯ ï�skt9y�t¬� ñ ï î�å ¡ ±Jï�sutI�tPv(NPs ñÁñ ü
(7.37)

However, sinceconditioningdoesnotincreaseentropy, the v th termin thesum-
mationin (7.35)is lower boundedby the v th termin thesummationin (7.37).
Thuswe concludethat theinequalityin (7.36)is anequality. Hence,thecon-
ditionalentropy in (7.36)is equalto thesummationin (7.35),i.e.,S î�å ¡/� ï�sutPv,t¬�1E å � ïÁå �C� � ¡¢� ï�sutPv,t¬� ñ (7.38)? «e fhg � S î�å ¡/� E å � ïÁå �m¯ � ¡�¯ ï�sutDyAt¬� ñ ü (7.39)

Thetheoremis proved.

Theorem7.5 specifiesa setof conditionalmutual independencies(CMI’s)
whichis impliedby aCMI. Thistheoremis crucialfor understandingtheeffect
of aCMI on thestructureof the 
 -Measure��� , whichwe discussnext.³�652´2¢0^8;:h8

Let îÿä f �ïcbcbcb ï ä f�µ �Jñ ï�sRt¤v/t|¶ , be ¶ collectionsof randomvari-
ables,where ¶RH¬Y , andlet ç bea randomvariable, such that îÿä f � ïcbcbcb ï ä frµ � ñ ,s�tPv�tP¶ , aremutuallyindependentconditioningon ç . Then� ��·¸I¹ºfhg �

µ �ºx g � �ä f x¢N �ç²»¼O?@G�ü (7.40)
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We first prove thefollowing setidentity which will beusedin proving this
lemma.³�652´2¢0^8;:r½

Let ¾ and í bedisjoint index sets,and � f and ¿ besets.Let �
bea set-additivefunction.Then� ·¸´À ºf�ÁÃÂ � f�Ä � ·¸ ºx Á�Å �'xc»¼]N�¿Q»¼? eÂÇÆhÈ;Â eÅ;ÆhÈÉÅ îÊNus ñ}Ë Â Æ Ë � Ë Å Æ Ëî��¼î=� Â Æ N�¿�ñCBÌ�¼î=� Å Æ NÍ¿�ñN��¼î=� Â Æ�Î Å Æ N�¿�ñÁñ/ï

(7.41)
where � ÂÇÆ denotesÏ f�ÁZÂÇÆ � f .
Proof Theright handsideof (7.41)is equaltoeÂ Æ È;Â eÅ Æ ÈÉÅ îÊNks ñ Ë Â Æ Ë � Ë Å Æ Ë �¼î=� Â Æ N�¿�ñCB eÂ Æ È;Â eÅ Æ ÈÉÅ îÊNus ñ Ë Â Æ Ë � Ë Å Æ Ë �¼î=� Å Æ N�¿�ñN eÂ Æ È;Â eÅ Æ ÈÉÅ îÊNus ñ}Ë Â Æ Ë � Ë Å Æ Ë �¼î=� Â Æ Î Å Æ N�¿�ñ ü (7.42)

NoweÂÃÆhÈ;Â eÅmÆhÈÉÅ îÊNus ñ Ë Â Æ Ë � Ë Å Æ Ë �¼î=� Â Æ N�¿�ñ�? eÂÃÆhÈ;Â îÊNus ñ Ë Â Æ Ë �¼î=� Â Æ N�¿�ñ eÅmÆÐÈÉÅ îÊNus ñ Ë Å Æ Ë ü
(7.43)

Since eÅ;ÆÐÈÉÅ îÊNus ñ Ë Å Æ Ë ? Ë Å Ëe« g�Ñ Ò E íRE�ÔÓ îÊNks ñ « ?@G (7.44)

by thebinomialformula1, we concludethateÂÃÆÐÈ;Â eÅmÆÐÈÉÅ îÊNus ñ Ë Â Æ Ë � Ë Å Æ Ë �¼î=� Â Æ N�¿�ñK?@G�ü (7.45)

Similarly, eÂ Æ È;Â eÅ Æ ÈÉÅ îÊNus ñ Ë Â Æ Ë � Ë Å Æ Ë �¼î=� Å Æ N�¿�ñK?@G�ü (7.46)

1This canbeobtainedby letting Õ g � and Ö gA� � in thebinomialformula× Õ � ÖÙØÛÚ ÜÝÚ g Ú ÜÝÚe ÞÊßáà(â Ë Å Ë«\ã Õ
Þ ÖÊÚ Ü7Ú ä Þcå
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Therefore,(7.41)is equivalentto� ·¸ À ºf�ÁZÂ � f�Ä � ·¸ ºx Á�Å �'xc»¼ N�¿Q»¼ ? eÂ Æ È;Â eÅ Æ ÈÉÅ îÊNus ñ Ë Â Æ Ë � Ë Å Æ Ë � � �¼î=� Â Æ�Î Å Æ N�¿(ñ
(7.47)

which can readily be obtainedfrom Theorem6.A.1. Hence,the lemmais
proved.

Proof of Lemma 7.7 Wefirst prove thelemmafor ¶u?^Y . By Lemma7.8,� � ·¸ ºfhg �
µ �ºx g � �ä f x/N �çk»¼æ?

eÂ Æ È$ç �éèëêëêëê è µ !íì eÅ Æ È$ç �éèëêëêëê è µ &[ì îÊNus ñ}Ë
Â Æ Ë � Ë Å Æ Ë(îïÙ� � ·¸Jðx ÁZÂÇÆ �ä'��x/N �ç »¼

B�� � ·¸ ð« Á�Å Æ
�ä  « N �çk»¼ NÍ� � ·¸ ·¸ ðx ÁZÂ Æ �ä,��x�»¼ Ï ·¸ ð« Á�Å Æ

�ä  « »¼ N �ç²»¼kñò ü (7.48)

Theexpressionin thesquarebracket is equaltoS îÿä ��x ïzyA��¾�óÙE ç=ñ�B S îÿä  « ï®�F��í¢óÙE ç=ñN S îÁîÿä,��x�ïzyM�J¾ ó ñ ï îÿä  « ï®�ô��í ó ñcE ç(ñ ï (7.49)

which is equalto 0 becauseîÿä ��x ïzy©��¾ ó ñ and îÿä  « ï®�D��í ó ñ areindependent
conditioningon ç . Thereforethelemmais provedfor ¶k?^Y .

For ¶�õ¬Y , wewrite� � ·¸ ¹ºfhg �
µ �ºx g � �ä f x/N �ç »¼ ?|� � ·¸ ·¸ ¹ � �ºfhg �

µ �ºx g � �ä f x »¼ � ·¸
µhöºx g � �ä ¹ x »¼ N �ç »¼ ü (7.50)

Since îÁîÿä f ��ïcbcbcb�ï ä frµ �Iñ ï�s�tªv�t�¶�N)s ñ and îÿä ¹ ��ïcbcbcb�ï ä ¹ µ ö ñ areindependent
conditioningon ç , uponapplyingthelemmafor ¶k?^Y , we seethat� � ·¸ ¹ºfhg �

µ �ºx g � �ä f x¢N �ç »¼O?@G�ü (7.51)

Thelemmais proved.ikj 6ml(nC652o8;:r÷
Let í and � f ï�sutPv,t¬� , bedisjoint index sets,where ��H¬Y ,

and let å �1� ?êî�å��×ï[���|� f ñ ï�s�tævRt�� , and å Å ?èî�å��×ï[�u��í�ñ be collec-
tions of randomvariables. Then å��C�Jï�s�tævRt�� , are mutually independent
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conditioningon å Å if andonly if for any �9��ï°��2ïcbcbcb ï°� « , where � f¢ø � f ,sutPv�t¬� , if there exist at leasttwo v such that � f {?)� , then� � ·¸k·¸ «ºf�g � ºx Á ¡¢� �å x »¼]N �å Å Î × Î Þ� ß ! × �C� � ¡¢� ØÐØ »¼]?@G�ü (7.52)

Wefirst giveanexamplebeforeproving this fundamentalresult.Thereader
shouldcomparethisexamplewith Example7.6.-/.10(2"3547698;:=<Çù

Supposeå���ï î�å�¾ïÁå��ªïÁå��:ñ ï and î�å�¦�ïÁå�§ ñ are mutually in-
dependentconditioningon å�¨ . By Theorem7.9,� � î �å��� �å��� �å�¦�� �å�§ N�î �å���Ï �å���Ï �å�¨ñÁñ�?@G�ü (7.53)

However, thetheoremdoesnotsay, for instance, that� � î �å  � �å � N�î �å � Ï �å � Ï �å ¦ Ï �å § Ï �å ¨ ñÁñ (7.54)

is equalto 0.

Proof of Theorem 7.9 We first prove the ‘if ’ part. Assumethat for any�9�ï°��ªïcbcbcb ï°� « , where � f�ø � f , s�t\v�tú� , if thereexist at leasttwo v
suchthat � f {?^� , then(7.52)holds.ConsiderS î�å �C� ï�sutPv,t¬�1E å Å ñû? � � â �å Î Þ� ß ! �1� N �å Å ã (7.55)? eü ÁZÂ � � î=¿�ñ ï (7.56)

where ¾ consistsof setsof theform·¸ «ºfhg � ºx Á ¡/� �å x »¼ N �å Å Î × Î Þ� ß ! × �C� � ¡¢� ØÐØ (7.57)

with � f ø � f for s�t|v/t^� andthereexistsat leastone v suchthat � f {?~� .
By our assumption,if ¿ý�¬¾ is suchthat thereexist at leasttwo v for which� f {?ú� , then � � î=¿�ñQ?\G . Therefore,if � � î=¿�ñ is possiblynonzero,then ¿
mustbesuchthatthereexistsauniquev for which � f {?^� . Now for sutPv�t¬� ,
let ¾�� bethesetconsistingof setsof theform in (7.57)with � fø � f , � f {?^� ,
and �Í�;?^� for �'{?|v . In otherwords, ¾ f consistsof atomsof theform·¸ ºx Á ¡/� �åkx »¼ N �å Å Î î Î ±hþß � �C± ñ Î × �C� � ¡¢� Ø (7.58)
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with � f�ø � f and � f {?^� . Theneü ÁZÂ � � î=¿�ñ�? «efhg � eü ÁZÂ � � � î=¿�ñ ü (7.59)

Now �å��C�1N �å Å Î î Î ±hþß � � ± ñ? ðÿ �����7�ÿ � þß � îï ·¸ ºx Á ¡/� �åkx�»¼~N �å Å Î î Î ±hþß � � ± ñ Î × �C� � ¡¢� Ø ñò (7.60)

? ðü ÁÃÂ � ¿�ü (7.61)

Since� � is set-additive, we have� � â �å��C�CN �å Å Î î Î ±hþß � �1± ñ ã ? eü ÁZÂ � � � î=¿�ñ ü (7.62)

Hence,from (7.56)and(7.59),we haveS î�å��C�Jï�sutPv,t¬�1E å Å ñ? «e fhg � eü ÁÃÂ � � � î=¿�ñ (7.63)

? «e fhg � � � â �å��C�1N �å Å Î î Î ±hþß � �C± ñ ã (7.64)

? «e fhg � S î�å��C�°E å Å ïÁå�� ± ï[� {?|vJñ ï (7.65)

where(7.64) follows from (7.62). By Theorem7.4, å��C�Jï�s¤t v�t � , are
mutuallyindependentconditioningon å Å .

We now prove the ‘only if ’ part. Assumeå��C�Jï�sÍt v�t\� , aremutually
independentconditioningon å Å . For any collectionof sets�9�ï°��ªïcbcbcb�ï°� « ,where � fkø � f , s�t�v�tª� , if thereexist at leasttwo v suchthat � f {?ú� ,
by Theorem7.5, å�¡/�®ï�sMt~v�tO� , aremutually independentconditioningonî�å Å ïÁå �C� � ¡¢� ï�s�t@v¢t)� ñ . By Lemma7.7,we obtain(7.52). Thetheoremis
proved.

7.2 FULL CONDITION AL MUTUAL INDEPENDENCE��6��	��
�����=l�
¬8;:=<É<
A conditionalmutualindependencyon å��ïÁå�ªïcbcbcb:ïÁå�d is

full if all å � ïÁå  ïcbcbcb:ïÁå d are involved. Such a conditionalmutual indepen-
dencyis calleda full conditionalmutualindependency(FCMI).
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For w�?�� ,å�� , å�ªïÁå�� , and å�¦ are mutuallyindependentconditioningon å��

is an FCMI. However,å�� , å� , and å�¦ are mutuallyindependentconditioningon å��
is notan FCMI becauseå�� is not involved.

As in thepreviouschapters,we let� dR?��ásªï®Y�ïcbcbcb2ïéw���ü (7.66)

In Theorem7.9,if í�Ï À «ðfhg � � f�Ä ? � d ï (7.67)

thenthetuple î íºï°� f ï�skt¤v't¤� ñ definesthefollowing FCMI on å��ïÁå�ªïcbcbcb ïå�d :��� å�� ! ïÁå�� & ïcbcbcb ïÁå�� Þ aremutuallyindependentconditioningon å Å .

Wewill denote
�

by î íºï°� f ï�skt�v,t¬� ñ .��6��	��
�����=l�
¬8;:=<Çq
Let

� ?öî íºï°� f ï�s²tIv,t¤� ñ bean FCMI on å � ïÁå  ïcbcbcb ïå�d . Theimage of
�

, denotedby ��� î � ñ , is thesetof all atomsof �/d which
hastheformof thesetin (7.57),where � f ø � f , sutIv�t¬� , andthere exist at
leasttwo v such that � f {?)� .�¢n�l�3;l�������=l�
¬8;:=<Ã�

Let
� ?ßî íºï°� � ï°�  ñ bean FCI (full conditionalinde-

pendency)on å���ïÁå�ªïcbcbcb�ï:å�d . Then

���Îî � ñ�?����]�! � � ø î �å�� ! � �å�� & N �å Å ñ"��ü (7.68)

�¢n�l�3;l�������=l�
¬8;:=<7�
Let

� ?ìî íºï°� f ï�sutIv�t¬� ñ beanFCMI on å���ïÁå�ªïcbcbcb ïå�d . Then

���Îî � ñ�? �� � �~�! � � ø ð�$# f % x&# « î
�å��C�m� �å��5¯¢N �å Å ñ ÷ ùú ü (7.69)

Thesetwo propositionsgreatlysimplify the descriptionof ���Îî � ñ . Their
proofsareelementaryandthey areleft asexercises.We first illustratethese
two propositionsin thefollowing example.
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Considerw¤?(' andFCMI’s

� �Q?èî)�+*,��ï-�ás.��ï-� Y�ï$'	�2ñ and� ¢?ìîÛ��ï-�ás.��ï-� Y�ï"*,��ï-�/'	�ªñ . Then

���Îî � �²ñ�?����]�0 � � ø î �å���� �å ç }è � ì N �å���ñ"� (7.70)

and

��� î �  ñK?1���~�2 � � ø î �å � � �å ç }è � ì ñ®Ï�î �å ç }è � ì � �å � ñ®Ï�î �å � � �å � ñ"��ü (7.71)ikj 6ml(nC652o8;:�<78
Let

�
be an FCMI on å���ïÁå�ªïcbcbcb ïÁå�d . Then

�
holds if

andonly if � � î=��ñ�?@G for all �]�3���Îî � ñ .
Proof First, (7.67) is true if

�
is an FCMI. Then the set in (7.57) can be

writtenas ·4¸ ºx Á Î Þ� ß ! ¡/� �åkx »"5¼ N �å7698 � Î Þ� ß ! ¡/� ï (7.72)

which is seento beanatomof �/d . Thetheoremcanthenbeprovedby adirect
applicationof Theorem7.9to theFCMI

�
.

Let �)?)� dfhg � �ç f beanonemptyatomof �/d . Definetheset:<; ?���v�� � d � �ç f ? �å �f ��ü (7.73)

Notethat � is uniquelyspecifiedby
:�;

because�@? ·¸ ºf�Á 6=8 � >@? �å f »¼^� ·¸ ºf�Á >@? �å �f »¼æ? ·¸ ºf�Á 698 � >A? �å f »¼]N �å > ? ü (7.74)

Define B7î=�~ñ�?)wJN@E :<; E astheweightof theatom � , thenumberof
�å f in �

which arenot complemented.We now show thatanFCMI
� ? î í�ï°� f ï�sAtv�t¤� ñ is uniquelyspecifiedby ���yî � ñ . First,by letting � f ?%� f for sut¬v�t� in Definition 7.13,we seethattheatom·4¸ ºx Á Î Þ� ß ! �1� �å x » 5¼ N �å Å (7.75)

is in ��� î � ñ , andit is theuniqueatomin ���Îî � ñ with thelargestweight.From
this atom, í canbe determined.To determine� f ï�s9t\v�t � , we definea
relation C on í � ? � d	D í asfollows. For ��ï[� ó ��í � , î=�Iï[� ó ñ is in C if andonly if

i) �1?@� ó ; or
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ii) thereexistsanatomof theform�å��7� �å�� Æ � º!�E ¯ E 8¯ þß ±GF ± Æ �çÝx (7.76)

in  ]NH���Îî � ñ , where
�ç x¢? �åkx or

�å �x .
Recallthat  is thesetof nonemptyatomsof �/d . Theideaof ii) is that î=�Iï[� ó ñ
is in C if and only if �Iï[� ó �ª� f for some s¤t v�t � . Then C is reflexive
andsymmetricby construction,andis transitive by virtue of the structureof���Îî � ñ . In otherwords, C is anequivalencerelationwhich partitions í � into��� f ï�sktPv�t¤�I� . Therefore,

�
and ���Îî � ñ uniquelyspecifyeachother.

The imageof anFCMI
�

completelycharacterizestheeffect of
�

on the
 -Measurefor å���ïÁå�ªïcbcbcb�ïÁå�d . The joint effect of morethanoneFCMI can
easilybedescribedin termsof theimagesof theindividual FCMI’s. LetJ ?�� � ��ï�sktP�KtLKM� (7.77)

bea setof FCMI’s. By Theorem7.9,
� � holdsif andonly if ��� vanisheson

theatomsin Im î � ��ñ . Then
� ��ï�s�t^�'t�K hold simultaneouslyif andonly if��� vanisheson theatomsin Ï «� g � ���Îî � ��ñ . This is summarizedasfollows.��6��	��
�����=l�
¬8;:=<Ç½

Theimage of a setof FCMI’s
J ?N� � ��ï�sJtæ��tOKM� is

definedas

���Îî J ñ�? «ð� g � ��� î � ��ñ ü (7.78)ikj 6ml(nC652o8;:�<Ç÷
Let

J
bea setof FCMI’sfor å���ïÁå�ªïcbcbcb:ïÁå�d . Then

J
holds

if andonly if � � î=�~ñ�?@G for all � �3���yî J ñ .
In probability problems,we areoften given a setof conditionalindepen-

denciesandwe needto seewhetheranothergiven conditionalindependency
is logically implied. This is calledthe implicationproblemwhich will bedis-
cussedin detail in Section12.5. The next theoremgives a solution to this
problemif only FCMI’sareinvolved.ikj 6ml(nC652o8;:hpÝù

Let
J � and

J  betwo setsof FCMI’s. Then
J � implies

J 
if andonly if ���Îî J  ñ ø ���Îî J �²ñ .
Proof Wefirst prove thatif ��� î J  ñ ø ��� î J �²ñ , then

J � implies
J  . Assume���Îî J  ñ ø ���Îî J �²ñ and

J � holds. Thenby Theorem7.19, ���ªî=��ñ¢?]G for all�\�P���yî J �²ñ . Since ��� î J  ñ ø ��� î J �²ñ , this implies that � � î=�~ñ�?æG for all�æ�Q���Îî J  ñ . Again by Theorem7.19,this implies
J  alsoholds.Therefore,

if ���yî J  ñ ø ��� î J �²ñ , then
J � implies

J  .
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Wenow provethatif
J � implies

J  , then ���Îî J  ñ ø ���Îî J �²ñ . Toprovethis,
we assumethat

J � implies
J  but ��� î J  ñu{ø ��� î J �²ñ , andwe will show that

this leadsto a contradiction.Fix a nonemptyatom �£�R���Îî J  ñ,NS���Îî J �²ñ .
By Theorem6.11, we canconstructrandomvariableså���ïÁå�ªïcbcbcb�ïÁå�d such
that ��� vanisheson all theatomsof �/d exceptfor � . Then ��� vanisheson all
theatomsin ��� î J �²ñ but not on all theatomsin ���Îî J  ñ . By Theorem7.19,
this impliesthatfor å � ïÁå  ïcbcbcb�ïÁå d soconstructed,

J � holdsbut
J  doesnot

hold. Therefore,
J � doesnot imply

J  , which is acontradiction.Thetheorem
is proved.

Remark In the courseof proving this theoremandall its preliminaries,we
have usednothingmorethanthebasicinequalities.Therefore,wehave shown
that thebasicinequalitiesarea sufficient setof tools to solve the implication
problemif only FCMI’sareinvolved.T l(n$l(4á4á0�n,U@8;:hp;<

Two setsof FCMI’sare equivalentif andonly if their im-
agesare identical.

Proof Two setof FCMI’s
J � and

J  areequivalentif andonly ifJ � û J  and
J  û J �ü (7.79)

Thenby thelasttheorem,this is equivalentto ���Îî J  ñ ø ���Îî J � ñ and ���yî J � ñø
���Îî J  ñ , i.e., ��� î J  ñK?V���yî J �²ñ . Thecorollaryis proved.

Thus a setof FCMI’s is completelycharacterizedby its image. A setof
FCMI’s is a set of probabilisticconstraints,but the characterizationby its
image is purely set-theoretic! This characterizationoffers an intuitive set-
theoreticinterpretationof the joint effect of FCMI’s on the 
 -Measureforå���ïÁå�ªïcbcbcb�ïÁå�d . For example, ���Îî � �²ñ'�W��� î �  ñ is interpretedas the ef-
fect commonlydue to

� � and
�  , ��� î � �²ñ N����Îî �  ñ is interpretedas the

effectdueto
� � but not

�  , etc.Weendthissectionwith anexample.-/.10(2"3547698;:ÐpÉp
Considerw�?X' . Let� �,?ìîÛ��ï-�ásªï®Y�ï"*,��ï-�/'	�2ñ ï � ¢?ìîÛ��ï-�ásªï®Y�ï$'	��ï-�+*,�2ñ (7.80)� �¢?ìîÛ��ï-�ásªï®Y,��ï-�+*�ï$'	�2ñ ï � �"?ìîÛ��ï-�ásªï"*,��ï-� Y�ï$'	�2ñ (7.81)

andlet
J � ?�� � � ï �  � and

J  ?�� � � ï � � � . Then

��� î J �²ñK?V���yî � �²ñCÏ2���Îî �  ñ (7.82)

and ���Îî J  ñ�?V���Îî � � ñCÏY��� î � �:ñ ï (7.83)
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where ���Îî � �²ñ ? ���]�! � � ø î �å ç �éè }è � ì � �å��:ñ"� (7.84)���Îî �  ñ ? ���]�! � � ø î �å ç �éè }è � ì � �å�� ñ"� (7.85)���Îî � � ñ ? ���]�! � � ø î �å ç �éè  ì � �å ç �}è � ì ñ"� (7.86)���Îî � �:ñ ? ���]�! � � ø î �å ç �éè � ì � �å ç }è � ì ñ"��ü (7.87)

It canreadilybeseenbyusinganinformationdiagramthat ��� î J �²ñ ø ���Îî J  ñ .
Therefore,

J  implies
J � . Notethat no probabilistic argumentis involvedin

thisproof.

7.3 MARK OV RANDOM FIELD
A Markov randomfield is a generalizationof a discretetime Markov chain

in thesensethat the time index for the latter, regardedasa chain,is replaced
by a generalgraphfor the former. Historically, thestudyof Markov random
field stemsfrom statisticalphysics.TheclassicalIsingmodel,whichis defined
on a rectangularlattice,wasusedto explaincertainempiricallyobservedfacts
aboutferromagneticmaterials.In this section,we explore thestructureof the
 -Measurefor aMarkov randomfield.

Wereferthereaderto textbookson graphtheory(e.g.[34]) for formal defi-
nitionsof thegraph-theoreticterminologiesto beusedin therestof thechapter.
Let Z)?ìî\[;ï^]7ñ beanundirectedgraph,where[ is thesetof verticesand ] is
thesetof edges.We assumethatthereis no loop in Z , i.e., thereis no edgeinZ which connectsa vertex to itself. For any (possiblyempty)subset

:
of [ ,

denoteby Z7D : thegraphobtainedfrom Z by eliminatingall theverticesin
:

andall theedgesjoining a vertex in
:

.
Theconnectivity of a graphpartitionsthegraphinto subgraphscalledcom-

ponents, i.e., two verticesarein the samecomponentif andonly if they are
connected.Let _�î : ñ be thenumberof distinct componentsin Z7D : . Denote
the setsof verticesof thesecomponentsby [ � î : ñ ï�[  î : ñ ïcbcbcb2ï�[a` × > Ø î : ñ . If_�î : ñ'õ^s , we saythat

:
is acutsetin Z .��6��	��
�����=l�
¬8;:ÐpÝqcb$dÌ0�nfe�l�g©n�0�
ih�l�2j�	��654@hlk

Let Z%?öî\[4ï^]=ñ beanundi-
rectedgraph with [ ? � d¬?��ásªï®Y�ïcbcbcb2ïéw�� , and let å f be a randomvari-
ablecorrespondingto vertex v . Then å���ïÁå�ªïcbcbcb ïÁå�d form a Markov random
field representedby Z if for all cutsets

:
in Z , thesetsof randomvariablesånm ! × > Ø ïÁånm & × > Ø ïcbcbcb ïÁånm&o)prqts × > Ø aremutuallyindependentconditioningon å > .

Thisdefinitionof aMarkov randomfield is referredto astheglobalMarkov
propertyin theliterature.If å���ïÁå�ªïcbcbcb�ïÁå�d form aMarkov randomfield rep-
resentedby agraph Z , wealsosaythat å � ïÁå  ïcbcbcb:ïÁå d form aMarkov graphZ . When Z is achain,we saythat å���ïÁå�ªïcbcbcb�ïÁå�d form aMarkov chain.
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In thedefinitionof a Markov randomfield, eachcutset
:

in Z specifiesan
FCMI on å � ïÁå  ïcbcbcb:ïÁå d , denotedby � : � . Formally,� : � � å m ! × > Ø ïcbcbcb:ïÁå m&o)prqts × > Ø aremutuallyindependentconditioningon å > .

For acollectionof cutsets
: ��ï : ªïcbcbcb ï : « in Z , we introducethenotation� : ��ï : ªïcbcbcb:ï : « �$? � : �é�vu � : }�vu©bcbcbtu � : « � (7.88)

where‘ u ’ denotes‘logical AND.’ Usingthisnotation,å���ïÁå�ªïcbcbcb:ïÁå�d form a
Markov graph Z if andonly if� : ø [ �w: {?V[ and _�î : ñ'õ)s}� (7.89)

holds. Therefore,a Markov randomfield is simply a collection of FCMI’s
inducedby agraph.

We now definetwo typesof nonemptyatomsof �/d with respectto a graphZ . Recallthedefinitionof theset
:�;

for anonemptyatom � of �/d in (7.73).��6��	��
�����=l�
¬8;:Ðp7�
For a nonemptyatom � of �/d , if _�î :�; ñ/?\s , i.e., Z7D :�;

is connected,then � is a TypeI atom,otherwise� is a TypeII atom.Thesets
of all TypeI andTypeII atomsof � d are denotedby í � and í  , respectively.ikj 6ml(nC652o8;:hpÉ� å � ïÁå  ïcbcbcb�ïÁå d form a Markov graph Z if and only if � �
vanishesonall TypeII atoms.

Beforeweprovethistheorem,wefirst statethefollowing propositionwhich
is thegraph-theoreticanalogof Theorem7.5. Theproof is trivial andis omit-
ted. This propositionandTheorem7.5 togetherestablishananalogybetween
the structureof conditionalmutual independenceand the connectivity of a
graph.Thisanalogywill playakey role in proving Theorem7.25.�¢n�l�3;l�������=l�
¬8;:ÐpÝ¥

Let � and � f be disjoint subsetsof thevertex set [ of
a graph Z and � f be a subsetof � f for sJt�vQtª� , where �IH Y . Assume
that there exist at least two v such that � f {?�� . If � f ï�s�t v�to� , are dis-
connectedin Z7DÃ� , then those � f which are nonemptyare disconnectedinZ7D�îÙ�¤ÏYx «fhg � îÙ� f N9� f ñÁñ .-/.10(2"3547698;:ÐpÉ8

In thegraph Z in Figure 7.4, �ás.� , � Y�ï"*�ï$'	� , and �+��ï"y,� are
disjoint in Z7D@�.z@� . ThenProposition7.26saysthat �ás.� , � Y,� , and �+��ï"y,� are
disjoint in Z{D@�+*�ï$' ï�z@� .
Proof of Theorem 7.25 Recall the definition of the set

:�;
for a nonempty

atom � in (7.73).Wenotethat � :<; ï[�O�2 |� containspreciselyall theproper
subsetsof

� d . Thusthesetof FCMI’sspecifiedby thegraph Z canbewritten
as � :�;}� �~�! and _�î :<; ñ,õ%s}� (7.90)
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Figure 7.4. Thegraph ~ in Example7.27.

(cf. (7.89)).By Theorem7.19,it sufficesto prove that

���Îî � :<;H� �~�! and _�î :�; ñ,õ)s}��ñ�?wí�ªï (7.91)

whereí� wasdefinedin Definition7.24.
Wefirst prove thatí� ø ��� î � :<;H� � �2 and _�î :<; ñ'õ)s}��ñ ü (7.92)

Consideranatom �æ�ðíC sothat _�î :<; ñ/õ~s . In Definition 7.13,let í)? :<;
,�I?�_�î :�; ñ , and � f ?�[

f î :<; ñ for sÍt\v�tc_�î :�; ñ . By considering� f ?[
f î :<; ñ for sutPv,tS_�î :<; ñ , we seethat �]�Y��� î � :<; ��ñ . Therefore,íC ? ���~�! � _�î :�; ñ,õ)s.� (7.93)ø ð; Á �l� ` × >@? Ø�� � ���yî � :<; ��ñ (7.94)? ���Îî � : ; � �]�! and _�î : ; ñ õ)s}��ñ ü (7.95)

Wenow prove that

���Îî � : ; � �~�! and _�î : ; ñ,õ)s}��ñ ø í  ü (7.96)

Consider�ª�}��� î � : ; � � �Q and _�î : ; ñ´õOs}��ñ . Thenthereexists � � �M 
with _�î :<;f� ñ'õ)s suchthat � �����Îî � :<;f� ��ñ . FromDefinition 7.13,�)? ·4¸ ºx Á Î o)prq ? � s� ß ! ¡/� �åkx » 5¼ N �å > ? � Î â Î o)prq ? � s� ß ! × m � × > ? � Ø � ¡/� Ø ã ï (7.97)

where � fKø [ f î :�;�� ñ , sktIv�tX_�î :�;�� ñ , andthereexist at leasttwo v suchthat� f {?)� . It follows from (7.97)andthedefinitionof
: ;

that

:<; ? :<;f� Ï ` × > ? � Øðfhg � î\[ f î :<;f� ñN9� f ñ ü (7.98)
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1

2
�

3 4

Figure7.5. Thegraph ~ in Example7.28.

With
:�; �

playingtheroleof � and [
f î :<; � ñ playingtheroleof � f in Proposi-

tion 7.26,weseeby applyingthepropositionthatthose(at leasttwo) � f which
arenonemptyaredisjoint in

Z}D · ¸ :�;�� Ï ·¸ ` × > ? � Øðfhg � î\[ f î :<;f� ñN9� f ñ »¼Q»¼O?�Z7D :�; ü (7.99)

This implies _�î :<; ñ´õæs , i.e., ��� íC . Therefore,we have proved(7.96),and
hencethetheoremis proved.-/.10(2"3547698;:ÐpÝ½

With respectto thegraph Z in Figure 7.5,theTypeII atoms
are�å���� �å��� �å©�� � �å��ªï �å��� � �å��� �å©�� � �å��ªï �å���� �å�� � �å©�� � �å��ªï (7.100)

while the other twelvenonemptyatomsof �/� are TypeI atoms.Therandom
variableså��ïÁå�ªïÁå��¾ï and å�� forma Markov graph Z if andonly if � � î=�~ñ�?G for all TypeII atoms� .

7.4 MARK OV CHAIN
WhenthegraphZ representingaMarkov randomfield isachain,theMarkov

randomfield becomesa Markov chain. In this section,we will show that the
informationdiagramfor a Markov chaincanbedisplayedin two dimensions.
Wewill alsoshow thatthe 
 -Measure� � for aMarkov chainis alwaysnonneg-
ative. This characteristicof ��� facilitatesthe useof the informationdiagram
becauseif ¿ is seento beasubsetof ¿ ó in theinformationdiagram,then� � î=¿ ó ñ�?|� � î=¿(ñCB�� � î=¿ ó N�¿�ñ,HP� � î=¿�ñ ü (7.101)

Thesetwo propertiesarenotpossessedby ageneralMarkov randomfield.
Without lossof generality, we assumethat theMarkov chainis represented

by the graph Z in Figure7.6. This correspondsto the Markov chain å���æ
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1 2 n� -1 n�...

Figure 7.6. Thegraph ~ representingtheMarkov chain  ! #% & #�������#) 8 .å�Ræ bcbcb4æ å�d . We first prove the following characterizationof a Type I
atomfor aMarkov chain.³�652´2¢0^8;:hpÝ÷

For theMarkov chainrepresentedbythegraph Z in Figure7.6,
a nonemptyatom � of � d is a TypeI atomif andonly if� dwD :<; ?����Iï[�mB@sªïcbcbcb ï$����ï (7.102)

where s�t@�,tR�9t@w , i.e., theindicesof thesetvariablesin � which are not
complementedareconsecutive.

Proof It is easyto seethatfor anonemptyatom � , if (7.102)is satisfied,thenZ7D :<; is connected,i.e., _�î :�; ñR? s . Therefore,� is a Type I atomof �/d .
On theotherhand,if (7.102)is not satisfied,then Z7D : ; is notconnected,i.e.,_�î :�; ñ'õ)s , or � is aTypeII atomof �/d . Thelemmais proved.

We now show how the informationdiagramfor a Markov chainwith any
length wªH�* canbe constructedin two dimensions.Since � � vanisheson
all the Type II atomsof �/d , it is not necessaryto displaytheseatomsin the
informationdiagram.In constructingtheinformationdiagram,theregionsrep-
resentingtherandomvariableså�� , å�:ïcbcbcb:ïÁå�d shouldoverlapwith eachother
suchthat the regionscorrespondingto all theTypeII atomsareempty, while
the regionscorrespondingto all the Type I atomsarenonempty. Figure7.7
shows sucha construction.Note that this informationdiagramincludesFig-
ures6.7and6.9asspecialcases,which areinformationdiagramsfor Markov
chainswith lengths3 and4, respectively.

We have alreadyshown that � � is nonnegative for a Markov chain with
length3 or 4. Towardproving thatthis is truefor any length wÌHX* , it suffices

...
X
�

1 X
�

2
� X

�
n� -1 X

�
n�

Figure 7.7. Theinformationdiagramfor theMarkov chain  "!�#% '&1#����$� #% 8 .
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to show that ���ªî=��ñ�H^G for all TypeI atoms� of �/d because���¾î=�~ñ ?]G for
all TypeII atomsA of �/d . Wehaveseenin Lemma7.29thatfor aTypeI atom� of �/d , :<; hastheform asprescribedin (7.102).Considerany suchatom � .
Thenaninspectionof theinformationdiagramin Figure7.7revealsthat� � î=��ñ ? � � î �å��Ý� �å�� � � �©bcbcb�� �å��kN �å > ? ñ (7.103)? 
.î�å��Ù>Áå��$E å > ? ñ (7.104)H G�ü (7.105)

This shows that � � is alwaysnonnegative. However, sinceFigure7.7 involves
anindefinitenumberof randomvariables,wegivea formalproofof this result
in thefollowing theorem.ikj 6ml(nC652o8;:rqÉù

For a Markov chain å��,æ å�ºæûbcbcb�æóå�d , ��� is nonneg-
ative.

Proof Since���ªî=��ñ�?@G for all TypeII atomsA of �/d , it sufficesto show that� � î=�~ñQHOG for all Type I atoms � of �/d . We have seenin Lemma7.29that
for aTypeI atom � of �/d , :<; hastheform asprescribedin (7.102).Consider
any suchatom � anddefinetheset� ?����mB@sªïcbcbcb:ï$�ANIs.��ü (7.106)

Then 
.î�å��z>Áå��;E å > ? ñ? � � î �å��Ý� �å � N �å >A? ñ (7.107)? � � À@ðÂÉÈ ¡ À �å��Ý� À ºµ=ÁZÂ �å µÛÄ � �å��uN �å > ?@� p ÿ���� s Ä/Ä (7.108)

? eÂÉÈ ¡ � � À �å��7� À ºµ=ÁÃÂ �å µÛÄ � �å��uN �å > ?,� p ÿ���� s Ä ü (7.109)

In theabovesummation,exceptfor theatomcorrespondingto ¾�?%� , namelyî �å��Ý� �å�� � � ��bcbcb�� �å � N �å >@? ñ , all theatomsareTypeII atoms.Therefore,
.î�å��Û>Áå��$E å > ? ñK?|� � î �å��7� �å�� � � �©bcbcb�� �å��uN �å > ? ñ ü (7.110)

Hence, � � î=��ñ ? � � î �å��Ý� �å�� � � �©bcbcb�� �å � N �å >@? ñ (7.111)? 
.î�å��Ù>Áå��$E å > ? ñ (7.112)H G�ü (7.113)

Thetheoremis proved.
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PROBLEMS
1. Prove Proposition7.14andProposition7.15.

2. In Example7.22,it wasshown that
J  implies

J � . Show that
J � doesnot

imply
J  . Hint: Useaninformationdiagramtodetermine��� î J  ñ$D���� î J �²ñ .

3. Alternative definition of the global Markov property: For any partition� : ï�[ � ï�[  � of [ suchthat thesetsof vertices[ � and [  aredisconnected
in Z7D : , thesetsof randomvariableså m ! and å m & areindependentcondi-
tioning on å > .

Show that this definition is equivalent to the global Markov property in
Definition 7.23.

4. Thelocal Markov property: For sktIv�tIw , å f and å m � � � �5f areindepen-
dentconditioningon å � � , where �

f
is thesetof neighbors2 of vertex v inZ .

a) Show that theglobalMarkov propertyimpliesthelocal Markov prop-
erty.

b) Show thatthelocalMarkov propertydoesnot imply theglobalMarkov
propertyby giving a counterexample. Hint: Considera joint distribu-
tion which is not strictly positive.

5. Constructa Markov randomfield whose 
 -Measure��� cantake negative
values.Hint: Considera Markov “star.”

6. a) Show that å � , å  , å � , and å � aremutuallyindependentif andonly ifå��=�ìî�å�ªïÁå���ïÁå��:ñ ï|å���ìî�å��ªïÁå��:ñcE å��:ï|å����$å��7E�î�å���ïÁå� ñ ü
Hint: Useaninformationdiagram.

b) Generalizetheresultin a) to w randomvariables.

7. Determinethe Markov randomfield with four randomvariableså���ïÁå�ªïå��ªï and å�� which is characterizedby the following conditionalindepen-
dencies: î�å � ïÁå  ïÁå ¦ ñ��$å � E å �å���öî�å��¾ïÁå�¦ ñcE�î�å�� ïÁå�� ñå��=�öî�å��ªïÁå��:ñcE�î�å�¾ïÁå�¦ ñ ü
What are the otherconditionalindependenciespertainingto this Markov
randomfield?

2Vertices

f
and x in anundirectedgraphareneighborsif

f
and x areconnectedby anedge.
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HISTORICAL NOTES
A Markov randomfield canbe regardedasa generalizationof a discrete-

timeMarkov chain.Historically, thestudyof Markov randomfield stemsfrom
statisticalphysics.TheclassicalIsingmodel,whichis definedonarectangular
lattice,wasusedto explaincertainempiricallyobservedfactsaboutferromag-
neticmaterials.Thefoundationof thetheoryof Markov randomfieldscanbe
foundin Preston[166] or Spitzer[199].

Thestructureof the 
 -Measurefor a Markov chainwasfirst investigatedin
theunpublishedwork of Kawabata[114]. Essentiallythesameresultwasinde-
pendentlyobtainedbyYeungelevenyearslaterin thecontext of the 
 -Measure,
andthe resultwaseventuallypublishedin KawabataandYeung[115]. Full
conditional independencieswere shown to be axiomatizableby Malvestuto
[137]. The resultsin this chapteraredue to Yeunget al. [233], wherethey
obtainedaset-theoreticcharacterizationof full conditionalindependenciesand
investigatedthestructureof the 
 -Measurefor a Markov randomfield. In this
paper, they alsoobtaineda hypergraphcharacterizationof a Markov random
field basedon the 
 -Measurecharacterizationin Theorem7.25. Ge andYe
[82] have appliedtheseresultsto characterizea classof graphicalmodelsfor
conditionalindependenceof randomvariables.





Chapter8

CHANNEL CAPACITY

In all practicalcommunicationsystems,whena signalis transmittedfrom
onepoint to anotherpoint, the signal is inevitably contaminatedby random
noise,i.e., thesignalreceivedis correlatedwith but possiblydifferentfrom the
signaltransmitted.We usea noisychannelto modelsucha situation.A noisy
channelis a “system”which hasoneinput terminalandoneoutputterminal1,
with theinput connectedto thetransmissionpoint andtheoutputconnectedto
the receiving point. Whenthesignal is transmittedthroughthe channel,it is
distortedin a randomway which dependson the channelcharacteristics.As
such,thesignalreceivedmaybedifferentfrom thesignaltransmitted.

In communicationengineering,weareinterestedin conveying messagesre-
liably througha noisychannelat themaximumpossiblerate. We first look at
a simplechannelcalledthebinary symmetricchannel(BSC),which is repre-
sentedby the transitiondiagramin Figure8.1. In this channelboth the inputå andtheoutput ç takevaluesin theset ��G�ï�s.� . Thereis acertainprobability,
denotedby � , thattheoutputis notequalto theinput. Thatis, if theinput is 0,
thentheoutputis 0 with probability s�N�� , andis 1 with probability � . Like-
wise,if theinput is 1, thentheoutputis 1 with probability s/NH� , andis 0 with
probability � . Theparameter� is calledthecrossover probability of theBSC.

Let ���¸ï[¿|� be the messageset which containstwo possiblemessagesto
be conveyed througha BSC with GPtc�!�oG�ü � . We further assumethat the
two messages� and ¿ areequallylikely. If the messageis � , we mapit to
thecodeword 0, andif themessageis ¿ , we mapit to thecodeword 1. This
is thesimplestexampleof a channelcode. Thecodeword is thentransmitted

1Thediscussiononnoisychannelshereis confinedto point-to-pointchannels.

149
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Figure8.1. A binarysymmetricchannel.

throughthechannel.Our taskis to decodethemessagebasedon theoutputof
thechannel,andanerroris saidto occurif themessageis decodedincorrectly.

Consider¡£¢ ����E çæ?@Gv� ? ¡�¢ ��å ?^GmE çO?^Gv� (8.1)? ¡�¢ ��å ?^Gv� ¡£¢ � çO?@GmE åý?@Gv�¡£¢ � çæ?@Gv� (8.2)? G�ü � îÊs"N}� ñ¡�¢ � çæ?@Gv� ü (8.3)

Since ¡£¢ � ç]?@Gv�u? ¡£¢ � çæ?]s.��?@G�ü � (8.4)

by symmetry2, it follows that¡£¢ ����E çæ?@Gv��?]s¢N}� (8.5)

and ¡£¢ ��¿FE çæ?@Gv��?]s/N ¡�¢ ����E çO?^Gv��?��ü (8.6)

Since �¤�IG�ü � , ¡£¢ ��¿ôE çO?@Gv�¥� ¡£¢ ����E çæ?@Gv��ü (8.7)

Therefore,in orderto minimizethe probabilityof error, wedecodea received
0 to themessage� . By symmetry, we decodea received1 to themessage¿ .

2Moreexplicitly, ¦v§ ç ¨ gQÑ ì g ¦v§ ç ; ì ¦,§ ç ¨ gQÑ Ë ; ì � ¦v§ ç ü ì ¦v§ ç ¨ gRÑ Ë ü ìg Ñ å ¦ ¦v§ ç ¨ gQÑ Ë © gQÑ ì ��Ñ å ¦ ¦,§ ç ¨ gQÑ Ë © g � ìg Ñ å ¦ × � � ª Ø ��Ñ å ¦ ªg Ñ å ¦ å
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An erroroccursif a 0 is receivedandthemessageis ¿ , or if a1 is received
andthe messageis � . Therefore,the probability of error, denotedby «<¬ , is
givenby

« ¬ ? ¡�¢ � çO?^Gv� ¡£¢ ��¿FE çæ?@Gv�'B ¡�¢ � çæ?]s.� ¡£¢ ����E çæ?]s.� (8.8)? G�ü ���B�G�ü ��� (8.9)? ��ï (8.10)

where(8.9)follows from (8.6)because¡£¢ ����E çæ?]s.��? ¡�¢ ��¿FE ç]?@Gv��?�� (8.11)

by symmetry.
Let us assumethat �){? G . Then the above schemeobviously doesnot

provideperfectlyreliablecommunication.If weareallowedto usethechannel
only once,thenthis is alreadythebestwe cando. However, if we areallowed
to usethe samechannelrepeatedly, then we can improve the reliability by
generalizingtheabove scheme.

Wenow considerthefollowing channelcodewhichwereferto asthebinary
repetitioncode. Let w�H)s beanoddpositive integerwhich is calledtheblock
lengthof thecode. In this code,themessage� is mappedto thesequenceofw 0’s, andthemessage¿ is mappedto thesequenceof w 1’s. Thecodeword,
which consistsof a sequenceof either w 0’s or w 1’s, is transmittedthrough
the channelin w uses. Upon receiving a sequenceof w bits at the outputof
thechannel,we usethemajority vote to decodethemessage,i.e., if thereare
more 0’s than 1’s in the sequence,we decodethe sequenceto the message� , otherwisewe decodethesequenceto themessage¿ . Note that theblock
length is chosento be odd so that therecannotbe a tie. When w~? s , this
schemereducesto thepreviousscheme.

For thismoregeneralscheme,wecontinueto denotetheprobabilityof error
by « ¬ . Let �

Ñ
and ��� bethenumberof 0’s and1’s in thereceivedsequence,

respectively. Clearly, �
Ñ BW� � ?|w4ü (8.12)

For large w , if themessageis � , thenumberof 0’s received is approximately
equalto ] � � Ñ E �/��?@w¼îÊs/N}� ñ (8.13)

andthenumberof 1’s receivedis approximatelyequalto

] � ����E �¢��?|w�� (8.14)

with high probabilityby theweaklaw of largenumbers.This impliesthat the
probabilityof anerror, namelytheevent ���

Ñ
�L���&� , is smallbecausew¼îÊs NH� ñ'õPw�� (8.15)
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with theassumptionthat ���IG�ü � . Specifically,¡�¢ � errorE �{� ? ¡�¢ ���
Ñ
�S� � E �{� (8.16)? ¡�¢ ��wFNQ�����S����E �{� (8.17)? ¡�¢ �����¢õ¬G�ü ��w�E �7� (8.18)t ¡�¢ �����¢õ�î��(BL�ñ w�E �{��ï (8.19)

where Gn�R3�IG�ü ��N}��ï (8.20)

sothat  is positive and �(BS��IG�ü ��ü (8.21)

Note that sucha  exists because�M��G�ü � . Thenby the weak law of large
numbers,the upperboundin (8.19) tendsto 0 as w æ ® . By symmetry,¡£¢ � errorE ¿n� alsotendsto 0 as wÎæ¯® . Therefore,

« ¬ ? ¡£¢ ���{� ¡£¢ � errorE �{�'B ¡�¢ ��¿|� ¡£¢ � errorE ¿n� (8.22)

tendsto 0 as wiæ ® . In other words, by using a long enoughrepetition
code,we can make « ¬ arbitrarily small. In this sense,we say that reliable
communicationis achievedasymptotically.

Wepoint out thatfor aBSCwith �¢õ¬G , for any giventransmittedsequence
of length w , the probability of receiving any given sequenceof length w is
nonzero.It follows thatfor any two distinctinput sequences,thereis alwaysa
nonzeroprobabilitythatthesameoutputsequenceis producedsothatthetwo
input sequencesbecomeindistinguishable. Therefore,exceptfor very special
channels(e.g., the BSC with �ô? G ), no matterhow the encoding/decoding
schemeis devised,a nonzeroprobabilityof erroris inevitable,andasymptoti-
cally reliablecommunicationis thebestwe canhopefor.

Thougharathernaiveapproach,asymptoticallyreliablecommunicationcan
beachievedby usingtherepetitioncode.Therepetitioncode,however, is not
without catch. For a channelcode,the rate of the codein bit(s) per use,is
definedastheratioof thelogarithmof thesizeof themessagesetin thebase2
to theblock lengthof thecode.Roughlyspeaking,therateof a channelcode
is the averagenumberof bits the channelcodeattemptsto convey through
the channelper useof the channel. For a binary repetitioncodewith block
length w , the rate is �d±° 	�² Y)? �d , which tendsto 0 as w æ ® . Thus in
orderto achieve asymptoticreliability by usingtherepetitioncode,we cannot
communicatethroughthenoisychannelatany positive rate!

In thischapter, wecharacterizethemaximumrateatwhich informationcan
be communicatedthrougha discretememorylesschannel(DMC) with an ar-
bitrarily small probability of error. This maximumrate, which is generally
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positive, is known asthechannelcapacity. Thenwe discusstheuseof feed-
back in communicatingthrougha channel,andshow that feedbackdoesnot
increasethe capacity. At the endof the chapter, we discusstransmittingan
informationsourcethrougha DMC, andwe show that asymptoticoptimality
canbeachievedby separatingsourcecodingandchannelcoding.

8.1 DISCRETE MEMOR YLESS CHANNELS��6��	��
�����=l�
P½�:=<
Let ³ and ´ be discretealphabets,and µ[î·¶1E ¸�ñ bea tran-

sition matrix from ³ to ´ . A discretechannelµ9î·¶CE ¸�ñ is a single-inputsingle-
outputsystemwith input randomvariable å taking valuesin ³ and output
randomvariable ç takingvaluesin ´ such that¡�¢ ��å ?R¸|ï®çæ?X¶a��? ¡£¢ ��å ?X¸i�$µ9î·¶CE ¸�ñ (8.23)

for all î·¸�ï$¶ ñ'�3³N¹2´ .

Remark From(8.23),we seethatif
¡�¢ ��å ?j¸i�kõIG , then

µ[î·¶1E ¸�ñ�? ¡�¢ ��åý?R¸�ï®çæ?X¶I�¡£¢ ��å ?X¸i� ? ¡£¢ � çæ?X¶1E å£?j¸i��ü (8.24)

However,
¡�¢ � ç]?j¶CE å ?X¸i� is notdefinedif

¡�¢ ��å ?X¸i�´?@G . Nevertheless,
(8.23)is valid for bothcases.��6��	��
�����=l�
P½�:Ðp

A discrete memorylesschannel (DMC) is a sequenceof
replicatesof a genericdiscretechannel. Thesediscretechannelsare indexed
by a discrete-timeindex v , where vkHos , with the v th channelbeingavailable
for transmissionat time v . Transmissionthrougha channelis assumedto be
instantaneous.

The DMC is the simplestnontrivial model for a communicationchannel.
For simplicity, aDMC will bespecifiedby µ[î·¶CE ¸�ñ , thetransitionmatrix of the
genericdiscretechannel.

Let å f and ç f berespectively the input andtheoutputof a DMC at time v ,
wherev�H%s . Figure8.2 is anillustrationof a discretememorylesschannel.In
thefigure,thememorylessattributeof thechannelmanifestsitself by thefact
thatfor all v , the v th discretechannelonly haså f asits input.

For eachv�H)s ,¡�¢ ��å f ?R¸�ï®ç f ?j¶a��? ¡�¢ ��å f ?X¸i�$µ9î·¶CE ¸�ñ (8.25)

sincethe v th discretechannelis a replicateof the genericdiscretechannelµ[î·¶CE ¸�ñ . However, thedependency of theoutputrandomvariables� ç f � on the
input randomvariables ��å f � cannotbe further describedwithout specifying
how theDMC is beingused.In this chapterwe will studytwo representative



154 A FIRSTCOURSEIN INFORMATIONTHEORY

X
º

1 Y1

X
º

2 Y2

X
º

3 Y3

.
.
.


y» x¼p½ (      
¾

)
¿

y» x¼p½ (      
¾

)
¿

y» x¼p½ (      
¾

)
¿

Figure 8.2. A discretememorylesschannel.

models.In thefirst modelthechannelis usedwithout feedback.This will be
discussedin Section8.2throughSection8.5. In thesecondmodel,thechannel
is usedwith completefeedback.Thiswill bediscussedin Section8.6.To keep
ourdiscussionsimple,we will assumethatthealphabets³ and ´ arefinite.��6��	��
�����=l�
P½�:�q

The capacityof a discrete memorylesschannel µ[î·¶1E ¸�ñ is
definedas �)?jÀ �.ÁÂ ×ÄÃ Ø 
/î�åD>®ç�ñ ï (8.26)

where å and ç arerespectivelytheinputandtheoutputof thegenericdiscrete
channel,andthemaximumis takenover all input distributions µ[î·¸�ñ .

Fromtheabove definition,we seethat�]HIG (8.27)

because 
/î�åD>®ç¹ñ,HIG (8.28)

for all input distributions µ[î·¸�ñ . By Theorem2.43,we have�)?jÀ �.ÁÂ ×GÃ Ø 
.î�å9>®ç�ñ't�À �.ÁÂ ×ÄÃ Ø S î�å�ñ�? ° 	�² EÅ³�E ü (8.29)

Likewise,we have �Ot ° 	�² E ´RE ü (8.30)

Therefore, �ætLÀÇÆÉÈ�î ° 	�² EÅ³�E ï ° 	�² E ´�Eéñ ü (8.31)

Since 
.î�å9>®ç(ñ is a continuousfunctionalof µ[î·¸�ñ andthesetof all µ[î·¸�ñ is a
compactset(i.e.,closedandbounded)in Ê Ë Ë'Ë , themaximumvalueof 
.î�å9>®ç(ñ
canbeattained3. This justifiestakingthemaximumratherthanthesupremum
in thedefinitionof channelcapacityin (8.26).

3Theassumptionthat Ë is finite is essentialin this argument.
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Figure 8.3. An alternative representationfor a binarysymmetricchannel.

We will prove subsequentlythat � is in fact the maximumrateat which
informationcanbecommunicatedreliably throughaDMC. Wefirst givesome
examplesof DMC’s for which thecapacitiescanbeobtainedin closedform.
In thefollowing, å and ç denote,respectively, theinput andtheoutputof the
genericdiscretechannel,andall logarithmsarein thebase2.-/.10(2"35476�½�:r�Íb$Î±��
10�n,UÐÏaU(2´2"6��nf��Ñ T j 0�
i
16m4	k

The binary symmetric
channel(BSC)has beenshownin Figure 8.1. Alternatively, a BSCcan be
representedby Figure 8.3. Here, ä is a binary randomvariablerepresenting
thenoiseof thechannel,with¡£¢ �2ä@?@Gv��?Os/N}� and

¡£¢ �2ä@?]s.��?��ï (8.32)

and ä is independentof å . Thençæ?$å B�ä mod Y�ü (8.33)

SeeProblem1 for a generalizationof this representation.
In order to determinethe capacityof the BSC,we first bound 
.î�åD>®ç¹ñ as

follows. 
.î�åD>®ç�ñ ? S î	ç�ñ�N S î	ç�E å�ñ (8.34)? S î	ç�ñ�N e Ã µ[î·¸�ñ S î	çFE å ?X¸�ñ (8.35)? S î	ç�ñ�N e Ã µ[î·¸�ñ�Ò Ö î��²ñ (8.36)? S î	ç�ñ�N}Ò Ö î�� ñ (8.37)t s/N}Ò Ö î��²ñ ï (8.38)

where wehaveusedÒ Ö to denotethebinary entropyfunctionin thebase2. In
order to achievethisupperbound,wehaveto make

S î	ç=ñ�?]s , i.e., theoutput
distribution of the BSCis uniform. This can be doneby letting µ[î·¸�ñ be the
uniformdistribution on ��G�ï�s.� . Therefore, theupperboundon 
.î�åD>®ç�ñ canbe
achieved,andweconcludethat� ?]s/NQÒ Ö î�� ñ bit peruse. (8.39)
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Figure 8.4. Thecapacityof a binarysymmetricchannel.

Figure8.4 is a plot of thecapacity � versusthecrossover probability � . We
seefrom theplot that � attainsthe maximumvalue1 when �Q? G or �Q?£s ,
andattainstheminimumvalue0 when �´?~G�ü � . When�¢?OG , it is easyto see
that �ú?�s is themaximumrateat which informationcanbe communicated
throughthechannelreliably. Thiscanbeachievedsimplyby transmittingun-
encodedbitsthroughthechannel,andnodecodingis necessarybecauseall the
bits are receivedunchanged. When��? s , thesamecanbeachievedwith the
additionaldecodingstepwhich complementsall thereceivedbits. Bydoingso,
thebits transmittedthroughthechannelcanberecoveredwithouterror. Thus
from the communicationpoint of view, for binary channels,a channelwhich
nevermakeserror anda channelwhich alwaysmakeserrorsareequallygood.
When�¢? G�ü � , thechanneloutputis independentof thechannelinput. There-
fore, no informationcanpossiblybecommunicatedthroughthechannel.-/.10(2"35476�½�:Ð�Õb$Î±��
10�n,U�-"n�0��/Ö1nC6 T j 0�
�
1654	k

Thebinaryerasurechannel
is shownin Figure 8.5. In this channel,the input alphabetis ��G�ï�s.� , while
the outputalphabetis ��G�ï�sªï"×�� . With probability Ø , the erasure symbol × is
producedat the output,which meansthat the input bit is lost; otherwisethe
input bit is reproducedat theoutputwithouterror. TheparameterØ is called
theerasure probability.

To determinethecapacityof this channel,wefirst consider� ? À �.ÁÂ ×GÃ Ø 
.î�å9>®ç�ñ (8.40)? À �.ÁÂ ×GÃ Ø î S î	ç(ñ�N S î	çôE åyñÁñ (8.41)? À �.ÁÂ ×GÃ Ø S î	ç=ñNHÒ Ö î�Ø�ñ ü (8.42)
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Figure 8.5. A binaryerasurechannel.

Thusweonlyhaveto maximize
S î	ç(ñ . To thisend,let¡£¢ ��å ?@Gv��?^L (8.43)

anddefinea binary randomvariable ] by

]O? Û G if çú{?�×s if ç]?�× . (8.44)

Therandomvariable ] indicateswhetheranerasure hasoccurred,andit is a
functionof ç . ThenS î	ç(ñû? S î	ç�ï^]7ñ (8.45)? S î�]=ñ1B S î	ç�E ]=ñ (8.46)? Ò Ö î�Ø�ñ�B�îÊs/NMØ<ñ�Ò Ö î=L ñ ü (8.47)

Hence, � ? À �.ÁÂ ×ÄÃ Ø S î	ç(ñN}Ò Ö î�Ø<ñ (8.48)? À �.ÁÕ � Ò Ö î�Ø�ñ�B�îÊs/NMØ<ñ�Ò Ö î=L ñz�;N}Ò Ö î�Ø<ñ (8.49)? îÊs/NMØ<ñvÀ �.ÁÕ Ò Ö î=L�ñ (8.50)? îÊs/NMØ<ñ ï (8.51)

where capacityis achieved by letting L¤?ýG�ü � , i.e., the input distribution is
uniform.

It is in generalnotpossibleto obtainthecapacityof aDMC in closedform,
andwehave to resortto numericalcomputation.In Chapter10wewill discuss
theBlahut-Arimotoalgorithmfor computingchannelcapacity.
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8.2 THE CHANNEL CODING THEOREM
We will justify thedefinitionof thecapacityof a DMC by theproving the

channelcodingtheorem. This theorem,which consistsof two parts,will be
formally statedat the endof the section. The direct part of the theoremas-
sertsthatinformationcanbecommunicatedthroughaDMC with anarbitrarily
smallprobabilityof errorat any ratelessthanthechannelcapacity. Hereit is
assumedthat the decoderknows the transitionmatrix of the DMC. The con-
versepartof thetheoremassertsthatif informationis communicatedthrougha
DMC ataratehigherthanthecapacity, thentheprobabilityof erroris bounded
away from zero. For betterappreciationof thedefinitionof channelcapacity,
we will first prove the conversepart in Section8.3 andthenprove the direct
partin Section8.4.��6��	��
�����=l�
P½�:�¥

An î�w4ï"Ü{ñ codefor a discretememorylesschannelwith in-
putalphabet³ andoutputalphabet́ is definedby an encodingfunctionÝ � �ásªï®Y�ïcbcbcb2ï"Ü���æ¯³ d (8.52)

anda decodingfunction Þ � ´ d æß�ásªï®Y�ïcbcbcb2ï"Ü���ü (8.53)

Theset �ásªï®Y�ïcbcbcb:ï"Ü�� , denotedby à , is calledthemessageset.ThesequencesÝ îÊs ñ ï Ý îÛY�ñ ïcbcbcb:ï Ý î�Üýñ in ³ d are calledcodewords, and thesetof codewords
is calledthecodebook.

In orderto distinguisha channelcodeasdefinedabove from a channelcode
with feedbackwhich will be discussedin Section8.6, we will refer to the
formerasa channelcodewithout feedback.

We assumethata message� is randomlychosenfrom themessageset à
accordingto theuniform distribution. Therefore,S îÙ�ýñK? ° 	�² ÜTü (8.54)

With respectto a channelcodefor aDMC µ9î·¶CE ¸�ñ , we letá ?ìî�å���ïÁå�¾ïcbcbcb�ïÁå�d ñ (8.55)

and â ?ìî	ç���ï®ç;ªïcbcbcb�ï®ç;d�ñ (8.56)

be the input sequenceand the outputsequenceof the channel,respectively.
Evidently, á ? Ý îÙ�{ñ ü (8.57)

Wealsolet ã� ? Þ î â ñ ü (8.58)
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Figure 8.6. A channelcodewith block length è .

Figure8.6 is theblock diagramfor a channelcode.��6��	��
�����=l�
P½�:Ð8
For all sut�B tRÜ , letéwê ? ¡£¢ � ã� {?XB�Eë� ?XB7��? eë Á.ì 8 � í × ë Øïîg ê ¡�¢ � â ?Xð'E á ? Ý î·B�ñ"� (8.59)

betheconditionalprobability of error giventhat themessage is B .

Wenow definetwo performancemeasuresfor achannelcode.��6��	��
�����=l�
P½�:�½
Themaximalprobability of error of an î�w4ï"Üýñ codeis de-

finedas éwñ Õ Ã ?jÀ �.Áê é�ê ü (8.60)��6��	��
�����=l�
P½�:�÷
Theaverage probability of error of an î�w4ï"Üýñ codeis de-

finedas « ¬ ? ¡£¢ � ã� {?)����ü (8.61)

Fromthedefinitionof « ¬ , we have

« ¬ ? ¡£¢ � ã� {?)��� (8.62)? e ê ¡£¢ ��� ?XB{� ¡£¢ � ã� {?)� Eë� ?XB7� (8.63)? e ê sÜ ¡�¢ � ã� {?XBREë� ?XB{� (8.64)? sÜ e ê é�ê ï (8.65)

i.e., « ¬ is thearithmeticmeanof
éwê

, sut�B~tSÜ . It thenfollows that

« ¬ t é�ñ Õ Ã ü (8.66)

In fact, it canbe readily seenthat this inequalityremainsvalid even without
theassumptionthat � distributesuniformly on themessageset à .��6��	��
�����=l�
P½�:=<Çù

Therateof an î�w4ï"Üýñ channelcodeis w � � ° 	�² Ü in bits
peruse.
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�����=l�
P½�:=<É<
A rate ò is asymptoticallyachievablefor a discretemem-

orylesschannelµ[î·¶1E ¸�ñ if for any ��õ|G , there existsfor sufficiently large w anî�w4ï"Ü{ñ codesuch that sw ° 	�² Ü õLò@N}� (8.67)

and éwñ Õ Ã �S��ü (8.68)

For brevity, anasymptoticallyachievableratewill bereferredto asanachiev-
ablerate.

In otherwords,a rate ò is achievable if thereexists a sequenceof codes
whoseratesapproachò andwhoseprobabilitiesof error approachzero. We
endthis sectionby statingthechannelcodingtheorem,which givesa charac-
terizationof all achievablerates.This theoremwill beproved in thenext two
sections.ikj 6ml(nC652ª½�:�<7p�b T j 0�
�
1654 T l�h���
�ó ikj 6ml�nC6m2ôk

A rate ò is achievable
for a discretememorylesschannelµ[î·¶1E ¸�ñ if andonly if òOt¤� , thecapacityof
thechannel.

8.3 THE CONVERSE
Let usconsidera channelcodewith block length w . Therandomvariables

involved in this codeare � , å f and ç f for s|t vÍt w , and
ã� . We see

from the definition of a channelcodein Definition 8.6 that all the random
variablesaregeneratedsequentiallyaccordingto somedeterministicor prob-
abilistic rules. Specifically, the randomvariablesaregeneratedin the order��ïÁå���ï®ç���ïÁå�ªï®ç;ªïcbcbcb ïÁå�d.ï®ç;d³ï ã� . Thegenerationof theserandomvariables
canbe representedby the dependency graph4 in Figure8.7. In this graph,a
noderepresentsa randomvariable. If thereis a (directed)edgefrom node å
to node ç , thennode å is calleda parentof node ç . We furtherdistinguish
a solid edgeanda dottededge:a solid edgerepresentsfunctional(determin-
istic) dependency, while adottededgerepresentstheprobabilisticdependency
inducedby thetransitionmatrix µ9î·¶CE ¸�ñ of thegenericdiscretechannel.For a
node å , its parentnodesrepresentall therandomvariableson which random
variable å dependswhen it is generated.We will use C to denotethe joint
distribution of theserandomvariablesaswell asall themarginals,andlet ¸

f
denotethe v th componentof a sequenceõ . From the dependency graph,we
seethat for all î·B¸ï$õ4ï$ð;ï ãB7ñR�Sà ¹H³ d ¹ö´ d ¹ ãà suchthat C î·õ|ñ�õ G and

4A dependency graphcanberegardedasaBayesiannetwork [160].
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Figure 8.7. Thedependency graphfor a channelcodewithout feedback.

C	þ·ð�ÿ'õIG ,
C	þ·B��$õ��$ð ãB±ÿ�?jCwþ·Bôÿ À d�fhg � Cwþ·¸ f E B±ÿ Ä À d�f�g � µ�þ·¶ f E ¸ f ÿ Ä C	þ ãB�E ð<ÿ�� (8.69)

Notethat �wþ��ôÿ
	�� for all � sothat �wþ����� �ôÿ arewell-defined,and �	þ����� �ôÿ and�	þ����� �<ÿ arebothdeterministic.Denotethesetof nodes���������������������� by !
andthesetof nodes" � ��" � ������� , "  by # . Wenoticethefollowing structurein
thedependency graph:all theedgesfrom $ endin ! , all theedgesfrom !
endin # , andall theedgesfrom # endin �$ . this suggeststhat the random
variables$%��! , # , and �$ form theMarkov chain

$'&(!)&*#+& �$,� (8.70)

Thevalidity of thisMarkov chaincanbeformally justifiedby applyingPropo-
sition2.9to (8.69),sothatfor all þ��-��.����/�0��¥ÿ21436587  5�9  5 �3 suchthat�	þ�.�ÿ
	�� and �wþ��<ÿ2	:� , we canwrite

�	þ�����.����;�0��¥ÿ;<=�wþ��ôÿ>�	þ�.?� �ôÿ>�wþ��0� .�ÿ>�wþ@���� �<ÿ�� (8.71)

Now �wþ�.����<ÿ is obtainedby summingover all � and �� in (8.69),and �wþ�.�ÿ is
obtainedby further summingover all � . After somestraightforward algebra
andusing

�	þ��2� .�ÿ/< �wþ�.����<ÿ�wþ�.�ÿ (8.72)

for all . suchthat �wþ�.�ÿ2	�� , we obtain

�wþ��0� .�ÿ?<  �
�BA ��C þ�D � �  � ÿ�� (8.73)



162 A FIRSTCOURSEIN INFORMATIONTHEORY

0
E

0
E

0
E

0
E

0
E

0
E 0

E 0
E

W X
F

Y W

Figure 8.8. Theinformationdiagramfor GIHKJLHNM:HPOG .

The Markov chain in (8.70) and the relation in (8.73) are apparentfrom
the setupof the problem,and the above justificationmay seemsuperfluous.
However, themethodologydevelopedhereis necessaryfor handlingthemore
delicatesituationwhich ariseswhenthechannelis usedwith feedback.This
will bediscussedin Section8.6.

Considera channelcode whoseprobability of error is arbitrarily small.
Since $Q��!R��# , and �$ form theMarkov chainin (8.70),theinformationdia-
gramfor thesefour randomvariablesis asshown in Figure8.8.Moreover, ! is
a functionof $ , and �$ is a functionof # . Thesetwo relationsareequivalent
to S þT!%�U$Oÿ;<=�V� (8.74)

and S þ �$W� #Mÿ�<=�V� (8.75)

respectively. Sincetheprobabilityof error is arbitrarily small, $ and �$ are
essentiallyidentical.To gaininsight into theproblem,we assumefor thetime
beingthat $ and �$ areequivalent,sothatS þ �$X�U$Oÿ�< S þY$W� �$Oÿ�<=�V� (8.76)

Sincethe Z -Measure[]\ for a Markov chainis nonnegative, theconstraintsin
(8.74)to (8.76) imply that [ \ vanisheson all theatomsin Figure8.8 marked
with a ‘0.’ Immediately, we seethatS þY$Oÿ�<=Z þT!R^�#Mÿ�� (8.77)

Thatis, theamountof informationconveyedthroughthechannelis essentially
themutualinformationbetweentheinputsequenceandtheoutputsequenceof
thechannel.

For a single transmission,we seefrom the definition of channelcapacity
that the mutual informationbetweenthe input andthe outputcannotexceed
thecapacityof thechannel,i.e., for all _a`�b?`dc ,

ZIþ�� � ^�" � ÿ
`feg� (8.78)
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Summingb from 1 to c , we have h
�iA � Z�j�� � ^�" �lk `dcmegn (8.79)

Uponestablishingin thenext lemmathat

ZojT!p^�# k `  h
�BA � Zoj�� � ^�" �Yk�q (8.80)

theconverseof thechannelcodingtheoremthenfollows from

_csritvu?w < _c
S jY$ k (8.81)

< _c ZojT!R^�# k (8.82)

` _c
 h
�BA � Zoj�� � ^�" �Yk (8.83)

` exn (8.84)y;z|{g{~}��������
For a discretememorylesschannelusedwith a channelcode

withoutfeedback, for any c%�N_ ,
ZojT!p^�# k `  h

�BA � Zoj�� � ^�" �Yk�q (8.85)

where � � and " � are, respectively, the input and theoutputof thechannelat
time b .
Proof For any j�. q � k 1L7  5R9  , if ��j�. q � k 	�� , then ��j�. k 	�� and(8.73)
holds.Therefore,

��j�#L� ! k <  �
�BA � C jT" � � � ��k (8.86)

holdsfor all j�. q � k in thesupportof ��j�. q � k . Then

��� ritvu ��j�#d� ! k < ��� rBtvu
 �
�BA � C jT"���� ��� k < �

 h
�BA � � ritvu C jT"���� ��� k�q (8.87)

or S j�#L� ! k <  h
�BA �
S jT" � � � ��k n (8.88)
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Hence,

Z�jT!R^�# k < S j�# k � S j�#L� ! k (8.89)

`  h
�BA �
S jT" �Yk �  h

�BA �
S jT" � � � ��k (8.90)

<  h
�BA � Zoj����>^�"�� k n (8.91)

Thelemmais proved.

Wenow formally prove theconverseof thechannelcodingtheorem.Let �
beanachievablerate,i.e., for any ��	�� , thereexistsfor sufficiently large c anj�c q w k codesuchthat _csritvu?w 	�� � � (8.92)

and ���0����� ��n (8.93)

Consider

rBtvu?w
���
< S jY$ k (8.94)< S jY$W� �$ k�� ZojY$�^ �$ k (8.95)� �` S jY$W� �$ k�� ZojT!p^�# k (8.96)� �` S jY$W� �$ k��  h

�BA � Zoj�� � ^�" �Yk (8.97)

� �` S jY$W� �$ k�� cme q (8.98)

where

a) follows from (8.54);

b) follows from thedataprocessingtheoremsince $'&(!)&*#�& �$ ;

c) follows from Lemma8.13;

d) follows from (8.79).

From(8.61)andFano’s inequality(cf. Corollary2.48),wehaveS jY$X� �$ k � _ �L�m  ritvu0w n (8.99)
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Therefore,from (8.98),

ritvu0w
� _ �L�   ritvu2w � cme (8.100)` _ � �|�?��� ritvu2w � cme (8.101)� _ � � rBtvu?w � cme q (8.102)

wherewe have used(8.66)and(8.93),respectively, to obtainthe last two in-
equalities.Dividing by c andrearrangingtheterms,wehave

_csritvu2w
� � � e_ � � q (8.103)

andfrom (8.92),we obtain

� � � � � � e_ � � n (8.104)

For any �¡	�� , theabove inequalityholdsfor all sufficiently large c . Lettingcp&£¢ andthen �0&(� , we concludethat

�¤`fexn (8.105)

Thiscompletestheproof for theconverseof thechannelcodingtheorem.
Fromtheabove proof, we canobtainanasymptoticboundon �m  whenthe

rateof thecode � ritvu2w is greaterthan e . Consider(8.100)andobtain

�  ��N_ � _ � cmeritvu?w <¥_ � � � e� ritvu2w n (8.106)

Then

�m  �N_ � � � e� ritvu0w
¦ _ � e� ritvu0w (8.107)

when c is large. This asymptoticboundon �m  , which is strictly positive if� ritvu0w 	�e , is illustratedin Figure8.9.
In fact,thelowerboundin (8.106)impliesthat �@  	�� for all c if � ritvu2w 	e becauseif �¨§  ª©

�
  <X� for somec¬« , thenfor all ®�I_ , by concatenating

copiesof thecode,weobtainacodewith thesamerateandblock lengthequal
to ¯c « suchthat �¨§±°  �©

�
  <W� , which is a contradictionto our conclusionthat�m  	:� when c is large.Therefore,if we useacodewhoserateis greaterthan

thechannelcapacity, theprobabilityof erroris non-zerofor all block lengths.
The converseof the channelcodingtheoremwe have proved is calledthe

weakconverse. A strongerversionof this resultcalledthestrongconversecan
be proved,which saysthat �  ¡& _ as cf&P¢ if thereexists an ��	�� such
that � ritvu?w �fe � � for all c .
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Figure 8.9. An asymptoticupperboundon µV¶ .
8.4 ACHIEVABILITY OF THE CHANNEL CAPACITY

We have shown in the last sectionthat thechannelcapacity e is an upper
boundonall achievableratesfor aDMC. In thissection,weshow thattheratee is achievable,which impliesthatany rate �¤`fe is achievable.

ConsideraDMC C j�D��  k , anddenotetheinput andtheoutputof thegeneric
discretechannelby � and " , respectively. For every input distribution C j� k ,we will prove that the rate Z�j��·^�" k is achievableby showing for large c the
existenceof achannelcodesuchthat

1. therateof thecodeis arbitrarily closeto Z�j��·^�" k ;
2. themaximalprobabilityof error

�|�?�¸�
is arbitrarily small.

Then by choosingthe input distribution C j� k to be one which achieves the
channelcapacity, i.e., Z�j��·^�" k <Ne , weconcludethattherate e is achievable.

Fix any �4	I� andlet ¹ be a small positive quantity to be specifiedlater.
Toward proving the existenceof a desiredcode,we fix an input distribution

C j� k for the genericdiscretechannelC j�D��  k , and let w be an even integer
satisfying

Z�j��º^�" k � �» � _c4ritvu0w
� Zoj��º^�" k � �¼ q (8.108)

wherec is sufficiently large.Wenow describea randomcodingschemein the
following steps:

1. Constructthe codebook½ of an j�c q w k coderandomlyby generatingwcodewordsin 7  independentlyandidenticallyaccordingto C j� k  . Denote
thesecodewordsby !Qj¾_ k�q !¿j » k�q ����� q !Qj w k .

2. Revealthecodebook½ to boththeencoderandthedecoder.
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3. A message$ is chosenfrom 3 accordingto theuniform distribution.

4. Themessage$ is encodedinto thecodeword !QjY$ k , which is thentrans-
mittedthroughthechannel.

5. Thechanneloutputsasequence# accordingto

À;Á�Â #�<��0� !QjY$ k <�.ÄÃx<  �
�BA ��C j�D � �  ��k (8.109)

(cf. (8.73)andRemark1 in Section8.6).

6. Thesequence# is decodedto themessage� if jT!Qj�� k�q # k 1RÅ  Æ Ç0È¬ÉËÊ and
theredoesnot exists �~Ì�Í<�� suchthat jT!Qj���Ì k�q # k 1%Å  Æ Ç2È�ÉËÊ . Otherwise,# is decodedto a constantmessagein 3 . Denoteby �$ the messageto
which # is decoded.

Remark 1 Therearea total of �U7R� Î  possiblecodebookswhich canbecon-
structedby the randomprocedurein Step2, wherewe regardtwo codebooks
whosesetsof codewordsarepermutationsof eachotherastwo differentcode-
books.

Remark 2 Strongtypicality isusedin definingthedecodingfunctionin Step6.
This is madepossibleby theassumptionthatthealphabets7 and 9 arefinite.

Wenow analyzetheperformanceof this randomcodingscheme.LetÏ2ÐÑÐ < Â �$ Í<�$¤Ã (8.110)

be the eventof a decodingerror. In the following, we analyze
À/ÁÒÂªÏ2ÐÑÐ Ã , the

probabilityof adecodingerrorfor therandomcodeconstructedabove. For all_a`d��` w , definetheevent

�~Ó < Â jT!Qj�� k�q # k 14Å  Æ Ç2È�ÉËÊ Ã�n (8.111)

Now À;ÁÒÂªÏ
Ð�Ð Ãx< ÎhÓ A �
À;Á�ÂªÏ2ÐÑÐ �U$'<��-Ã À;Á�Â $'<��-Ã�n (8.112)

Since
À/Á�ÂªÏ2ÐÑÐ �U$ <¤�-Ã areidenticalfor all � by symmetryin thecodecon-

struction,we have

À;Á�ÂªÏ
Ð�Ð Ã < À/Á�ÂªÏ2ÐÑÐ �U$'<¥_ªÃ ÎhÓ A �
À/Á�Â $'<��ÔÃ (8.113)

< À/Á�ÂªÏ2ÐÑÐ �U$'<¥_ªÃ q (8.114)
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i.e., we canassumewithout lossof generalitythat the message1 is chosen.
Thendecodingis correctif thereceivedsequence# is decodedto themessage
1. This is thecaseif � � occursbut � Ó doesnot occurfor all

» `��Õ` w . It
follows that5À;Á�ÂªÏ
Ð�Ð � �U$'<¥_ªÃ�� À/Á�Â � �@Ö � �� Ö � �× Ö¿�����ªÖ � �Î �U$'<¥_ªÃ q (8.115)

which impliesÀ;Á�ÂªÏ
Ð�Ð �U$'<¥_ªÃ< _ � À/Á�ÂªÏ2ÐÑÐ � �U$'<¥_ªÃ (8.116)` _ � À/Á�Â � � Ö � �� Ö � �× Ö¿�����ªÖ � �Î �U$'<¥_ªÃ (8.117)< À;ÁÒÂ j � �ÄÖ � �� Ö � �× ÖR������Ö � �Î k � �U$'<¥_ªÃ (8.118)< À;ÁÒÂ � ��ÄØ � � Ø � × Ø ����� Ø � Î �U$'<¥_ªÃ�n (8.119)

By theunionbound,we have

À;ÁÒÂªÏ
Ð�Ð �U$'<¥_ªÃ�` À;ÁÒÂ � �� �U$Ù<¤_ªÃ � ÎhÓ A �
À;ÁÒÂ � Ó �U$'<¥_ªÃ�n (8.120)

First,if $'<¥_ , then jT!Qj¾_ k�q # k arec i.i.d. copiesof thepairof genericrandom
variablesj�� q " k . By thestrongJAEP(Theorem5.8),for any Ú4	�� ,À/ÁÒÂ � �� �U$'<¥_ªÃa< À;ÁÒÂ jT!Qj¾_ k�q # k Í1�Å  Æ Ç0È�ÉËÊ �U$'<¥_ªÃ � Ú (8.121)

for sufficiently large c . Second,if $ <I_ , thenfor
» `=�Õ` w , jT!Qj�� k�q # k

are c i.i.d. copiesof thepair of genericrandomvariablesj�� Ì q " Ì k , where � Ì
and "�Ì have the samemarginal distributions as � and " , respectively, and� Ì and " Ì areindependentbecause!Qj¾_ k and !Qj�� k areindependentand #
dependsonly on !Qj¾_ k . Therefore,À;Á�Â � Ó �U$'<¥_ªÃ< À/Á�Â jT!Qj�� k�q # k 1�Å  Æ Ç0È¬ÉËÊ �U$'<¥_ªÃ (8.122)

< h
§±ÛÝÜ Þ
�Tßáà�âã ä�å¯æ ç C j�. k C j�� k n (8.123)

By the consistency of strongtypicality, for j�. q � k 1�Å  Æ Ç2È�ÉËÊ , .¥1�Å  Æ Ç?ÉËÊ and�è1¥Å  Æ È�ÉËÊ . By the strongAEP, all C j�. k and C j�� k in the above summation
satisfy

C j�. k ` »êé  §ìë�§
Ç � é|í �

(8.124)

5If î¬ï doesnot occuror î�ð occursfor some �0ñ Ó ñ Î , the received sequenceò is decodedto the
constantmessage,which may happento be the message1. Therefore,the inequalityin (8.115)is not an
equalityin general.
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and

C j�� k ` »êé  §ië
§
È � é�ó � q (8.125)

whereô q¸õ &(� as ¹a&(� . Againby thestrongJAEP,

� Å  Æ Ç2È�ÉËÊ �¯` »  §ìë�§ Ç Ü È
�÷öoø��

q (8.126)

whereùÔ&ú� as ¹a&(� . Thenfrom (8.123),wehaveÀ/Á�Â � Ó �U$'<¥_ªÃ` »  §ië
§ Ç Ü È
�ûöoø��

� » é  §ië
§ Ç
� é|í � � » é  §ìë�§ È

� é�ó �
(8.127)< » é  §ië
§ Ç

�ûö
ë
§ È

� é ë�§ Ç Ü È
� é ø é|íüé�ó �

(8.128)< »êé  §ìýÒ§ Ç�þ È
� é ø é|í�é�ó �

(8.129)< » é  §ìýÒ§ Ç�þ È
� é|ÿ � q (8.130)

where � <�ù � ô �dõ &ú� (8.131)

as ¹a&(� .
Fromtheupperboundin (8.108),wehave

w
� »  §ìýÒ§ Ç�þ È

� é��� � n (8.132)

Using (8.121), (8.130), and the above upperboundon w , it follows from
(8.114)and(8.120)thatÀ;ÁÒÂªÏ2ÐÑÐ Ã � Ú � »  §ìýÒ§ Ç�þ È

� é �� � � »êé  §±ýÒ§ Ç~þ È � é|ÿ � (8.133)< Ú � » é  § �� é|ÿ � n (8.134)

Since
� &(� as ¹a&(� , for sufficiently small ¹ , we have

�¼ � � 	�� (8.135)

for any ��	�� , so that
» é  § �� é|ÿ � &'� as c:& ¢ . Thenby letting Ú � �× , it

follows from (8.134)that À/ÁÒÂªÏ2ÐÑÐ Ã � �» (8.136)

for sufficiently large c .
Themain ideaof theabove analysisof

À;ÁÒÂªÏ
Ð�Ð Ã is the following. In con-
structingthecodebook,we randomlygeneratew codewordsin 7  according
to C j� k  , andoneof thecodewordsis sentthroughthechannelC j�D��  k . Whenc is large,with high probability, the received sequenceis jointly typical with
the codeword sentwith respectto C j� q D k . If the numberof codewords wgrows with c ata ratelessthan Z�j��º^�" k , thentheprobabilitythatthereceived
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sequenceis jointly typicalwith acodewordotherthantheonesentthroughthe
channelis negligible. Accordingly, themessagecanbedecodedcorrectlywith
probabilityarbitrarily closeto 1.

In constructingthecodebookby therandomprocedurein Step2, wechoose
acodebook½ with acertainprobability

À;Á�Â ½@Ã from theensembleof all possi-
ble codebooks.By conditioningon thecodebookchosen,we haveÀ;Á�ÂªÏ2ÐÑÐ Ãx< h � À;Á�Â ½@Ã À;Á�ÂªÏ
Ð�Ð � ½@Ã q (8.137)

i.e.,
À;Á�ÂªÏ
Ð�Ð Ã is a weightedaverageof

À;Á�ÂªÏ
Ð�Ð � ½@Ã over all ½ in theensemble
of all possiblecodebooks,where

À;Á�ÂªÏ
Ð�Ð � ½mÃ is theaverageprobabilityof error
of thecode,i.e., �m  , whenthecodebook½ is chosen(cf. Definition 8.9). The
readershouldcomparethetwo differentexpansionsof

À;Á�ÂªÏ
Ð�Ð Ã in (8.137)and
(8.112).

Therefore,thereexistsat leastonecodebook½¬\ suchthat

À/ÁÒÂªÏ2ÐÑÐ � ½ \ Ã-` À/Á�ÂªÏ2ÐÑÐ Ã � �» n (8.138)

Thuswe have shown thatfor any ��	:� , thereexistsfor sufficiently large c anj�c q w k codesuchthat

_c ritvu2w 	:Z�j��º^�" k � �» (8.139)

(cf. (8.108))and �m  � �» n (8.140)

Wearestill onestepaway from proving thattherate Zoj��º^�" k is achievable
becausewe requirethat

�|�?���
insteadof �@  is arbitrarily small. Toward this

end,wewrite (8.140)as _
w

ÎhÓ A �
� Ó � �»Äq (8.141)

or ÎhÓ A �
� Ó ��� w »	� ��n (8.142)

Upon orderingthe codewords accordingto their conditionalprobabilitiesof
error, we observe that the conditionalprobabilitiesof error of the betterhalf
of the w codewordsarelessthan � , otherwisetheconditionalprobabilitiesof
errorof theworsehalf of thecodewordsareat least � , andthey contribute at
least j Î � k � to thesummationin (8.142),which is acontradiction.
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Thusby discardingtheworsehalf of thecodewordsin ½ \ , for theresulting
codebook,themaximalprobabilityof error

�|�?�¸�
is lessthan � . Using(8.139)

andconsidering _csritvu w » < _csrBtvu?w � _c (8.143)

	 � Z�j��º^�" k � �» � � _c (8.144)

	 Zoj��º^�" k � � (8.145)

when c is sufficiently large,weseethattherateof theresultingcodeis greater
than Zoj��º^�" k � � . Hence,we concludethattherate Z�j��·^�" k is achievable.

Finally, uponletting the input distribution C j� k be onewhich achievesthe
channelcapacity, i.e., Zoj��º^�" k <Ne , wehave provedthattherate e is achiev-
able.Thiscompletestheproofof thedirectpartof thechannelcodingtheorem.

8.5 A DISCUSSION
In thelast two sections,we have provedthechannelcodingtheoremwhich

assertsthatreliablecommunicationthroughaDMC at rate � is possibleif and
only if � � e , the channelcapacity. By reliablecommunicationat rate � ,
wemeanthatthesizeof themessagesetgrows exponentiallywith c at rate � ,
while themessagecanbedecodedcorrectlywith probabilityarbitrarily close
to 1 as cp&£¢ . Therefore,thecapacitye is a fundamentalcharacterizationof
aDMC.

Thecapacityof anoisychannelis analogousto thecapacityof awaterpipe
in thefollowing way. For a waterpipe, if we pumpwaterthroughthepipeat
a ratehigherthanits capacity, thepipe would burst andwaterwould be lost.
For acommunicationchannel,if wecommunicatethroughthechannelatarate
higherthanthecapacity, theprobabilityof error is boundedaway from zero,
i.e., informationis lost.

In proving the direct part of the channelcodingtheorem,we showed that
thereexists a channelcodewhoserate is arbitrarily closeto e and whose
probabilityof erroris arbitrarilycloseto zero.Moreover, theexistenceof such
acodeis guaranteedonly whentheblock length c is large.However, theproof
doesnot indicatehow we canfind suchacodebook.For this reason,theproof
wegave is calledanexistenceproof (asopposeto aconstructive proof).

For afixedblock length c , we in principlecansearchthroughtheensemble
of all possiblecodebooksfor a goodone,but this is quiteprohibitive evenfor
small c becausethenumberof all possiblecodebooksgrows doublyexponen-
tially with c . Specifically, the total numberof all possiblej�c q w k codebooks
is equalto �U7p� Î  . Whentherateof thecodeis closeto e , w is approximately
equalto

»  �
 . Therefore,thenumberof codebookswe needto searchthrough
is about �U7R�  ª�

â�
.
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Nevertheless,theproofof thedirectpartof thechannelcodingtheoremdoes
indicatethatif we generatea codebookrandomlyasprescribed,thecodebook
is mostlikely to begood.More precisely, we now show thattheprobabilityof
choosinga code ½ suchthat

À;Á�ÂªÏ
Ð�Ð � ½@Ã is greaterthanany prescribed�¥	��
is arbitrarily smallwhen c is sufficiently large.ConsiderÀ;Á�ÂªÏ
Ð�Ð Ã < h � À;ÁÒÂ ½@Ã À;Á�ÂªÏ
Ð�Ð � ½@Ã (8.146)

< h��� ������������� ��� ñ�� À;ÁÒÂ ½@Ã À;ÁüÂªÏ2ÐÑÐ � ½@Ã
� h��� ������������� ���! � À;ÁÒÂ ½@Ã À;ÁüÂªÏ2ÐÑÐ � ½@Ã (8.147)

� h��� ������������� ���! � À;ÁÒÂ ½@Ã À;ÁüÂªÏ2ÐÑÐ � ½@Ã (8.148)

	 � h��� �"�#�������� �$�! � À/Á�Â ½mÃ q (8.149)

which implies h��� �"�#�������� �$�! � À/ÁÒÂ ½mÃ � À;ÁÒÂªÏ
Ð�Ð Ã� n (8.150)

From(8.138),we have À/Á�ÂªÏ2ÐÑÐ Ã � �» (8.151)

for any ��	�� when c is sufficiently large.Thenh��� �"�#�������� ���! � À;Á�Â ½mÃ � �» � n (8.152)

Since� is fixed,thisupperboundcanbemadearbitrarily smallby choosinga
sufficiently small � .

Althoughtheproofof thedirectpartof thechannelcodingtheoremdoesnot
provide anexplicit constructionof a goodcode,it doesgive muchinsightinto
whatagoodcodeis like. Figure8.10is anillustrationof achannelcodewhich
achievesthechannelcapacity. Hereweassumethattheinputdistribution C j� kis onewhichachievesthechannelcapacity, i.e., Zoj��º^�" k <Ne . Theideais that
mostof thecodewordsaretypical sequencesin 7  with respectto C j� k . (For
this reason,therepetitioncodeis not a goodcode.)Whensucha codeword is
transmittedthroughthe channel,the received sequenceis likely to be oneof
about

»  ë
§ È � Ç � sequencesin 9  whicharejointly typicalwith thetransmitted
codeword with respectto C j� q D k . The associationbetweena codeword and
theabout

»  ë�§ È � Ç � correspondingsequencesin 9  is shown asa conein the
figure.As we requirethattheprobabilityof decodingerroris small,thecones
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Figure 8.10. A channelcodewhichachievescapacity.

essentiallydo not overlap with eachother. Sincethe numberof typical se-
quenceswith respectto C j�D k is about

»  ë�§ È
�
, thenumberof codewordscannot

exceedabout »  ë
§ È
�

»  ë�§ È � Ç � < »  ýÒ§ Ç�þ È
�
< »  �
 n (8.153)

This is consistentwith theconverseof thechannelcodingtheorem.Thedirect
part of the channelcodingtheoremsaysthat when c is large, as long asthe
numberof codewordsgeneratedrandomlyis notmorethanabout

»  § 
 é � � , the
overlapamongtheconesis negligible with highprobability.

Therefore,insteadof searchingthroughtheensembleof all possiblecode-
booksfor agoodone,wecangenerateacodebookrandomly, andit is likely to
begood. However, sucha codeis difficult to usedueto the following imple-
mentationissues.

A codebookwith block length c andrate � consistsof c »  $- symbolsfrom
theinputalphabet7 . Thismeansthatthesizeof thecodebook,i.e.,theamount
of storagerequiredto storethe codebook,grows exponentiallywith c . This
alsomakestheencodingprocessinefficient.

Anotherissueis regardingthecomputationrequiredfor decoding.Basedon
thesequencereceivedat theoutputof thechannel,thedecoderneedsto decide
which of theabout

»  $- codewordswastheonetransmitted.This requiresan
exponentialamountof computation.

In practice,we aresatisfiedwith the reliability of communicationonceit
exceedsacertainlevel. Therefore,theabove implementationissuesmayeven-
tually beresolvedwith theadvancementof microelectronics.But beforethen,
westill haveto dealwith theseissues.For thisreason,theentirefield of coding
theoryhasbeendevelopedsincethe1950’s. Researchersin this field arede-
votedto searchingfor goodcodesanddevising efficientdecodingalgorithms.



174 A FIRSTCOURSEIN INFORMATIONTHEORY

Encoder
. Channel

p/ (y0 |x1 ) Decoder
2X

3
i=fi(W,Yi-1)

Yi W

Estimate
of message

W

Message

Figure 8.11. A channelcodewith feedback.

In fact,almostall thecodesstudiedin codingtheoryare linear codes. By
takingadvantageof thelinearstructuresof thesecodes,efficientencodingand
decodingcanbe achieved. In particular, Berrouet al. [25] have proposeda
linearcodecalledthe turbo code6 in 1993,which is now generallybelievedto
bethepracticalway to achieve thechannelcapacity.

Today, channelcoding hasbeenwidely usedin homeentertainmentsys-
tems(e.g.,audioCD andDVD), computerstoragesystems(e.g.,CD-ROM,
harddisk,floppy disk,andmagnetictape),computercommunication,wireless
communication,anddeepspacecommunication.The mostpopularchannel
codesusedin existing systemsincludetheHammingcode,theReed-Solomon
code7, theBCH code,andconvolutionalcodes.We refertheinterestedreader
to textbookson codingtheory[30] [133] [217] for discussionsof this subject.

8.6 FEEDBACK CAPACITY
Feedbackis commonin practicalcommunicationsystemsfor correcting

possibleerrorswhich occur during transmission. As an example,during a
telephoneconversation,we oftenhave to requestthespeaker to repeatdueto
poor voice quality of the telephoneline. As anotherexample,in datacom-
municationthereceiver mayrequesta packet to beretransmittedif theparity
check bits receivedareincorrect.In general,whenfeedbackfrom thereceiver
is availableat the transmitter, the transmittercanat any time decidewhat to
transmitnext basedon thefeedbacksofar, andcanpotentiallytransmitinfor-
mationthroughthechannelreliablyat ahigherrate.

In this section,we studya model in which a DMC is usedwith complete
feedback.The block diagramfor the modelis shown in Figure8.11. In this
model,thesymbol " � receivedat theoutputof thechannelat time b is available
instantaneouslyat theencoderwithout error. Thendependingon themessage$ andall thepreviousfeedback"]� q "�� q ����� q " � , theencoderdecidesthevalue

6The turbo codeis a specialcaseof the classof Low-densityparity-check (LDPC) codesproposedby
Gallager[78] in 1962(seeMacKay[136]). However, theperformanceof suchcodeswasnot known at that
time dueto lack of highspeedcomputersfor simulation.
7TheReed-Solomoncodewasindependentlydiscoveredby Arimoto [13].
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of � � ö � , thenext symbolto be transmitted.Sucha channelcodeis formally
definedbelow.4�z�57698:69;<6#=:8d���T�$>

An j�c q w k code with completefeedback for a discrete
memorylesschannelwith input alphabet 7 andoutputalphabet9 is defined
byencodingfunctions ?

�A@ Â _ q » q ����� q w Ã�5s9 � é � & 7 (8.154)

for _a`�b?`dc anda decodingfunctionB @Ý9  & Â _ q » q ����� q w Ã�n (8.155)

We will use # � to denote jT"]� q "�� q ����� q " �Yk and � � to denote

?
� jY$ q # � é � k .

We notethat a channelcodewithout feedbackis a specialcaseof a channel
codewith completefeedbackbecausefor thelatter, theencodercanignorethe
feedback.4�z�57698:69;<6#=:8d���T��C

A rate � is achievablewith completefeedback for a dis-
cretememorylesschannelC j�D��  k if for any �¨	�� , there existsfor sufficiently
large c an j�c q w k codewith completefeedback such that

_c�rBtvu0w 	�� � � (8.156)

and �|�?�¸��� ��n (8.157)4�z�57698:69;<6#=:8d���T��D
Thefeedback capacity, e FB, ofadiscretememorylesschan-

nel is the supremumof all the ratesachievableby codeswith completefeed-
back.EGF<=:HI=AJK69;<6#=:8d���T��L

Thesupremumin thedefinitionof e FB in Definition8.16
is themaximum.

Proof Considerrates� §±°
�

whichareachievablewith completefeedbacksuch
that

rNMNO°PRQ � §±°
�
<=�¨n (8.158)

Thenfor any �g	�� , for all  , thereexistsfor sufficiently large c an j�c q w §±°
�
k

codewith completefeedbacksuchthat

_c ritvu?w §±°
�
	�� §±°

�
� � (8.159)
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Figure 8.12. Thedependency graphfor a channelcodewith feedback.

and � §ì°
��0��� � ��n (8.160)

By virtue of (8.158),let �jl� k beanintegersuchthatfor all 4	f�jl� k ,
� � � � §±°

�
� � � q (8.161)

which implies � §ì°
�
	�� � ��n (8.162)

Thenfor all �	:�jl� k ,
_c ritvu2w §ì°

�
	�� §±°

�
� ��	�� � » ��n (8.163)

Therefore,it follows from (8.163)and(8.160)that � is achievablewith com-
pletefeedback.This impliesthat thesupremumin Definition 8.16,which can
beachieved,is in factthemaximum.

Sincea channelcodewithout feedbackis a specialcaseof a channelcode
with completefeedback,any rate � achievableby theformeris alsoachievable
by thelatter. Therefore, e FB ��egn (8.164)

Theinterestingquestionis whethere FB is greaterthan e . Theanswersur-
prisingly turnsout to beno for aDMC, aswe now show. Fromthedescription
of a channelcodewith completefeedback,we obtain the dependency graph
for the randomvariables$ q ! q # q �$ in Figure8.12. From this dependency



ChannelCapacity 177

graph,we seethat

�Vj�� q . q � q �� k <=��j�� k[Z  ��BA � ��j� � � � q � � é � k]\^Z  ��iA �üC j�D � �  �Yk]\ �Vj����� � k (8.165)

for all j�� q . q � q �� k 143P547  5�9  5 3 suchthat ��j�� q � � é � k�q ��j� �Yk 	�� for_a`db?`dc and ��j�� k 	�� , where� � <¤j�D � q D � q ����� q Dv� k . Notethat ��j���¸� � q � � é � k
and ��j����� � k aredeterministic.y;z|{g{~}��������

For all _a`�b?`dc ,

jY$ q # � é � k &*� � &(" � (8.166)

formsa Markov chain.

Proof Thedependency graphfor therandomvariables$ q ! � , and# � is shown
in Figure8.13. Denotethe setof nodes$ q ! � é � , and # � é � by _ . Thenwe
seethatall theedgesfrom _ endat � � , andtheonly edgefrom � � endsat " � .
Thismeansthat "�� dependson jY$ q ! � é � q # � é � k only through��� , i.e.,

jY$ q ! � é � q # � é � k &*� � &(" � (8.167)

formsaMarkov chain,or

ZojY$ q ! � é � q # � é � ^�" � � � ��k <=�Vn (8.168)

This canbe formally justified by Proposition2.9, andthe detailsareomitted
here.Since

� < ZojY$ q ! � é � q # � é � ^�" � � � �Yk (8.169)< ZojY$ q # � é � ^�" � � � ��k�� Z�jT! � é � ^�" � �U$ q � ��q # � é � k (8.170)

andmutualinformationis nonnegative, weobtain

ZojY$ q # � é � ^�" � � � �Yk <=� q (8.171)

or jY$ q # � é � k &*� � &(" � (8.172)

formsaMarkov chain.Thelemmais proved.

Fromthedefinitionof e FB andby virtue of Proposition8.17,if �)`¥e FB,
then � is a rateachievablewith completefeedback.Wewill show thatif a rate� is achievablewith completefeedback,then � `We . If so, then ��`Xe FB

implies �¤`�e , whichcanbetrueif andonly if e FB `fe . Thenfrom (8.164),
wecanconcludethat e FB <Ne .
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Let � bearateachievablewith completefeedback,i.e., for any ��	�� , there

existsfor sufficiently large c an j�c q w k codewith completefeedbacksuchthat

c é � ritvu?w 	�� � � (8.173)

and � �0��� � ��n (8.174)

Consider

ritvu0w < S jY$ k <=ZojY$�^�# k¬� S jY$X� # k (8.175)

andboundZojY$,^�# k and
S jY$W� # k asfollows. First,

ZojY$�^�# k < S j�# k � S j�#L�U$ k (8.176)

< S j�# k �  h
�BA �
S jT"���� # � é � q $ k (8.177)���

< S j�# k �  h
�BA �
S jT" � � # � é � q $ q � ��k (8.178)

� �< S j�# k �  h
�BA �
S jT" � � � ��k (8.179)

`  h
�BA �
S jT" �Yk �  h

�BA �
S jT" � � � ��k (8.180)

<  h
�BA � Zoj�� � ^�" �Yk (8.181)

` cme q (8.182)



ChannelCapacity 179

wherea) follows because� � is a functionof $ and # � é � andb) follows from
Lemma8.18.Second,S jY$W� # k < S jY$W� # q �$ k ` S jY$W� �$ k n (8.183)

Thus

ritvu?w ` S jY$W� �$ k]� cme q (8.184)

which is the sameas (8.98). Then by (8.173)and an applicationof Fano’s
inequality, we concludeasin theproof for theconverseof thechannelcoding
theoremthat �¤`fexn (8.185)

Hence,we have provedthat e FB <�e .

Remark 1 Theproof for theconverseof thechannelcodingtheoremin Sec-
tion 8.3dependscritically on theMarkov chain

$'&(!è&*#�& �$ (8.186)

andtherelationin (8.73)(thelatterimpliesLemma8.13).Bothof themdonot
hold in generalin thepresenceof feedback.

Remark 2 The proof for e FB < e in this sectionis also a proof for the
converseof thechannelcodingtheorem,soweactuallydonotneedtheproofin
Section8.3.However, theproofhereandtheproofin Section8.3havedifferent
spirits.Withoutcomparingthetwo proofs,onecannotpossiblyunderstandthe
subtletyof theresultthatfeedbackdoesnot increasethecapacityof aDMC.

Remark 3 Althoughfeedbackdoesnot increasethecapacityof a DMC, the
availability of feedbackoften makes codingmuch simpler. For somechan-
nels,communicationthroughthechannelwith zeroprobabilityof errorcanbe
achievedin thepresenceof feedbackby usingavariable-lengthchannelcode.
Thesearediscussedin thenext example.egf¬}m{cH�hêz%���T��i

Considerthebinary erasure channelin Example8.5 whose
capacityis _ �[j , where j is theerasureprobability. In thepresenceofcomplete
feedback, for everyinformationbit to betransmitted,theencodercantransmit
thesameinformationbit throughthechanneluntil an erasure doesnot occur,
i.e., the informationbit is receivedcorrectly. Thenthenumberof usesof the
channelit takesto transmitan informationbit throughthe channelcorrectly
hasa truncatedgeometricaldistribution whosemeanis j¾_ �kj k é � . Therefore,
theeffectiverateat which informationcanbetransmittedthroughthechannel
is _ �lj . In other words, the channelcapacityis achieved by using a very
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Figure 8.14. Separationof sourcecodingandchannelcoding.

simplevariable-lengthcode. Moreover, thechannelcapacityis achievedwith
zero probability of error.

In theabsenceof feedback, therate _ �vj canalsobeachieved,but with an
arbitrarily smallprobability of error anda much morecomplicatedcode.

8.7 SEPARATION OF SOURCE AND CHANNEL
CODING

Wehave sofar consideredthesituationin which we wantto convey a mes-
sagethroughaDMC, wherethemessageis randomlyselectedfrom afinite set
accordingto the uniform distribution. However, in mostsituations,we want
to convey an informationsourcethrougha DMC. Let

Â$w ° q �	 � cÄÃ be an
ergodic stationaryinformationsourcewith entropy rate

S
. Denotethecom-

monalphabetby x andassumethat x is finite. To convey
Â$w ° Ã throughthe

channel,we canemploy a sourcecodewith rate �zy anda channelcodewith
rate � � asshown in Figure8.14suchthat �dy � � � .

Let

? y and B y berespectively theencodingfunctionandthedecodingfunc-
tion of the sourcecode,and

? �
and B � be respectively the encodingfunction

andthe decodingfunction of the channelcode. The block of c information
symbols { <+j w é §  é � � q w é §  é � � q ����� q w « k is first encodedby thesourceen-
coderinto anindex $'<

? y j#{ k�q (8.187)

calledthesourcecodeword. Then $ is mappedby thechannelencoderto a
distinctchannelcodeword !)<

? � jY$ k�q (8.188)

where ! <Ij���� q ��� q ����� q �� k . This is possiblebecausethereareabout
»  �-I|

sourcecodewords and about
»  �-~} channelcodewords, and we assumethat�dy � � � . Then ! is transmittedthroughtheDMC C j�D¬�  k , andthesequence# <PjT"]� q "�� q ����� q "� k is received. Basedon # , the channeldecoderfirst

estimates$ as �$Ù< B � j�# k n (8.189)

Finally, thesourcedecoderdecodes �$ to

�{ < B y j �$ k n (8.190)
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For this scheme,anerroroccursif {ÙÍ< �{ , andwe denotetheprobabilityof
errorby �@  .

We now show that if
S � e , the capacityof the DMC C j�D¬�  k , thenit is

possibleto convey { throughthechannelwith anarbitrarily smallprobability
of error. First,we choose�zy and � � suchthatS � �dy � � � � egn (8.191)

Observe thatif �$'<N$ and B y jY$ k <�{ , thenfrom (8.190),

�{ < B y j �$ k < B y jY$ k <�{ q (8.192)

i.e.,anerrordoesnotoccur. In otherwords,if anerroroccurs,either �$ Í<K$
or B y jY$ k Í<�{ . Thenby theunionbound,we have

�  �` À;ÁÒÂ �$ Í<N$�Ã � À/ÁÒÂ B y jY$ k Í<�{RÃ�n (8.193)

For any �¿	+� andsufficiently large c , by the Shannon-McMillan-Breiman
theorem,thereexistsasourcecodesuchthatÀ;Á�Â B y jY$ k Í<�{RÃ�`f��n (8.194)

By thechannelcodingtheorem,thereexistsachannelcodesuchthat
���0��� `�� ,

where
� �0���

is themaximalprobabilityof error. This impliesÀ/ÁÒÂ �$ Í<N$�Ã < h Ó À;Á�Â �$ Í<N$W�U$Ù<��ÔÃ À/Á�Â $'<��-Ã (8.195)

` ���0��� h Ó À/Á�Â $'<��ÔÃ (8.196)

< ���0���
(8.197)` ��n (8.198)

Combining(8.194)and(8.198),we have

�@  ` » ��n (8.199)

Therefore,we concludethataslong as
S � e , it is possibleto convey

Â$w ° ÃthroughtheDMC reliably.
In the schemewe have discussed,sourcecoding and channelcoding are

separated.In general,sourcecoding and channelcoding can be combined.
This techniqueis called joint source-channelcoding. It is thennaturalto ask
whetherit is possibleto convey informationthroughthechannelreliably at a
higherrateby usingjoint source-channelcoding.In therestof thesection,we
show that the answerto this questionis no to the extent that for asymptotic
reliability, we musthave

S `,e . However, whetherasymptoticalreliability
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Figure 8.15. Jointsource-channelcoding.

canbe achieved for
S < e dependson the specificinformationsourceand

channel.
We baseour discussionon thegeneralassumptionthat completefeedback

is availableat the encoderasshown in Figure8.15. Let

? y �� , _ `Õb�`Õc , be
theencodingfunctionsand B y � bethedecodingfunctionof thesource-channel
code.Then � � <

? y �� j#{ q # � é � k (8.200)

for _a`�b?`dc , where# � é � <¤jT"]� q "�� q ����� q " � é � k , and

�{ < B y � j�# k�q (8.201)

where �{(<)j �w � q �w � q ����� q �w  k . In exactly thesameway aswe proved(8.182)
in thelastsection,we canprove that

Z�j#{¿^�# k `dcmegn (8.202)

Since �{ is a functionof # ,

Z�j#{¿^ �{ k ` Z�j#{¿^ �{ q # k (8.203)< Z�j#{¿^�# k (8.204)` cmegn (8.205)

For any �g�l� , S j#{ k �dc/j S � � k (8.206)

for sufficiently large c . Then

c/j S � � k ` S j#{ k < S j#{º� �{ k�� Z�j#{¿^ �{ k ` S j#{º� �{ k�� cmegn (8.207)

Applying Fano’s inequality(Corollary2.48),weobtain

c/j S � � k `N_ � c �m  ritvu � x � � cme q (8.208)

or S � �~` _c �®�@  ritvu � x � � egn (8.209)
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For asymptoticreliability, �@  &�� as c®&6¢ . Therefore,by letting c®&6¢
andthen �0&�� , we concludethat S `fegn (8.210)

Thisresult,sometimescalledtheseparationtheoremfor sourceandchannel
coding, saysthatasymptoticoptimality canbeachieved by separatingsource
codingandchannelcoding.This theoremhassignificantengineeringimplica-
tion becausethesourcecodeandthechannelcodecanbedesignedseparately
without losingasymptoticoptimality. Specifically, we only needto designthe
bestsourcecodefor the informationsourceanddesignthebestchannelcode
for thechannel.Moreover, separationof sourcecodingandchannelcodingfa-
cilitatesthetransmissionof differentinformationsourceson thesamechannel
becauseweneedonlychangethesourcecodefor differentinformationsources.
Likewise,separationof sourcecodingandchannelcodingalsofacilitatesthe
transmissionof an informationsourceon differentchannelsbecausewe need
only changethechannelcodefor differentchannels.

Weremarkthatalthoughasymptoticoptimality canbeachievedby separat-
ing sourcecodingandchannelcoding,for finite block length,theprobability
of errorgenerallycanbereducedby usingjoint source-channelcoding.

PROBLEMS
In thefollowing, !)<¤j���� q ��� q ����� q �� k , .¿<¤j�¬� q o� q ����� q � k , andsoon.

1. Alternativerepresentationof a discretechannel Let � and " be respec-
tively theinputandtheoutputof adiscretechannelC j�D��  k . Show thatthere
existsa randomvariable _ anda function

?
suchthat "�<

?
j�� q _ k and _

is independentof � . This is a generalizationof thealternative representa-
tion of aBSCin Example8.4.

Let � � and " � berespectively theinput andtheoutputof theDMC C j�D��  k .Then "�� dependscausallyon ��� via "��m<
?
j���� q _Ä� k , where _Ä� is thenoise

randomvariableat time b which hasthesamedistribution as _ , and _ � is
independentof all therandomvariableswhichhavealreadybeengenerated
in thesystem.

2. Show that the capacityof a DMC with completefeedbackcannotbe in-
creasedby usingprobabilisticencodingand/ordecodingschemes.

3. Memoryincreasescapacity Considera BSC with crossover probability� � � � _ representedby � � <¥" ��� _ � mod
»
, where � � , " � , and _ � are

respectively theinput, theoutput,andthenoiserandomvariableat time b .
Then À;Á�Â _ � <��¯Ãx<¥_ � � and

À/ÁÒÂ _ � <¥_ªÃx<N�
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for all b . We assumethat
Â � � Ã and

Â _ � Ã areindependent,but we make no
assumptionthat _ � arei.i.d. sothatthechannelmayhave memory.

a) Prove that ZojT!R^�# k `dc ��� � jl� k n
b) Show thattheupperboundin a) canbeachievedby letting � � bei.i.d.

bits taking thevalues0 and1 with equalprobabilityand _ � <�_ � <�����V<�_Ä .
c) Show that with the assumptionsin b), ZojT!p^�# k �+cme , where e£<_ ��� � jl� k is thecapacityof theBSCif it is memoryless.

4. Show that the capacityof a channelcanbe increasedby feedbackif the
channelhasmemory.

5. In Remark1 toward the endof Section8.6, it wasmentionedthat in the
presenceof feedback,both the Markov chain $ & ! & # & �$ and
Lemma8.13 do not hold in general. Give examplesto substantiatethis
remark.

6. Prove thatwhenaDMC is usedwith completefeedback,À;Á�Â " � <�D � � ! � <�. � q # � é � <�� � é � Ãg< À/Á�Â " � <�D � � � � <� � Ã
for all b��¤_ . This relation,which is a consequenceof thecausalityof the
code,saysthatgiventhecurrentinput, thecurrentoutputdoesnot depend
on all thepastinputsandoutputsof theDMC.

7. Let � jl� k <�� _ � � �� _ � ���
be the transitionmatrix for a BSC with crossover probability � . Define����� <¤j¾_ � � k � � � j¾_ � � k for ��` � q � `�_ .
a) Prove thataDMC with transitionmatrix � jl� � k>� jl� � k is equivalentto a

BSCwith crossover probability ��� � �¸� . Sucha channelis thecascade
of two BSC’swith crossover probabilities�Ò� and �¸� , respectively.

b) Repeata) for aDMC with transitionmatrix � jl��� k>� jl��� k .
c) Prove that

_ ��� � jl� � � � � k ` O�MN� j¾_ ��� � jl� � k�q _ ��� � jl� � k�k n
This meansthat the capacityof the cascadeof two BSC’s is upper
boundedby thecapacityof eitherof thetwo BSC’s.
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d) Prove thata DMC with transitionmatrix � jl� k  is equivalentto a BSC
with crossover probabilities �� j¾_ � j¾_ � » � k  k .

8. SymmetricchannelA DMC issymmetricif therowsof thetransitionmatrix

C j�D��  k arepermutationsof eachotherandsoarethecolumns.Determine
thecapacityof suchachannel.

SeeSection4.5 in Gallager[80] for amoregeneraldiscussion.

9. Let e~� and e0� bethecapacitiesof two DMC’swith transitionmatrices� �
and � � , respectively, andlet e bethecapacityof theDMC with transition
matrix � � � � . Prove that e¤` O�MN� jYe~� q e0� k .

10. Two independentparallel channelsLet e~� and e0� bethecapacitiesof two
DMC’s C �üj�DV�ª� ¬� k and C �vj�D���� �� k , respectively. Determinethe capacityof
theDMC

C j�DV� q D��Ý� ¬� q �� k < C �üj�DV�ü� ]� k C ��j�D���� �� k n
Hint: Prove that

Zoj���� q ����^�"¬� q "o� k `�Zoj�����^�"¬� k�� Zoj����v^�"o� k
if C j�DV� q D���� ¬� q o� k < C �üj�DV�ª� ¬� k C ��j�D���� o� k .

11. MaximumlikelihooddecodingIn maximumlikelihooddecodingfor agiven
channelanda given codebook,if a received sequence� is decodedto a
codeword . , then . maximizes

À/ÁÒÂ �0� .�ÌTÃ amongall codewords .�Ì in the
codebook.

a) Prove thatmaximumlikelihooddecodingminimizestheaverageprob-
ability of error.

b) Doesmaximumlikelihooddecodingalsominimizethemaximalprob-
ability of error?Giveanexampleif your answeris no.

12. Minimumdistancedecoding The Hammingdistancebetweentwo binary
sequences. and � , denotedby ��j�. q � k , is the numberof placeswhere .
and � differ. In minimum distancedecodingfor a memorylessBSC, if a
receivedsequence� is decodedto acodeword . , then . minimizes��j�.�Ì q � k
over all codewords . Ì in thecodebook.Prove thatminimum distancede-
codingis equivalentto maximumlikelihooddecodingif thecrossoverprob-
ability of theBSCis lessthan0.5.

13. Thefollowing figureshowsacommunicationsystemwith two DMC’swith
completefeedback.Thecapacitiesof thetwo channelsarerespectively e �
and e0� .
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a) Give thedependency graphfor all therandomvariablesinvolvedin the
codingscheme.

b) Prove thatthecapacityof thesystemis O�MN� jYe~� q e0� k .
14. Binary arbitrarily varying channel Considera memorylessBSC whose

crossover probability is time-varying. Specifically, thecrossover probabil-
ity �üj�b k at time b is anarbitraryvaluein �U�Ò� q ���¡  , where ��`���� � ��� � �Vn£¢ .
Prove that the capacityof this channelis _ ��� � jl�¸� k . (Ahlswedeand
Wolfowitz [9].)

15. Considera BSC with crossover probability �81¤�U�Ò� q �¸�¡  , where � � �Ò� ��¸� � �Vn£¢ , but theexact valueof � is unknown. Prove that thecapacityof
this channelis _ ��� � jl��� k .

HISTORICAL NOTES
Theconceptof channelcapacitywasintroducedin Shannon’s original pa-

per [184], wherehe statedthe channelcodingtheoremandoutlineda proof.
The first rigorousproof wasdueto Feinstein[68]. The randomcodingerror
exponentwasdevelopedby Gallager[79] in a simplifiedproof.

The converseof the channelcoding theoremwas proved by Fano [66],
whereheusedan inequalitynow bearinghis name.Thestrongconversewas
first proved by Wolfowitz [220]. An iterative algorithm for calculatingthe
channelcapacitydevelopedindependentlyby Arimoto [14] andBlahut [28]
will bediscussedin Chapter10.

It wasprovedby Shannon[187] that thecapacityof a discretememoryless
channelcannotbeincreasedby feedback.Theproofherebasedondependency
graphsis inspiredby Bayesiannetworks.



Chapter9

RATE-DISTORTION THEORY

Let
S

be theentropy rateof an informationsource.By thesourcecoding
theorem,it is possibleto designa sourcecodewith rate � which reconstructs
thesourcesequence!)<¤j�� � q � � q ����� q �  k with anarbitrarilysmallprobabil-
ity of errorprovided �^� S andtheblock length c is sufficiently large.How-
ever, therearesituationsin whichwewantto convey aninformationsourceby
asourcecodewith ratelessthan

S
. Thenwearemotivatedto ask:whatis the

bestwe candowhen � � S ?

A naturalapproachis to designa sourcecodesuchthat for partof thetime
thesourcesequenceis reconstructedcorrectly, while for theotherpartof the
time thesourcesequenceis reconstructedincorrectly, i.e., anerroroccurs.In
designingsucha code,we try to minimize theprobabilityof error. However,
this approachis not viableasymptoticallybecausetheconverseof thesource
codingtheoremsaysthat if � � S

, then the probability of error inevitably
tendsto 1 as cp& ¢ .

Therefore,if � � S , nomatterhow thesourcecodeis designed,thesource
sequenceis almostalwaysreconstructedincorrectlywhen c is large.An alter-
native approachis to designa sourcecodecalleda rate-distortioncodewhich
reproducesthesourcesequencewith distortion.In orderto formulatetheprob-
lemproperly, weneedadistortionmeasurebetweeneachsourcesequenceand
eachreproductionsequence.Thenwetry to designarate-distortioncodewhich
with high probabilityreproducesthesourcesequencewith a distortionwithin
a tolerancelevel.

Clearly, a smallerdistortioncanpotentiallybe achieved if we areallowed
to usea highercodingrate. Rate-distortiontheory, thesubjectmatterof this
chapter, givesa characterizationof the asymptoticoptimal tradeoff between
the coding rateof a rate-distortioncodefor a given informationsourceand

187
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thealloweddistortionin thereproductionsequencewith respectto adistortion
measure.

9.1 SINGLE-LETTER DISTORTION MEASURES
Let

Â � ° q %�X_ªÃ bean i.i.d. informationsourcewith genericrandomvari-
able � . We assumethat the sourcealphabet7 is finite. Let C j� k be the
probability distribution of � , andwe assumewithout lossof generalitythat
thesupportof � is equalto 7 . Considerasourcesequence

.p<�j�¬� q �� q ����� q � k (9.1)

anda reproductionsequence

�.R<¤jü�]� q ��� q ����� q �� k n (9.2)

Thecomponentsof �. cantake valuesin 7 , but moregenerally, they cantake
valuesin any finite set �7 whichmaybedifferentfrom 7 . Theset �7 , which is
alsoassumedto befinite, is calledthereproductionalphabet.To measurethe
distortionbetween. and �. , we introducethesingle-letterdistortionmeasure
andtheaveragedistortionmeasure.4�z�57698:69;<6#=:8¥i��T�

A single-letterdistortionmeasure is a mapping��@¯7è5 �7Õ&§¦ ö q (9.3)

where ¦ ö is thesetof nonnegativereal numbers1. Thevalue �oj� q � k denotes
thedistortionincurredwhena sourcesymbol is reproducedas � .4�z�57698:69;<6#=:8¥i��©¨

Theaverage distortionbetweena sourcesequence.%1p7  
and a reproductionsequence�. 1 �7  inducedby a single-letterdistortion
measure � is definedby ��j�. q �. k < _c

 h
° A �

��j� ° q � ° k n (9.4)

In Definition 9.2,we have used� to denoteboththesingle-letterdistortion
measureandtheaveragedistortionmeasure,but this abuseof notationshould
causenoambiguity. Henceforth,wewill referto asingle-letterdistortionmea-
suresimplyasadistortionmeasure.

Very often, the sourcesequence. representsquantizedsamplesof a con-
tinuoussignal,and the userattemptsto recognizecertainobjectsandderive

1Notethat
� §
�
Ü«ª�ü� is finite for all §

�
Ü!ª�ü��ß�¬® ª¬ .
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meaningfrom the reproductionsequence�. . For example, . may representa
video signal,an audiosignal,or an image. Theultimatepurposeof a distor-
tion measureis to reflectthe distortionbetween. and �. asperceivedby the
user. This goal is difficult to achieve in generalbecausemeasurementsof the
distortionbetween. and �. mustbe madewithin context unlessthe symbols
in 7 carryno physicalmeaning.Specifically, whentheuserderivesmeaning
from �. , the distortion in �. asperceived by the userdependson the context.
For example,the perceived distortionis small for a portrait contaminatedby
a fairly large noise,while the perceived distortionis large for the imageof a
bookpagecontaminatedby thesamenoise.Hence,a gooddistortionmeasure
shouldbecontext dependent.

Although theaveragedistortionis not necessarilythebestway to measure
thedistortionbetweena sourcesequenceanda reproductionsequence,it has
the merit of beingsimpleandeasyto use. Moreover, rate-distortiontheory,
which is basedon the averagedistortionmeasure,providesa framework for
datacompressionwhendistortionis inevitable.egf¬}m{cH�hêz�i��i�

Whenthesymbolsin 7 and �7 representreal values,a popu-
lar distortionmeasure is thesquare-error distortionmeasure which is defined
by ��j� q � k <¤j� � � k � n (9.5)

Theaverage distortion measure so inducedis oftenreferred to as the mean-
square error.egf¬}m{cH�hêz�i��¯>

When 7 and �7 are identical and the symbolsin 7 do not
carryanyparticularmeaning, a frequentlyuseddistortionmeasureis theHam-
mingdistortionmeasure, which is definedby��j� q � k <±° � if s<)�_ if LÍ<)� .

(9.6)

TheHammingdistortionmeasure indicatestheoccurrenceof anerror. In par-
ticular, for an estimate �� of � , wehave

� ��j�� q �� k < À;ÁÒÂ � < ��·Ã��K� � À/Á�Â � Í< ��%Ã~��_�< À;Á�Â � Í< ��%Ã q (9.7)

i.e., theexpectationof theHammingdistortionmeasure between� and �� is
theprobabilityof error.

For .¤1�7  and �.¤1 �7  , the average distortion �oj�. q �. k inducedby the
Hammingdistortionmeasure givesthefrequencyof error in thereproduction
sequence�. .
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For a distortionmeasure � , for each ¿1p7 , let �o\vj� k 1 �7

minimize�oj� q � k over all �%1 �7 . A distortionmeasure � is saidto benormal
if ² �d³´�µ<¶��j� q � \ j� k�k <�� (9.8)

for all ¿1p7 .

The square-errordistortionmeasureandthe Hammingdistortionmeasure
are examplesof normal distortion measures.Basically, a normal distortion
measureis one which allows � to be reproducedwith zero distortion. Al-
thougha distortionmeasure� is not normal in general,a normalizationof �
canalwaysbeobtainedby definingthedistortionmeasure·��j� q � k <��oj� q � k � ² � (9.9)

for all j� q � k 1·7�5 �7 . Evidently,
·� is a normaldistortionmeasure,andit is

referredto asthenormalizationof � .egf¬}m{cH�hêz�i��¸D
Let � bea distortionmeasure definedby¹$º¸» ` O»�¼ ½ ¾ ¿

1 2 7 5
2 4 3 8

Then
·� , thenormalizationof � , is givenbyÀ¹$º¸» ` O»�¼ ½ ¾ ¿

1 0 5 3
2 1 0 5

Notethat for every p1p7 , there existsan �p1 �7 such that
·��j� q � k <�� .

Let �� beany estimateof � which takesvaluesin �7 , anddenotethe joint
distribution for � and �� by C j� q � k . Then

� �oj�� q �� k < h � h ª� C j� q � k �oj� q � k (9.10)

< h � h ª� C j� q � kÂÁ ·�oj� q � k¬�
² �ÄÃ

(9.11)

< � ·�oj�� q �� k¬� h � C j� k h ª� C já���  k
² �

(9.12)

< � ·�oj�� q �� k¬� h � C j� k ² � Z h ª� C jü���  k]\ (9.13)

< � ·�oj�� q �� k¬� h � C j� k ² � (9.14)

< � ·�oj�� q �� k¬�lÅ�q (9.15)
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where Å < h � C j� k ² � (9.16)

is a constantwhich dependsonly on C j� k and � but not on the conditional
distribution C jü���  k . In otherwords,for a given � anda distortionmeasure� ,
theexpecteddistortionbetween� andanestimate �� of � is alwaysreduced
by a constantuponusing

·� insteadof � asthedistortionmeasure.For reasons
which will beexplainedin Section9.3, it is sufficient for us to assumethata
distortionmeasureis normal.4�z�57698:69;<6#=:8¥i��©L

Let �o\ minimizes� �oj�� q � k over all �p1 �7 , anddefineÆ �?�¸� < � �oj�� q � \ k n (9.17)

� \ is thebestestimateof � if we know nothingabout � , and
Æ �0���

is the
minimum expecteddistortionbetween� anda constantestimateof � . The
significanceof

Æ �?�¸�
canbeseenby takingthereproductionsequence�! to bejü� \ªq � \áq ����� q � \�k . Since�oj�� ° q � \�k arei.i.d., by theweaklaw of largenumbers�ojT! q �! k < _c

 h
° A �

��j�� ° q � \ k & � ��j�� q � \ k < Æ �?�¸� (9.18)

in probability, i.e., for any �g�l� ,À/ÁÒÂ ��jT! q �! k � Æ �0��� � �ÒÃ-`:� (9.19)

for sufficiently large c . Note that �! is a constantsequencewhich doesnot
dependon ! . In otherwords,evenwhenno descriptionof ! is available,we
canstill achieve anaveragedistortionnomorethan

Æ �0��� � � with probability
arbitrarily closeto 1 when c is sufficiently large.

The notation
Æ �0���

may seemconfusingbecausethe quantity standsfor
theminimumratherthanthemaximumexpecteddistortionbetween� anda
constantestimateof � . But weseefrom theabovediscussionthatthisnotation
is in factappropriatebecause

Æ �?�¸�
is themaximumdistortionwe have to be

concernedabout. Specifically, it is not meanfulto imposea constraint
Æ �Æ �?���

on the reproductionsequencebecauseit canbeachieved evenwithout
receiving any informationaboutthesequenceproducedby thesource.

9.2 THE RATE-DISTORTION FUNCTION ÇÉÈÊÌË
Throughoutthischapter, all thediscussionsarewith respectto ani.i.d. infor-

mationsource
Â � ° q ·�X_ªÃ with genericrandomvariable � anda distortion

measure� . All logarithmsarein thebase2 unlessotherwisespecified.
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Figure 9.1. A rate-distortioncodewith block length Õ .4�z�57698:69;<6#=:8¥i��i�
An j�c q w k rate-distortioncodeis definedby an encoding

function
? @ê7  & Â _ q » q ����� q w Ã (9.20)

anda decodingfunction B @ Â _ q » q ����� q w Ãx& �7  n (9.21)

Theset
Â _ q » q ����� q w Ã , denotedby Ö , is calledtheindex set.Thereproduction

sequencesB j ? j¾_ k�k�q B j ? j » k�k�q ����� q B j ? j w k�k in ��  are called codewords, and
thesetof codewordsis calledthecodebook.

Figure9.1 is anillustrationof a rate-distortioncode.4�z�57698:69;<6#=:8¥i��¸i
Therateof an j�c q w k rate-distortioncodeis c é � ritvu?w in

bitspersymbol.4�z�57698:69;<6#=:8¥i��T��×
A rate-distortionpair jT� q Æ k is asymptoticallyachievable

if for any ����� , there existsfor sufficiently large c an j�c q w k rate-distortion
codesuch that _c ritvu?w `�� � � (9.22)

and À;ÁÒÂ �ojT! q �! k � Æ � �ÒÃ-`f� q (9.23)

where �! < B j ? jT! k�k . For brevity, an asymptoticallyachievablepair will be
referredto asanachievablepair.

Remark It is clear from the definition that if jT� q Æ k is achievable, thenjT� Ì q Æ k and jT� q Æ Ì k arealsoachievablefor all � Ì �:� and
Æ Ì � Æ .4�z�57698:69;<6#=:8¥i��T���

Therate-distortionregion is the subsetof ¦ � containing
all achievablepairs jT� q Æ k .ØRÙ z~=AF�z|{Úi�����¨

Therate-distortionregion is closedandconvex.

Proof Wefirst show thattherate-distortionregion is closed.Considerachiev-
ablerate-distortionpairs jT� §±°

�
q Æ §±° � k suchthat

rNMNO°PRQ jT� §±°
�
q Æ §±° � k <�jT� q Æ k n (9.24)
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Thenfor any �Û�Ü� , for all  , thereexistsfor sufficiently large c an j�c q w §±°
�
k

codesuchthat _c ritvu?w §±°
�
`�� §±°

�
� � (9.25)

and À;Á�Â �ojT! §ì° � q �! §±° � k � Æ §ì° � � ��Ã-`:� q (9.26)

where

?
§±°
�

and B §ì° � arerespectively the encodingfunction andthe decoding
functionof the j�c q w §±°

�
k code,and �! §ì°

�
< B §ì° � j ? §±° � jT! k�k . By virtueof (9.24),

let �jl� k beanintegersuchthatfor all 	�:�jl� k ,
� � � � §±°

�
� � � (9.27)

and � Æ � Æ §ì° � � � � q (9.28)

which imply � §±°
� � � � � (9.29)

and Æ §ì° � � Æ � � q (9.30)

respectively. Thenfor all Ý�:�jl� k ,
_csritvu?w §±°

�
`�� §ì°

�
� � � � � » � (9.31)

andÀ/ÁÒÂ ��jT! §±° � q �! §ì° � k � Æ � » �ÒÃ ` À;ÁÒÂ �ojT! §±° � q �! §ì° � k � Æ §±° � � ��Ã (9.32)` ��n (9.33)

Notethat(9.32)follows becauseÆ � » �G� Æ §±° � � � (9.34)

by (9.30).From(9.31)and(9.33),weseethat jT� q Æ k is alsoachievable.Thus
wehave provedthattherate-distortionregion is closed.

We will prove theconvexity of the rate-distortionregion by a time-sharing
argumentwhoseideais thefollowing. Roughlyspeaking,if wecanuseacode½�� to achieve jT� § �

�
q Æ § � � k anda code ½V� to achieve jT� § �

�
q Æ § � � k , thenfor any

rationalnumber
�

between0 and1, we canuse ½o� for a fraction
�

of thetime
anduse½�� for a fraction Þ� of thetime to achieve jT� §¯ß � q Æ §àß � k , where

� §àß � < � � § �
�
� Þ� � § � � q (9.35)Æ §àß � < � Æ § � � � Þ� Æ § � � q (9.36)
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and Þ� < _ � � . Sincethe rate-distortionregion is closedaswe have proved,�
canbetaken asany realnumberbetween0 and1, andtheconvexity of the

region follows.
We now give a formal proof for theconvexity of therate-distortionregion.

Let � < áá �lâ q (9.37)

where á and â are positive integers. Then
�

is a rational numberbetween
0 and1. We now prove that if jT� § �

�
q Æ § � � k and jT� § �

�
q Æ § � � k areachievable,

then jT� §àß � q Æ §¯ß � k is also achievable. Assume jT� § �
�
q Æ § � � k and jT� § �

�
q Æ § � � k

areachievable. Then for any �ã�ä� andsufficiently large c , thereexist anj�c q w § �
�
k codeandan j�c q w § �

�
k codesuchthat

_csritvu?w § �
�
`�� § �

�
� � (9.38)

and À/ÁÒÂ ��jT! q �! § � � k � Æ § � � � �ÒÃ-`:� q (9.39)bÄ<�_ q » . Let

w j � k <¤j w § �
�
k]å j w § � � k y (9.40)

and c/j � k <¥j á �æâªk c�n (9.41)

We now constructan j�c/j � k�q w j � k�k codeby concatenatingá copiesof thej�c q w § �
�
k codefollowed by â copiesof the j�c q w § �

�
k code. We call theseá �lâ codessubcodesof the j�c/j � k�q w j

� k�k code.For thiscode,let

#�<¤jT!Qj¾_ k�q !¿j » k�q ����� q !Qj á �¥â�k�k (9.42)

and �#+<¤j �!%j¾_ k�q �!%j » k�q ����� q �!Qj á �lâªk�k�q (9.43)

where !Qj¸ç k and èé j¸ç k arethesourcesequenceandthereproductionsequence
of the ç th subcode,respectively. Thenfor this jëê/j � k�q w j � k�k code,ìê/j � k ritvu0w j � kîí ì

j á �æâªk ê rBtvu �ij w §©ï
�
k å j w §àð � k y   (9.44)í ì

j á �æâªk ê j á ritvu2w §9ï
�
�¥â ritvu?w §àð � k (9.45)í �ñ� ìê ritvu0w §©ï � �¿� Þ�ñ� ìê ritvu?w §àð � � (9.46)ò � jT� §©ï � � � k¬� Þ� jT� §àð � � � k (9.47)í óõô~öø÷ ï]ùIú Þô�öø÷ ðûù]üýú¥þ (9.48)í öø÷ ßÿùIú¥þ�� (9.49)
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where(9.47)follows from (9.38),and������� ó
	 � è	 ü��� ÷�� ùIú¥þ��í ������ � ì� ú â å�������� ï � ó é ó! ü�� èé ó! ü ü"�# ÷$� ù ú¥þ&% '( (9.50)ò ���*)+� ó é ó! ü�� èé ó! ü ü,�# ÷ ï]ù ú¥þ for some
ì ò  ò � or� ó é ó! ü�� èé ó! ü ü,�� ÷ ðûù ú¥þ for some� ú ì ò  ò � ú â+- (9.51)ò å���� ï ���.��� ó é ó! ü�� èé ó! ü ü"�# ÷ ï]ù ú¥þ��ú å/�����0� å�� ï ������� ó é ó! ü�� èé ó! ü ü"�# ÷ ðûù ú¥þ�� (9.52)ò ó � ú â ü�þ�� (9.53)

where(9.52) follows from the union boundand (9.53) follows from (9.39).
Hence,we concludethat the rate-distortionpair ó#ö ÷$� ù �/ ÷$� ù ü is achievable.
Thiscompletestheproof of thetheorem.132547698:69;<6>=:8@?<A>B&C

Therate-distortionfunction ö�ó Ýü is the minimumof all
ratesö for a givendistortion  such that ó#ö �/	ü is achievable.132547698:69;<6>=:8@?<A>BED

Thedistortion-rate function  ó#ö ü is the minimumof all
distortions for a givenrate ö such that ó#ö �/	ü is achievable.

Boththefunctionsö�ó Ýü and ó#ö ü areequivalentdescriptionsof thebound-
aryof therate-distortionregion. They aresufficienttodescribetherate-distortion
regionbecausetheregion is closed.Notethatin defining ö�ó Ýü , theminimum
insteadof the infimum is taken becausefor a fixed  , the setof all ö such
that ó#ö �/Ýü is achievableis closedandlower boundedby zero. Similarly, the
minimuminsteadof theinfimum is takenin defining  ó#ö ü . In thesubsequent
discussions,only ö�ó Ýü will beused.FHG 2I=KJ�25LM?<A
BON

Thefollowing propertieshold for the rate-distortionfunc-
tion ö�ó Ýü :
1. ö�ó Ýü is non-increasingin  .

2. ö�ó Ýü is convex.

3. ö�ó Ýü íQP for SR�UTWV/X .
4. ö�ó>P ü ò#Y ó
Z ü .
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Proof Fromtheremarkfollowing Definition9.10,since ó#ö�ó Ýü��/	ü is achiev-
able, ó#ö�ó Ýü��/\[©ü is also achievable for all \[]R^ . Therefore, ö�ó 	ü_Rö�ó  [ ü becauseö�ó  [ ü is the minimum of all ö suchthat ó#ö �/ [ ü is achiev-
able.This provesProperty1.

Property2 follows immediatelyfrom the convexity of the rate-distortion
region which wasproved in Theorem9.12. From the discussiontoward the
endof thelastsection,we seefor any þ"� P , it is possibleto achieve���.��� ó>` ��a` ü,��UTWV/Xcúlþ.�HbÉþ (9.54)

for sufficiently large c with nodescriptionof ` available.Therefore,ó>P �/Ýü is
achievablefor all dR# T�V/X , proving Property3.

Property4 is aconsequenceof theassumptionthatthedistortionmeasure
�

is normalized,which canbe seenasfollows. By the sourcecodingtheorem,
for any þe� P , by usinga rateno morethan

Y ó
Z ü ú þ , we candescribethe
sourcesequencè of length c with probabilityof error lessthan þ when c is
sufficiently large.Since

�
is normalized,for eachf Rhg , letaZeikj al<m ó
Zei ü (9.55)

(cf. Definition 9.5),sothatwhenever anerrordoesnotoccur,� ó
Zei � aZei ü j � ó
Zei � al m ó
Zei ü ü jQP (9.56)

by (9.8)for eachf , and� ó>` � a` ü j gc n�i �Ko � ó
Zei � aZei ü j gc n�i �Ko � ó
Zei � al m ó
Zei ü ü jQP7p (9.57)

Therefore, ������� ó>` �qa` ü��Éþ.�rbÉþ�� (9.58)

which shows that the pair ó Y ó
Z ü�� P ü is achievable. This in turn implies thatö�ó>P üsb Y ó
Z ü becauseö�ó>P ü is the minimum of all ö suchthat ó#ö � P ü is
achievable.

Figure9.2 is an illustrationof a rate-distortionfunction ö�ó Ýü . Thereader
shouldnotethefour propertiesof ö�ó 	ü in Theorem9.15. Therate-distortion
theorem,which will be statedin the next section,givesa characterizationofö�ó 	ü .
9.3 THE RATE-DISTORTION THEOREM132547698:69;<6>=:8@?<A>B&t

For  R P , the information rate-distortionfunction is
definedby övu�ó Ýü j wexzy{|~} ��� ÷ |�� {| ù���� � ó
Z�� aZ ü p (9.59)
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Figure 9.2. A rate-distortionfunction ���z�"� .

In defining öku�ó 	ü , theminimizationis taken over all randomvariables aZ
jointly distributedwith Z suchthat�H� ó
Z � aZ ü,b# p (9.60)

Since� ó l ü is given, theminimizationis taken over thesetof all � ó alq� l ü such
that(9.60)is satisfied,namelytheset�� � � ó alq� l ü�� � X � {X � ó l ü � ó alq� l ü � ó l � al ü�b#_% '( p (9.61)

Sincethissetis compactin ��� �,��� {��� and
� ó
Z�� aZ ü is a continuousfunctionalof� ó al�� l ü , theminimumvalueof

� ó
Z�� aZ ü canbeattained2. This justifiestaking
theminimuminsteadof theinfimum in thedefinitionof övu�ó Ýü .

We have seenin Section9.1 that we canobtaina normalization �� for any
distortionmeasure

�
with� �� ó
Z ��aZ ü j �H� ó
Z ��aZ ü*�s� (9.62)

for any aZ , where� is aconstantwhichdependsonly on � ó l ü and
�
. Thusif

�
is notnormal,we canalwaysreplace

�
by �� and  by  �¡� in thedefinition

of öku�ó 	ü without changingtheminimizationproblem.Therefore,we do not
loseany generalityby assumingthatadistortionmeasure

�
is normal.FHG 2I=KJ�25LM?<A
BO¢¤£ FHG 2¡¥H¦5;<27§�136>¨�;�=KJ+;<6>=:8 FHG 2I=:J�2IL�© ö�ó 	ü j�övu�ó Ýü .

2Theassumptionthatboth � and
{� arefinite is essentialin thisargument.
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Therate-distortiontheorem,which is themainresultin rate-distortionthe-
ory, saysthattheminimumcodingratefor achieving adistortion  is öku�ó Ýü .
This theoremwill beproved in thenext two sections.In thenext section,we
will prove the converseof this theorem,i.e., ö�ó ÝüªR ö u ó 	ü , and in Sec-
tion 9.5,we will prove theachievability of öku�ó Ýü , i.e., ö�ó Ýü�b öku�ó 	ü .

In order for öku$ó Ýü to be a characterizationof ö�ó 	ü , it hasto satisfythe
samepropertiesas ö�ó Ýü . In particular, the four propertiesof ö�ó Ýü in Theo-
rem9.15shouldalsobesatisfiedby öku�ó Ýü .FHG 2I=KJ�25LM?<A
B&«

Thefollowingpropertiesholdfor theinformationrate-distortion
function öku�ó 	ü :
1. öku�ó Ýü is non-increasingin  .

2. öku�ó Ýü is convex.

3. ö u ó Ýü jQP for SR# T�V/X .
4. öku�ó>P ü"b Y ó
Z ü .
Proof Referringto thedefinitionof ¬ u& 	ü in (9.59),for a larger  , themin-
imizationis takenover a largerset.Therefore,¬ u& Ýü is non-increasingin  ,
proving Property1.

To prove Property2, considerany �® o°¯ �/±®$² ¯ R P andlet ³ beany number
between0 and1. Let aZ ®µ´ ¯ achieves ¬ku  ±®µ´ ¯ ü for ¶ j g·�¹¸ , i.e.,¬ u&  ®µ´ ¯ ü j � 
Zs� aZ ®µ´ ¯ ü�� (9.63)

where �º� 
Z ��aZ ®µ´ ¯ ü,b# ®µ´ ¯ � (9.64)

andlet aZ ®µ´ ¯ be definedby the transitionmatrix � ´  al�� l ü . Let aZ ® � ¯ be jointly
distributedwith Z which is definedby� �  al�� l ü j ³E� o  alq� l üýúh»³E� ²  al�� l ü�� (9.65)

where »³ j g¼� ³ . Then�º� 
Z ��aZ ® � ¯ üj � X � {X �  l ü � �  al�� l ü �  l � al ü (9.66)

j � X � {X �  l ü  ³E� o  alq� l üýú »³E� ²  al�� l ü ü �  l � al ü (9.67)

j ³s½¾ � X � {X �  l ü � o  al�� l ü �  l � al ü°¿À�ú »³s½¾ � X � {X �  l ü � ²  alq� l ü �  l � al ü°¿À (9.68)
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Z ��aZ ® o°¯ üýúh»³ �H� 
Z ��aZ ®$² ¯ ü (9.69)b ³  ® o°¯ úh»³  ®�² ¯ (9.70)j  ® � ¯ � (9.71)

where  ® � ¯ j ³  ® o°¯ úÁ»³  ®�² ¯ � (9.72)

and(9.70)follows from (9.64).Now consider³5¬ u&  ® o°¯ ü:úÂ»³5¬ u&  ®$² ¯ ü j ³ � 
Zs� aZ ® o°¯ üýúÁ»³ � 
Z�� aZ ®�² ¯ ü (9.73)R � 
Z�� aZ ® � ¯ ü (9.74)R ¬ u&  ® � ¯ ü�� (9.75)

wherethe inequalityin (9.74)follows from theconvexity of mutualinforma-
tion with respectto the transitionmatrix �  al�� l ü (seeExample6.13),andthe
inequalityin (9.75) follows from (9.71)andthedefinition of ¬ u& 	ü . There-
fore,wehave provedProperty2.

To prove Property3, let aZ take the value al m asdefinedin Definition 9.7
with probability1. Then � 
Zs� aZ ü jQP (9.76)

and �H� 
Zs� aZ ü j �º� 
Zs� al<m ü j UT�V/X p (9.77)

Thenfor dR# TWV¹X , ¬ u& Ýü�b � 
Z�� aZ ü jQP7p (9.78)

On theotherhand,since¬ u& Ýü is nonnegative, weconcludethat¬vu  Ýü jQP7p (9.79)

ThisprovesProperty3.
Finally, to prove Property4, we letaZÃj alÄm 
Z ü�� (9.80)

where al m  l ü is definedin Definition9.5. Then�H� 
Z � aZ ü j �º� 
Z � al m 
Z ü ü (9.81)j � X �  l ü �  l � al m  l ü ü (9.82)j P (9.83)

by (9.8)sincewe assumethat
�

is a normaldistortionmeasure.Moreover,¬ u&>P üÅb � 
Zs� aZ ü�b Y 
Z ü p (9.84)
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ThenProperty4 andhencethetheoremis proved.Æ =KJÄ=KÇÈÇÈ¦:JOÉÊ?<A
B&?
If ¬ u&>P üº� P , then ¬ u& Ýü is strictly decreasingfor P bSb#UT�V/X , andtheinequalityconstraint in Definition9.16for ¬ u& Ýü canbe

replacedby an equalityconstraint.

Proof Assumethat ¬ u&>P ük� P . We first show that ¬ u& Ýüv� P for P bhÌËUTWV/X by contradiction.Suppose¬ u& Í[¸ü jÁP for someP bÎ\[�ËÎUTWV¹X , and
let ¬ u&  [ ü beachievedby some aZ . Then¬ u&  [ ü j � 
Z�� aZ ü jÂP (9.85)

impliesthat Z and aZ areindependent,or�  l � al ü j �  l ü �  al ü (9.86)

for all l and al . It follows that [ R �º� 
Z � aZ ü (9.87)j � X � {X �  l � al ü �  l � al ü (9.88)j � X � {X �  l ü �  al ü �  l � al ü (9.89)j � {X �  al ü � X �  l ü �  l � al ü (9.90)j � {X �  al ü �H� 
Z � al ü (9.91)

R � {X �  al ü �H� 
Z � al<m ü (9.92)j � {X �  al üÏ TWV¹X (9.93)j UT�V/XÐ� (9.94)

where al m and UT�V/X aredefinedin Definition9.7.This leadsto acontradiction
becausewe have assumedthat P bQÍ[KËÂUT�V/X . Therefore,we concludethat¬ u& Ýü,� P for P b#dË#UTWV¹X .

Since ¬ u&>P üÑ� P and ¬ u& UTWV/X�ü jÃP , and ¬ u& Ýü is non-increasingand
convex from the above theorem,¬ku  Ýü mustbe strictly decreasingfor P bÒbÓUTWV¹X . We now prove by contradictionthat the inequalityconstraintin
Definition 9.16for ¬ u& Ýü canbereplacedby anequalityconstraint.Assume
that ¬ u& Ýü is achievedby some aZ m suchthat�H� 
Z ��aZ m ü j  [ [ Ë# p (9.95)
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Then ¬ u&  [ [ ü j wexzy{|~} ��� ® |�� {|,¯ ���*Ô Ô � 
Z�� aZ ü�b � 
Zs� aZ m ü j ¬ u& Ýü p (9.96)

This is a contradictionbecause¬ u& Ýü is strictly decreasingfor P bÕ bUTWV/X . Hence, �H� 
Z � aZ m ü j  p (9.97)

This impliesthattheinequalityconstraintin Definition9.16for ¬ u& Ýü canbe
replacedby anequalityconstraint.

Remark In all problemsof interest,¬ >P ü j ¬ku >P ü"� P . Otherwise,¬  Ýü jP for all SR P because¬  Ýü is nonnegative andnon-increasing.Ö"×�¦KL~Ø5ÇO2¡?<AÚÙ+Û#£�Ük698�¦:JOÉQÝ<=:Þ:JÄßÄ2Ä©
Let Z be a binary randomvariable

with ����� ZàjQP � j g"�âá and
����� Zàj gã� j á p (9.98)

Let aä j � P ��gã� bethereproductionalphabetfor Z , andlet
�

betheHamming
distortion measure. We first considerthe casethat P bMáåb o² . Thenif we
make a guesson thevalueof Z , we shouldguess0 in order to minimizethe
expecteddistortion.Therefore, al m jQP andUT�V/X j �º� 
Z � P ü (9.99)j ���.� ZÃj gã� (9.100)j á p (9.101)

Wewill showthat for P bæáçb o² ,¬ku  	ü jMèhéIê  á ü�� éIê  	ü if P b�SËæáP if SR@á p (9.102)

Let aZ be an estimateof Z taking valuesin aä , and let ë be the Hamming
distortionmeasure betweenZ and aZ , i.e.,ë j � 
Z ��aZ ü p (9.103)

Observethat conditioningon aZ , Z and ë determineeach other. Therefore,Y 
Z � aZ ü j Y  ë � aZ ü p (9.104)

Thenfor dËæá j UTWV/X andany aZ such that�H� 
Z ��aZ ü,b#ì� (9.105)
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Figure 9.3. Achieving �Kï.�z�"� for a binarysourcevia a reversebinarysymmetricchannel.

wehave � 
Zs� aZ ü j Y 
Z ü�� Y 
Z � aZ ü (9.106)j éIê  á ü�� Y  ë � aZ ü (9.107)R éIê  á ü�� Y  ë ü (9.108)j éIê  á ü�� éIê  ���.� Zñðj aZ �Äü (9.109)R éIê  á ü�� éIê  	ü�� (9.110)

where thelast inequalityis justifiedbecause���.� Zñðj aZ � j �º� 
Z � aZ ü,b@ (9.111)

and éIê >ò ü is increasingfor P b ò b o² . Minimizing over all aZ satisfying
(9.105)in (9.110),weobtainthelower bound¬ u& Ýü�R éIê  á ü�� éIê  	ü p (9.112)

To showthat this lower boundis achievable, weneedto constructan aZ such
that theinequalitiesin both(9.108)and(9.110)are tight. Thetightnessof the
inequalityin (9.110)simplysaysthat����� Zóðj aZ � j ±� (9.113)

while thetightnessof theinequalityin (9.108)saysthat ë shouldbeindepen-
dentof aZ .

It wouldbe more difficult to make ë independentof aZ if we specify aZ by�  al�� l ü . Instead,we specifythe joint distribution of Z and aZ by meansof a
reversebinary symmetricchannel(BSC)with crossover probability  as the
shownin Figure 9.3. Here, we regard aZ as the input and Z as the output
of the BSC.Then ë is independentof the input aZ becausethe error event
is independentof the input for a BSC,and (9.113)is satisfiedby settingthe
crossover probability to  . However, we needto ensure that the marginal
distribution of Z sospecifiedis equalto �  l ü . Toward thisend,welet����� aZÃj gã� jÂô � (9.114)
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andconsider���.� Zàj gã� j ���.� aZÕjÎP � ����� Zàj g � aZàjQP �ú ���.� aZàj gã� ����� ZÃj g � aZàj gã�&� (9.115)

or á jÓ g¼� ô üÏ ú ô� g¼�çÝü�� (9.116)

which gives ôçj á]�¡gÅ�s¸· p (9.117)

Since dË# TWV¹X j áªb g¸ � (9.118)

wehave ô R P . On theotherhand,áK�/õb g¸ (9.119)

gives á�úæSbÁg p (9.120)

Thisimplies á]�¡dbhg"��¸·±� (9.121)

or ô bhg . Therefore, P b ôçj ���.� aZàj gã�ºbhg (9.122)

and P bÁg"� ôçj ����� aZàjQP �ºbÁg p (9.123)

Hence, we haveshownthat the lower boundon ¬ u& Ýü in (9.110) can be
achieved,and ¬vu  Ýü is asgivenin (9.102).

For
o² bæáçbhg , byexchangingtherolesof thesymbols0 and1 in theabove

argument,weobtain ¬ u& 	ü as in (9.102)exceptthat á is replacedby gk�¡á .
Combiningthetwocases,wehave¬ u& Ýü j èhé5ê  á üq� é5ê  Ýü if P b#dË wexzy� áK��g~�âá üP if dR wexzy� á*��g¼�âáýü . (9.124)

for P b@áâbhg . Thefunction ¬ u& Ýü for á j o² is illustratedin Figure 9.4.

Remark In theabove example,we seethat ¬ uE>P ü j éIê  á ü j Y 
Z ü . Then
by therate-distortiontheorem,

Y 
Z ü is theminimumrateof a rate-distortion
codewhich achieves an arbitrarily small averageHammingdistortion. It is
temptingto regardingthis specialcaseof therate-distortiontheoremasa ver-
sionof thesourcecodingtheoremandconcludethattherate-distortiontheorem
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Figure 9.4. Thefunction �*ï��z�"� for theuniform binarysourcewith theHammingdistortion
measure.

is ageneralizationof thesourcecodingtheorem.However, this is incorrectbe-
causethe rate-distortiontheoremonly guaranteesthat the average Hamming
distortionbetweeǹ and a` is smallwith probabilityarbitrarilycloseto 1, but
thesourcecodingtheoremguaranteesthat `Sj a` with probabilityarbitrarily
closeto 1, which is muchstronger.

It is in generalnot possibleto obtainthe rate-distortionfunction in closed
form, and we have to resort to numericalcomputation. In Chapter10, we
will discussthe Blahut-Arimoto algorithm for computingthe rate-distortion
function.

9.4 THE CONVERSE
In this section,we prove that the rate-distortionfunction ¬  	ü is lower

boundedby the information rate-distortionfunction ¬ u& Ýü , i.e., ¬  	üQR¬vu  Ýü . Specifically, we will prove that for any achievablerate-distortionpair ¬ �/	ü , ¬ R ¬ u& Ýü . Thenby fixing  andminimizing ¬ over all achievable
pairs  ¬ �/Ýü , we concludethat ¬  Ýü,R ¬ u& 	ü .

Let  ¬ �/Ýü beany achievablerate-distortionpair. Thenfor any þ¼� P , there
existsfor sufficiently large c an  c �¹ö ü codesuchthatgc�÷!øEù ö b ¬ ú¥þ (9.125)

and ���.��� >` ��a` ü,�#^ú¥þ.�Hb þ�� (9.126)

where a`újÎûÄ�üq>` ü ü . Thenc  ¬ ú¥þ¡ü V ¯R ÷!øEù ö (9.127)



Rate-DistortionTheory 205R Y �üq>` ü ü (9.128)R Y 9û<�üq>` ü ü ü (9.129)j Y  a` ü (9.130)j Y  a` ü�� Y  a` � ` ü (9.131)j �  a`ª�/` ü (9.132)j Y >` ü�� Y >` � a` ü (9.133)j n�i �Ko Y 
Zei ü�� n�i �Ko Y 
Zei � a` � Z o � Z ² ��ý�ý�ý�� Zeiÿþ o ü (9.134)

ê ¯R n�i �Ko Y 
Zei ü�� n�i �Ko Y 
Zei � aZei ü (9.135)

j n�i �Ko�� Y 
Zei ü�� Y 
Zei � aZei ü�� (9.136)

j n�i �Ko � 
ZeiO� aZei ü (9.137)� ¯R n�i �Ko ¬vu  �º� 
Zei �kaZei ü ü (9.138)

j c � gc n�i �Ko ¬ uE �H� 
Zei �vaZei ü ü�� (9.139)�¹¯R c�¬ u	� gc n�i �Ko �º� 
Zei � aZei ü�
 (9.140)j c�¬ u· �º� >` ��a` ü ü p (9.141)

In theabove,

a) follows from (9.125);

b) follows becauseconditioningdoesnot increaseentropy;

c) follows from thedefinitionof ¬ u& Ýü in Definition 9.16;

d) follows from theconvexity of ¬ u& Ýü provedin Theorem9.18andJensen’s
inequality.

Now let � TWV¹X jQw���X � {X �  l � al ü (9.142)

be themaximumvaluewhich canbe taken by thedistortionmeasure
�
. The

readershould not confuse
� T�V/X with UTWV¹X in Definition 9.7. Then from
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(9.126),we have�H� >` � a` üj � � � >` � a` ü � � >` � a` ü,��¤ú¥þ�� ���.��� >` � a` ü��#¤úlþ.�ú � � � >` ��a` ü � � >` ��a` ü�b�¤ú¥þ�� ������� >` �qa` ü�b#^ú¥þ.� (9.143)b � TWV/X�ýKþ ú   ú¥þ¡üKýOg (9.144)j ^ú  � T�V/XcúQgKü�þ p (9.145)

Thisshows thatif theprobabilitythattheaveragedistortionbetweeǹ and a`
exceeds ú þ is small,thentheexpectedaveragedistortionbetweeǹ and a`
canexceed only by asmallamount3. Following (9.141),we have¬ ú¥þ R ¬ u& �H� >` ��a` ü ü (9.146)R ¬ u&  ú  � T�V/XcúQgKü�þ«ü�� (9.147)

wherethelastinequalityfollowsfrom(9.145)because¬ u& 	ü isnon-increasing
in  . Wenotethattheconvexity of ¬ku  	ü impliesthatit is acontinuousfunc-
tion of  . Thentakingthelimit as þ�� P , we obtain¬ R ÷ xzw����� ¬ u&  ú  � TWV¹XÛúQgKü�þ«ü (9.148)j ¬ u�� ^ú  � T�V/XcúQgKü ÷ xzw����� þ�� (9.149)j ¬ u& Ýü�� (9.150)

wherewe have invoked the continuity of ¬ u& Ýü in obtaining(9.149). Upon
minimizing ¬ over all achievablepairs  ¬ �/Ýü for a fixed  in (9.150),we
have provedthat ¬  Ýü�R ¬ u& Ýü p (9.151)

Thiscompletestheproof for theconverseof therate-distortiontheorem.

9.5 ACHIEVABILITY OF � u���� �
In this section,we prove that the rate-distortionfunction ¬  Ýü is upper

boundedby the information rate-distortionfunction ¬ u& Ýü , i.e., ¬  	üQb¬vu  Ýü . Then by combiningwith the result that ¬  	üìR ¬ku  Ýü from the
lastsection,weconcludethat ¬  	ü j ¬ u& Ýü , andtherate-distortiontheorem
is proved.

For any P båÒbåUT�V/X , we will prove that for every randomvariable aZ
takingvaluesin aä suchthat �H� 
Z ��aZ ü,b#ì� (9.152)

3Theconverseis not true.
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the rate-distortionpair  � 
Zs� aZ ü��/	ü is achievable. This will be proved by
showing for sufficiently large c the existenceof a rate-distortioncodesuch
that

1. therateof thecodeis notmorethan
� 
Zs� aZ ü ú¥þ ;

2.
� >` �qa` ü,b#^ú¥þ with probabilityalmost1.

Thenby minimizing
� 
Z�� aZ ü over all aZ satisfying(9.152),we concludethat

the rate-distortionpair  ¬ u& Ýü��/Ýü is achievable, which implies ¬ u& 	ü_R¬  	ü because¬  	ü is theminimumof all ¬ suchthat  ¬ �/Ýü is achievable.
Fix any P b�Sb#UT�V/X andany þ"� P , andlet ! beasmallpositivequantity

to bespecifiedlater. Towardproving theexistenceof a desiredcode,we fix a
randomvariable aZ whichsatisfies(9.152)andlet ö beanintegersatisfying� 
Zs� aZ ü ú þ¸ b gc ÷!øEù ö b � 
Z�� aZ üýú¥þ�� (9.153)

wherec is sufficiently large.
Wenow describea randomcodingschemein thefollowing steps:

1. Constructa codebook" of an  c �¹ö¤ü codeby randomlygeneratingö
codewordsin aä n independentlyandidenticallyaccordingto �  al ü n . Denote
thesecodewordsby a`ç gKü��qa`¡ ¸�ü���ý�ý�ýÿ�qa`¡ ö¤ü .

2. Revealthecodebook" to boththeencoderandthedecoder.

3. Thesourcesequencè is generatedaccordingto �  l ü n .
4. The encoderencodesthe sourcesequencè into an index # in the set$ j � g·�¹¸+��ý�ý�ýã�¹öÓ� . Theindex # takesthevalue ¶ if

a) >` �qa`¡ ¶ ü ü&%(' n) | {|+*-, ,
b) for all ¶ [.% $ , if >` ��a`¡ ¶ [©ü ü/%0' n) | {|�*-, , then ¶ [<b ¶ ;
otherwise,# takestheconstantvalue1.

5. Theindex # is deliveredto thedecoder.

6. Thedecoderoutputs a`ç # ü asthereproductionsequencea` .

Remark Strongtypicality is usedin definingtheencodingfunctionin Step4.
This is madepossibleby theassumptionthatboth thesourcealphabet

ä
and

thereproductionalphabet aä arefinite.

Let us furtherexplain theencodingschemedescribedin Step4. After the
sourcesequencè is generated,we searchthroughall the codewords in the
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codebook" for thosewhicharejointly typical with ` with respectto �  l � al ü .
If thereis at leastonesuchcodeword, we let ¶ be the largestindex of such
codewordsandlet # j ¶ . If suchacodeword doesnotexist, we let # j g .

Theevent
� # j gã� occursin oneof thefollowing two scenarios:

1. aZ@ gKü is theonly codeword in " which is jointly typicalwith ` .

2. No codeword in " is jointly typicalwith ` .

In eitherscenario,̀ is not jointly typicalwith thecodewords aZ_ ¸�ü���aZ#�1 ü , ý�ý�ý ,aZ_ ö¤ü . In otherwords,if # j g , then ` is jointly typical with noneof the
codewords aZ@ ¸�ü��kaZ#�1 ü���ý�ý�ýÿ�vaZæ ö ü .

Define � ´ j ) >` ��a`¡ ¶ ü ü2%(' n) | {|+*-, - (9.154)

to betheeventthat ` is jointly typical with thecodeword aZ_ ¶ ü . We seefrom
theabove discussionthat� # j gã�43 � �²65 � �7 5 ý�ý�ý 5 � �8 p (9.155)

Sincethe codewords aregeneratedi.i.d., conditioningon
� ` j:9 � for any9 % äen , theevents

� ´ aremutually independent4, andthey all have thesame
probability. Thenfor any 9 % ä n ,����� # j g � ` j;9 � b ���.��� �² 5 � �7 5 ý�ý�ý 5 � �8 � `¤j;9 � (9.156)j 8<´ � ² ���.��� �´ � `¤j;9 � (9.157)j  ���.��� �o � `¤j;9 �Äü 8 þ o (9.158)j  g¼� ������� o � `új=9 �Äü 8 þ o p (9.159)

Wenow obtaina lowerboundon
���.��� o � ` j;9 � for 9 %?> n) |+*-, , where> n) |+*-, j � 9 %(' n) |6*-, � � ' n) {| � |+*-, @9 ü � RÁgã� (9.160)

(cf. Section5.3). Consider���.��� o � ` j=9 � j ��� ) @9 � a`¡ gKü ü&%(' n) | {|+*-, - (9.161)j �{A } ® A � {A ¯CBEDGFH IKJIML N �  a9 ü p (9.162)

4Without conditioningon OQP � ASR , theevents
�UT

arenot mutually independentbecausethey dependon
eachotherthrough P .
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Thesummationaboveis overall a9 suchthat @9 � a9 ü/%V' n) | {|6*-, . Fromtheconsis-

tency of strongtypicality (Theorem5.7), if @9 � a9 üW%X' n) | {|6*-, , then a9 %X' n) {|6*-, .
By thestrongAEP (Theorem5.2),all �  a9 ü in theabove summationsatisfy�  a9 ü�RÊ¸ þ n ®ZYÅ® {|¼¯ �\[ ¯ � (9.163)

where] � P as ! � P . By Theorem5.9,� ' n) {| � |6*-, @9 ü � R�¸ n ®^Y"® {| � |Å¯ þ`_ ¯ � (9.164)

wherea � P as ! � P . Thenfrom (9.162),wehave������� o � `új=9 � R ¸ n ®^Y"® {| � |Å¯ þ`_ ¯ ¸ þ n ®^Y"® {|¼¯ �\[ ¯ (9.165)j ¸ þ n ®^Y"® {|"¯ þ Y"® {| � |Å¯ � _ �\[ ¯ (9.166)j ¸ þ n ® u ® |cb {|"¯ �Md ¯ � (9.167)

where e j a ú ] � P (9.168)

as ! � P . Following (9.159),we have���.� # j g � ` j;9 �ºbgf
g¼�s¸ þ n ® u ® |hb {|"¯ �Md ¯Ci 8 þ o p (9.169)

Thelowerboundin (9.153)impliesö R�¸ n ® u ® |cb {|"¯ �cjk ¯ p (9.170)

Thenupontakingnaturallogarithmin (9.169),we obtain

÷ y ���.� # j g � ` jl9 �b  ö �#gKü ÷ y f>g"��¸ þ n ® u ® |hb {|"¯ �Md ¯ i (9.171)V ¯b m0¸ n ® u ® |cb {|"¯ �hjk ¯ �@gon ÷ y f>gÅ�s¸ þ n ® u ® |hb {|Å¯ �Md ¯ i (9.172)ê ¯b � m ¸ n ® u ® |cb {|"¯ � jk ¯ �#g n ¸ þ n ® u ® |hb {|,¯ �Md ¯ (9.173)j � f ¸ n ® jk þ d ¯ �s¸ þ n ® u ® |cb {|"¯ �Md ¯@i p (9.174)

In the above, a) follows from (9.170)by noting that the logarithmin (9.171)
is negative, andb) follows from thefundamentalinequality ÷ yÅò b ò �Êg . By
letting ! besufficiently smallsothatþ¸ � e � P � (9.175)
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theaboveupperboundon ÷ y ����� # j g � ` j;9 � tendsto �qp as c �rp , i.e.,���.� # j g � ` j;9 ��� P as c �sp . This implies���.� # j g � ` j=9 �ºb þ¸ (9.176)

for sufficiently large c . It thenfollows that���.� # j gã� (9.177)j �A But FH IML N ���.� # j g � ` j;9 � ����� ` j=9 �
ú �A`vBut FH IML N ����� # j g � ` j;9 � ����� ` j;9 � (9.178)

b �A But FH IML N þ¸ ý ���.� ` j;9 ��ú �A`vBut FH I\L N g"ý ���.� ` j;9 � (9.179)

j þ¸ ý ���.� ` %?> n) |+*-, �Âú ����� ` ð%w> n) |+*-, � (9.180)b þ¸ ýÈg ú  g¼� ����� ` %?> n) |6*-, �Äü (9.181)Ë þ¸ ú ! � (9.182)

wherewe have invokedProposition5.12in thelaststep.By letting ! besuffi-
ciently smallsothat ! Ë þ¸ (9.183)

and(9.175)is satisfied,weobtain���.� # j gã�rËÉþ p (9.184)

The main ideaof the above upperboundon
����� # j gã� for sufficiently

large c is thefollowing. In constructingthecodebook,we randomlygenerateö codewordsin aä n accordingto �  al ü n . If ö grows with c at a ratehigher
than

� 
Zs� aZ ü , then the probability that there exists at least one codeword
which is jointly typical with the sourcesequencè with respectto �  l � al ü
is very high when c is large. Further, the averagedistortionbetweeǹ and
suchacodeword is closeto

�H� 
Z ��aZ ü becausetheempiricaljoint distribution
of thesymbolpairsin ` andsuchacodeword is closeto �  l � al ü . Thenby let-
ting the reproductionsequencea` besucha codeword, theaveragedistortion
betweeǹ and a` is lessthan æú	þ with probabilityarbitrarilycloseto 1 since�H� 
Z ��aZ ü,b# . Thesewill beformally shown in therestof theproof.

Now for sufficiently large c , consider���.��� >` ��a` ü��#^ú¥þ.�



Rate-DistortionTheory 211j ������� >` ��a` ü,��¤ú¥þ � # j gã� ����� # j gã�ú ���.��� >` � a` üÅ�#¤úlþ � # ðj gã� ����� # ðj gã� (9.185)b g"ýKþ ú ������� >` ��a` ü��#^ú¥þ � # ðj gã�¼ýÈg (9.186)j þ ú ������� >` � a` ü,�#^ú¥þ � # ðj gã� p (9.187)

We will show thatby choosingthevalueof ! carefully, it is possibleto make� >` �qa` ü alwayslessthanor equalto ^ú¥þ provided # ðj g . Since >` �qa` ü/%' n) | {|6*-, conditioningon
� # ðj gã� , we have� >` ��a` üj gc n�i �Ko � 
Zei �vaZei ü (9.188)

j gc � X � {X �  l � al üQx  l � alq� ` ��a` ü (9.189)

j gc � X � {X �  l � al ü  c7�  l � al ü úyx  l � al�� ` � a` ü*� c7�  l � al ü ü (9.190)

j z{ � X � {X �  l � al ü �  l � al ü�|}Ýú z{ � X � {X �  l � al ü � gc x  l � al�� ` � a` ü�� �  l � al ü � |}
(9.191)j �º� 
Z ��aZ ü ú � X � {X �  l � al ü � gc x  l � al�� ` � a` ü*� �  l � al ü � (9.192)

b �º� 
Z ��aZ ü ú � X � {X �  l � al ü�~~~~ gc x  l � alq� ` ��a` ü�� �  l � al üE~~~~ (9.193)V ¯b �º� 
Z ��aZ ü ú � TWV¹X � X � {X ~~~~ gc x  l � alq� ` �qa` ü�� �  l � al üE~~~~ (9.194)

ê ¯b �º� 
Z ��aZ ü ú � TWV¹X ! (9.195)� ¯b ^ú � T�V/X ! � (9.196)

where

a) follows from thedefinitionof
� TWV¹X in (9.142);

b) follows because>` ��a` ü�%(' n) | {|6*-, ;
c) follows from (9.152).
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Therefore,by taking ! b þ� TWV¹X � (9.197)

we obtain � >` � a` üÅb#¤ú � TWV¹X � þ� T�V/X � j ¤ú¥þ (9.198)

if # ðj g . Therefore,���.��� >` � a` üÅ�#¤úæþ � # ðj gã� jQP � (9.199)

andit follows thatfrom (9.187)that���.��� >` ��a` ü,�#^ú¥þ.�Hb þ p (9.200)

Thus we have shown that for sufficiently large c , thereexists an  c �¹ö ü
randomcodewhichsatisfiesgc ÷!øEù ö b � 
Zs� aZ ü ú¥þ (9.201)

(this follows from the upperboundin (9.153))and(9.200). This implies the
existenceof an  c �¹ö¤ü rate-distortioncodewhichsatisfies(9.201)and(9.200).
Therefore,therate-distortionpair  � 
Z�� aZ ü��/Ýü is achievable.Thenuponmin-
imizing over all aZ which satisfy(9.152),we concludethat therate-distortion
pair  ¬ uÈ Ýü��/	ü is achievable,which implies ¬ u& ÝüºR ¬  Ýü . Theproof is
completed.

PROBLEMS
1. Obtaintheforwardchanneldescriptionof ¬  Ýü for thebinarysourcewith

theHammingdistortionmeasure.

2. Binarycoveringradius TheHammingballwith center� jÓC� o � � ² ��ý�ý�ý�� � n ü/%� P ��gã� n andradius� is theset

> å  � ü j���9 % � P ��gã� n � n� ´ �Ko � l ´ � � ´ � b �M� p
Let ö å � n betheminimumnumberö suchthatthereexistsHammingballs> å  � � ü ,  rj g·�¹¸+��ý�ý�ýã�¹ö suchthatfor all 9 % � P ��gã� n , 9 %?> å  � � ü for some .
a) Show that ö å � n R ¸ n� å i � �/� n i�� p
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b) What is the relationbetweenö å � n andtherate-distortionfunction for
thebinarysourcewith theHammingdistortionmeasure?

3. Considera sourcerandomvariable Z with the Hammingdistortionmea-
sure.

a) Prove that ¬  Ýü�R Y 
Z üq�ç ÷!øEù  � ä � �#gKüq� é5ê  Ýü
for P b#db#UT�V/X .

b) Show that the above lower boundon ¬  	ü is tight if Z distributes
uniformly on

ä
.

SeeJerohin[109] (alsosee[55], p.133)for thetightnessof thislowerbound
for a generalsource. This boundis a specialcaseof the Shannonlower
boundfor therate-distortionfunction[188] (alsosee[52], p.369).

4. Productsource Let Z and ë betwo independentsourcerandomvariables
with reproductionalphabets aä and a� anddistortionmeasures

� X and
���

,
andtherate-distortionfunctionsfor Z and ë aredenotedby ¬ X   X ü and¬ �   � ü , respectively. Now for theproductsource
Z � ë ü , definea distor-
tion measure

� � ä��V� � aä�� a� by� � l ����ü��  al � a��ü ü j � X  l � al ü:ú � �  �Ä� a�~ü p
Prove that the rate-distortionfunction ¬  	ü for 
Z � ë ü with distortion
measure

�
is givenby¬  Ýü j wexzy��� � ��� � �  ¬ X   X üýú ¬ �   � ü ü p

Hint: Prove that
� 
Z � ë � aZ � aë ü±R � 
Z�� aZ üÂú �  ë � aë ü if Z and ë are

independent.(Shannon[188].)

5. Compoundsource Let � be an index setand �2� j � Z� ����% � � be a
collectionof sourcerandomvariables.The randomvariablesin �2� have
a commonsourcealphabet

ä
, a commonreproductionalphabet aä , anda

commondistortionmeasure
�
. A compoundsourceis ani.i.d. information

sourcewhosegenericrandomvariableis ZK� , where� is equalto some�%� but we donot know whichoneit is. Therate-distortionfunction ¬��  	ü
for ZK� hasthesamedefinitionastherate-distortionfunctiondefinedin this
chapterexceptthat(9.23)is replacedby������� >`(� ��a` ü,�#^ú¥þ.�HbÉþ for all ��% � .
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Show that ¬ �q Ýü j=������ B � ¬ �E Ýü��
where¬ �E Ýü is therate-distortionfunctionfor Z� .

6. Show thatasymptoticoptimalitycanalwaysbeachievedby separatingrate-
distortioncodingandchannelcodingwhenthe informationsourceis i.i.d.
(with asingle-letterdistortionmeasure)andthechannelis memoryless.

7. Slepian-Wolf coding Let þ�� á , and ! besmallpositive quantities.For g]b¶ bÕ¸ n ®^Y"®¡  � |,¯ � � ¯ , randomlyand independentlyselectwith replacement¸ n ® u ® |hb   ¯ þ�¢ ¯ sequencesfrom ' n)   *-, accordingto theuniformdistribution to
form a bin £ ´ . Let @9 ��¤ ü beafixedpairof sequencesin ' n) |   *-, . Prove the
following by choosingþ�� á , and ! appropriately:

a) theprobabilitythat ¤ is in some£ ´ tendsto 1 as c �rp ;

b) given that ¤�% £ ´ , the probability that thereexists another¤ [ % £ ´suchthat @9 ��¤�[9ü/%V' n) |   *-, tendsto 0 as c �sp .

Let >` � 	 ü¦¥ � n  l ����ü . The resultsin a) and b) say that if >` � 	 ü is
jointly typical, which happenswith probabilitycloseto 1 for large c , then
it is very likely that 	 is in somebin £ ´ , andthat 	 is theuniquevector
in £ ´ which is jointly typicalwith ` . If ` is availableasside-information,
thenby specifyingthe index of the bin containing 	 , which takesabout¸ n Y"®¡  � |,¯ bits, 	 canbeuniquelyspecified.Notethatnoknowledgeabout` is involved in specifyingthe index of thebin containing	 . This is the
basisof theSlepian-Wolf coding[196] which launchedthewholeareaof
multiterminalsourcecoding(seeBerger[21]).

HISTORICAL NOTES
Transmissionof an informationsourcewith distortionwasfirst conceived

by Shannonin his 1948paper[184]. He returnedto theproblemin 1959and
proved the rate-distortiontheorem. The normalizationof the rate-distortion
function is due to Pinkston[163]. The rate-distortiontheoremproved here
is a strongerversionof the original theorem. Extensionsof the theoremto
moregeneralsourceswereproved in the book by Berger [20]. An iterative
algorithmfor computingtherate-distortionfunctiondevelopedby Blahut[28]
will be discussedin Chapter10. Rose[179] hasdevelopedan algorithmfor
thesamepurposebasedonamappingapproach.



Chapter10

THE BLAHUT -ARIMO TO ALGORITHMS

For adiscretememorylesschannel�  � � l ü , thecapacity§ jQwK���å ® X ¯ � 
Zs� ë ü�� (10.1)

whereZ and ë arerespectively theinputandtheoutputof thegenericchannel
and �  l ü is the input distribution, characterizesthemaximumasymptotically
achievable rateat which informationcanbe transmittedthroughthe channel
reliably. Theexpressionfor

§
in (10.1)is calleda single-lettercharacteriza-

tion becauseit dependsonly the transitionmatrix of the genericchannelbut
not on theblock length c of a codefor thechannel.Whenboth the input al-
phabet

ä
andtheoutputalphabet

�
arefinite, thecomputationof

§
becomes

afinite-dimensionalmaximizationproblem.
For ani.i.d. informationsource

� Zei � f RÓgã� with genericrandomvariableZ , therate-distortionfunction¬  Ýü j w\xzy¨ ® {X � X ¯>} ��� ® |�� {|,¯ ��� � 
Z�� aZ ü (10.2)

characterizestheminimumasymptoticallyachievablerateof a rate-distortion
codewhich reproducesthe informationsourcewith an averagedistortionno
morethan  with respectto a single-letterdistortionmeasure

�
. Again, the

expressionfor ¬  Ýü in (10.2)is a single-lettercharacterizationbecauseit de-
pendsonly on thegenericrandomvariableZ but not on theblock length c of
a rate-distortioncode.Whenboththesourcealphabet

ä
andthereproduction

alphabet aä arefinite, thecomputationof ¬  	ü becomesa finite-dimensional
minimizationproblem.

Unlessfor very specialcases,it is not possibleto obtainanexpressionfor§
or ¬  	ü in closedform, andwe have to resortto numericalcomputation.

215
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However, computingthesequantitiesis not straightforward becausethe as-
sociatedoptimizationproblemis nonlinear. In this chapter, we discussthe
Blahut-Arimotoalgorithms(henceforththeBA algorithms),which is anitera-
tivealgorithmdevisedfor thispurpose.

In orderto betterunderstandhow andwhy theBA algorithmworks,wewill
first describethealgorithmin a generalsettingin thenext section.Specializa-
tionsof thealgorithmfor thecomputationof

§
and ¬  Ýü will bediscussedin

Section10.2,andconvergenceof thealgorithmwill beprovedin Section10.3.

10.1 ALTERNATING OPTIMIZA TION
In thissection,wedescribeanalternatingoptimizationalgorithm.Thisalgo-

rithm will bespecializedin thenext sectionfor computingthechannelcapacity
andtherate-distortionfunction.

Considerthedoublesupremum�����©«ª B�¬ ª �����© k B�¬ k üq� o �  ² ü�� (10.3)

where ® ´ is aconvex subsetof � n T for ¶ j g·�¹¸ , and ü is a functiondefinedon® o � ® ² . The function ü is boundedfrom above, andis continuousandhas
continuouspartialderivativeson ® o � ® ² . Furtherassumethatfor all  ² % ® ² ,thereexistsaunique� o � ² ü�% ® o suchthatüqC� o � ² ü��  ² ü jÒw���© Ô ª B�¬ ª üq� [ o �  ² ü�� (10.4)

andfor all  o % ® o , thereexistsaunique� ² � o ü�% ® ² suchthatüq� o � � ² � o ü ü jÒw���© Ô k B�¬ k üq� o �  [ ² ü p (10.5)

Let çjÓ� o �  ² ü and ® j ® o � ® ² . Then(10.3)canbewrittenas�¯���© B�¬ üq� ü p (10.6)

In otherwords,thesupremumof ü is takenover a subsetof � n«ª � n k which is
equalto theCartesianproductof two convex subsetsof � n ª and � n k , respec-
tively.

We now describean alternatingoptimizationalgorithmfor computing ü m ,
thevalueof thedoublesupremumin (10.3).Let  ® i ¯ j � ® i ¯o �  ® i ¯² ü for f R P
which aredefinedasfollows. Let  ® � ¯o be an arbitrarily chosenvectorin ® o ,
andlet  ® � ¯² j=� ² � ® � ¯o ü . For f Rhg ,  ® i ¯ is definedby ® i ¯o j°� o � ® iÿþ o°¯² ü (10.7)
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Figure 10.1. Alternatingoptimization.

and  ® i ¯² j=� ² � ® i ¯o ü p (10.8)

In otherwords,  ® i ¯o and  ® i ¯² aregeneratedin theorder  ® � ¯o �  ® � ¯² �  ® o°¯o �  ® o°¯² � ®�² ¯o �  ®�² ¯² ��ý�ý�ý , whereeachvectorin thesequenceis a functionof theprevious

vectorexceptthat  ® � ¯o is arbitrarily chosenin ® o . Letü ® i ¯ jÂüq� ® i ¯ ü p (10.9)

Thenfrom (10.4)and(10.5),ü ® i ¯ j üq� ® i ¯o �  ® i ¯² ü (10.10)R üq� ® i ¯o �  ® iÿþ o°¯² ü (10.11)R üq� ® i�þ o°¯o �  ® iÿþ o°¯² ü (10.12)j ü ® iÿþ o°¯ (10.13)

for f Rhg . Sincethesequenceü ® i ¯ is non-decreasing,it mustconvergebecauseü is boundedfrom above. We will show in Section10.3 that ü ® i ¯ � ü m ifü is concave. Figure 10.1 is an illustration of the alternatingmaximization
algorithm,wherein thiscaseboth c o and c ² areequalto 1, and ü ® i ¯ � ü m .

The alternatingoptimizationalgorithmcanbe explainedby the following
analogy. Supposea hiker wantsto reachthesummitof a mountain.Starting
from a certainpoint in the mountain,the hiker movesnorth-southandeast-
westalternately. (In ourproblem,thenorth-southandeast-westdirectionscan
bemulti-dimensional.)In eachmove, thehiker movesto thehighestpossible
point. Thequestionis whetherthehiker caneventuallyapproachthesummit
startingfrom any point in themountain.
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Replacing ü by � ü in (10.3), the doublesupremumbecomesthe double
infimum xÚy�±©«ª B�¬ ª xÚy�±© k B�¬ k üq� o �  ² ü p (10.14)

All theprevious assumptionson ® o , ® ² , and ü remainvalid exceptthat ü is
now assumedto beboundedfrom below insteadof boundedfrom above. The
doubleinfimum in (10.14)canbecomputedby thesamealternatingoptimiza-
tion algorithm. Note that with ü replacedby � ü , the maximumsin (10.4)
and(10.5)becomeminimums,andthe inequalitiesin (10.11)and(10.12)are
reversed.

10.2 THE ALGORITHMS
In this section,we specializethe alternatingoptimization algorithm de-

scribedin thelastsectiontocomputethechannelcapacityandtherate-distortion
function.Thecorrespondingalgorithmsareknown astheBA algorithms.

10.2.1 CHANNEL CAPACITY
We will use ² to denoteaninput distribution �  l ü , andwe write ² � P if ²

is strictly positive, i.e., �  l üÅ� P for all l % ä . If ² is not strictly positive, we
write ² R P . Similar notationswill beintroducedasappropriate.³�25LvL¼¦ B&Û<A
B

Let �  l ü �  � � l ü bea givenjoint distributionon
ä´�µ�

such that² � P , andlet ¶ bea transitionmatrix from
�

to
ä

. ThenwK���· � X � � �  l ü �  � � l ü ÷!øEù¹¸  lq� ��ü�  l ü j � X � � �  l ü �  � � l ü ÷!øEùº¸ m  lq� ��ü�  l ü �
(10.15)

where themaximizationis takenover all ¶ such that

¸  l�� ��ü jQP if andonly if �  � � l ü jQP � (10.16)

and

¸ m  lq� ��ü j �  l ü �  � � l ü� X Ô �  l [ ü �  � � l [ ü � (10.17)

i.e., themaximizing¶ is thewhich correspondsto theinput distribution ² and
thetransitionmatrix �  � � l ü .

In (10.15)andthe sequel,we adoptthe convention that the summationis
takenover all l and � suchthat �  l ü~� P and�  � � l üv� P . Notethat theright
handsideof (10.15)givesthemutualinformation

� 
Zs� ë ü when ² is theinput
distribution for thegenericchannel�  � � l ü .
Proof Let »  ��ü j � X Ô �  l [ ü �  � � l [ ü (10.18)
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in (10.17). We assumewith lossof generalitythat for all �¼% � , �  � � l üH� P
for some l % ä . Since ² � P , »  ��üª� P for all � , and hence¸ m  l�� ��ü is
well-defined.Rearranging(10.17),wehave�  l ü �  � � l ü j »  ��ü ¸ m  lq� ��ü p (10.19)

Consider� X � � �  l ü �  � � l ü ÷!øEù ¸ m  lq� ��ü�  l ü � � X � � �  l ü �  � � l ü ÷!øEù ¸  lq� ��ü�  l üj � X � � �  l ü �  � � l ü ÷!øEù4¸ m  lq� ��ü¸  l�� ��ü (10.20)

j � � � X »  ��ü ¸ m  l�� ��ü ÷!øEù ¸ m  l�� ��ü¸  l�� ��ü (10.21)

j � � »  ��ü � X ¸ m  l�� ��ü ÷!øEù ¸ m  l�� ��ü¸  l�� ��ü (10.22)j � � »  ��üÏ  ¸ m  lq� ��ü�½ ¸  l�� ��ü ü (10.23)R P � (10.24)

where(10.21)follows from (10.19),andthe last stepis anapplicationof the
divergenceinequality. Thenthe proof is completedby noting in (10.17)that¶ m satisfies(10.16)because² � P .FHG 2I=KJ�25LSB&Û<AzÙ

For a discretememorylesschannel�  � � l ü ,§ j=�����¾�¿ � wK���· � X � � �  l ü �  � � l ü ÷!øEù ¸  lq� ��ü�  l ü � (10.25)

where themaximizationis takenover all ¶ which satisfies(10.16).

Proof Let
�  ² ��À ü denotethemutualinformation

� 
Zs� ë ü when ² is theinput
distribution for thegenericchannel�  � � l ü . Thenwe canwrite§ jQw���¾�Á � �  ² ��À ü p (10.26)

Let ² m achieves
§

. If ² m � P , then§ j w���¾�Á � �  ² ��À ü (10.27)j w���¾�¿ � �  ² ��À ü (10.28)j w���¾�¿ � w���· � X � � �  l ü �  � � l ü ÷!øEùº¸  l�� ��ü�  l ü (10.29)

j �����¾�¿ � wK���· � X � � �  l ü �  � � l ü ÷!øEù ¸  lq� ��ü�  l ü � (10.30)
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where(10.29)follows from Lemma10.1(andthemaximizationis over all ¶
whichsatisfies(10.16)).

Next, we considerthecasewhen ² m R P . Since
�  ² ��À ü is continuousin ² ,

for any þ"� P , thereexists ! � P suchthatif½ ² � ² m ½~Ë ! � (10.31)

then § � �  ² ��À ü,Ë þ�� (10.32)

where ½ ² � ² m ½ denotestheEuclideandistancebetween² and ² m . In particular,
thereexists �² � P whichsatisfies(10.31)and(10.32).Then§ j w���¾¯Á � �  ² ��À ü (10.33)R �����¾�¿ � �  ² ��À ü (10.34)R �  �² ��À ü (10.35)� § ��þ�� (10.36)

wherethelaststepfollows because�² satisfies(10.32).Thuswe have§ ��þ"Ë ���`�¾�¿ � �  ² ��À ü,b § p (10.37)

Finally, by letting þ+� P , we concludethat§ j=�¯���¾¯¿ � �  ² ��À ü j=�����¾�¿ � w���· � X � � �  l ü �  � � l ü ÷!øEù¹¸  l�� ��ü�  l ü p (10.38)

Thisaccomplishestheproof.

Now for thedoublesupremumin (10.3),let

üq ² � ¶ ü j � X � � �  l ü �  � � l ü ÷zøEù ¸  l�� ��ü�  l ü � (10.39)

with ² and ¶ playingtherolesof  o and  ² , respectively. Let® o j �  �  l ü�� l % ä ü�� �  l ü,� P and
� X �  l ü j gã�W� (10.40)

and ® ² j �  ¸  l�� ��ü��  l ����ü2% ä��Â� ü�� ¸  l�� ��ü,� Pif �  l�� ��ü,� P , ¸  l�� ��ü jQP if �  � � l ü jQP ,
and
� X ¸  l�� ��ü j g for all �(% � � p (10.41)
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Then ® o is a subsetof ��� �,� and ® ² is a subsetof ��� �,��� Ã*� , and it is readily
checked that both ® o and ® ² areconvex. For all ² % ® o and ¶ % ® ² , by
Lemma10.1,üq ² � ¶ ü j � X � � �  l ü �  � � l ü ÷!øEù ¸  l�� ��ü�  l ü (10.42)

b � X � � �  l ü �  � � l ü ÷!øEù¹¸ m  l�� ��ü�  l ü (10.43)j � 
Z�� ë ü (10.44)b Y 
Z ü (10.45)b ÷!øEù � ä � p (10.46)

Thus ü is boundedfrom above. Sincefor all ¶ % ® ² , ¸  lq� ��ü jhP for all l and� suchthat �  l�� ��ü j P , thesecomponentsof ¶ aredegenerated.In fact,these
componentsof ¶ do not appearin the definitionof üq ² � ¶ ü in (10.39),which
canbe seenasfollows. Recall the convention that the doublesummationin
(10.39)is over all l and � suchthat �  l ü¼� P and�  � � l ü~� P . If ¸  lq� ��ü j P ,then �  � � l ü j P , and hencethe correspondingterm is not includedin the
doublesummation.Therefore,it is readily seenthat ü is continuousandhas
continuouspartial derivatives on ® becauseall the probabilitiesinvolved in
thedoublesummationin (10.39)arestrictly positive. Moreover, for any given² % ® o , by Lemma10.1, thereexists a unique ¶ % ® ² which maximizesü .
It will beshown shortly that for any given ¶ % ® ² , therealsoexistsa unique² % ® o whichmaximizesü .

Thedoublesupremumin (10.3)now becomes

�����¾ B�¬ ª �����· Bu¬ k � X � � �  l ü �  � � l ü ÷zøEù ¸  l�� ��ü�  l ü � (10.47)

which by Theorem10.2 is equalto
§

, wherethesupremumover all ¶ % ® ²is in factamaximum.Wethenapplythealternatingoptimizationalgorithmin
the last sectionto compute

§
. First, we arbitrarily choosea strictly positive

input distribution in ® o andlet it be ² ® � ¯ . Thenwe define ¶ ® � ¯ andin general¶ ® i ¯ for f R P by

¸ ® i ¯  l�� ��ü j � ® i ¯  l ü �  � � l ü� X Ô � ® i ¯  l [ ü �  � � l [ ü (10.48)

in view of Lemma10.1. In orderto define ² ® o°¯ andin general² ® i ¯ for f R g ,
we needto find the ² % ® o whichmaximizesü for agiven ¶ % ® ² , wherethe
constraintson ² are � X �  l ü j g (10.49)
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and �  l ü�� P for all l % ä . (10.50)

We now usethemethodof Lagrangemultipliersto find thebest ² by ignoring
temporarilythepositivity constraintsin (10.50).LetÄ j � X � � �  l ü �  � � l ü ÷!øEùº¸  lq� ��ü�  l ü � ³ � X �  l ü p (10.51)

For conveniencesake, we assumethat the logarithmis thenaturallogarithm.
Differentiatingwith respectto �  l ü givesÅ ÄÅ �  l ü j � � �  � � l ü ÷zøEù ¸  l�� ��ü�� ÷!øEù �  l ü��@g"� ³ p (10.52)

Uponsetting ÆEÇÆ å ® X ¯ jÎP , we have

÷!øEù �  l ü j � � �  � � l ü ÷!øEù ¸  lq� ��ü���gÅ� ³ � (10.53)

or �  l ü j°È þ ® � � o°¯ < � ¸  l�� ��ü@É ® � � X ¯ p (10.54)

By consideringthenormalizationconstraintin (10.49),wecaneliminate³ and
obtain �  l ü j Ê � ¸  l�� ��ü É ® � � X ¯� X Ô Ê � ¸  l [ � ��ü É ® � � X Ô ¯ p (10.55)

Theabove productis over all � suchthat �  � � l üH� P , and ¸  l�� ��üH� P for all
such� . This impliesthatboththenumeratorandthedenominatoron theright
handsideabovearepositive,andtherefore�  l ü�� P . In otherwords,the ² thus
obtainedhappento satisfythepositivity constraintsin (10.50)althoughthese
constraintswere ignoredwhenwe setup the Lagrangemultipliers. We will
show in Section10.3.2that ü is concave. Then ² asgivenin (10.55),which is
unique,indeedachievesthemaximumof ü for a given ¶ % ® ² because² is in
theinteriorof ® o . In view of (10.55),wedefine² ® i ¯ for f Rhg by� ® i ¯  l ü j Ê � ¸ ® iÿþ o°¯  lq� ��ü É ® � � X ¯� X Ô�Ê � ¸ ® i�þ o°¯  l [ � ��ü É ® � � X Ô ¯ p (10.56)

Thevectors² ® i ¯ and ¶ ® i ¯ aredefinedin theorder ² ® � ¯ � ¶ ® � ¯ � ² ® o°¯ � ¶ ® o°¯ � ² ®$² ¯ �¶ ®$² ¯ ��ý�ý�ý , whereeachvectorin thesequenceis afunctionof thepreviousvector
except that ² ® � ¯ is arbitrarily chosenin ® o . It remainsto show by induction
that ² ® i ¯ % ® o for f Rhg and ¶ ® i ¯ % ® ² for f R P . If ² ® i ¯ % ® o , i.e., ² ® i ¯ � P ,
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Figure 10.2. A tangentto the ���z�"� curve with slopeequalto Ñ .
thenwe seefrom (10.48)that ¸ ® i ¯  l�� ��ü j P if andonly if �  lq� ��ü jSP , i.e.,¶ ® i ¯ % ® ² . On the otherhand,if ¶ ® i ¯ % ® ² , thenwe seefrom (10.56)that² ® i � o°¯ � P , i.e., ² ® i � o°¯ % ® ² . Therefore,² ® i ¯ % ® o and ¶ ® i ¯ % ® ² for allf R P . Upon determining  ² ® i ¯ � ¶ ® i ¯ ü , we cancomputeü ® i ¯ j¤üq ² ® i ¯ � ¶ ® i ¯ ü
for all f . It will beshown in Section10.3that ü ® i ¯ � § .

10.2.2 THE RATE-DISTORTION FUNCTION
Thisdiscussionin thissectionisanalogousto thediscussionin Section10.2.1.

Someof thedetailswill beomittedfor brevity.
For all problemsof interest,¬ >P ü,� P . Otherwise,¬  Ýü jQP for all SR P

since¬  Ýü is nonnegative andnon-increasing.Therefore,weassumewithout
lossof generalitythat ¬ >P ü,� P .

We have shown in Corollary 9.19 that if ¬ >P ü\� P , then ¬  Ýü is strictly
decreasingfor P bå b UT�V/X . Since ¬  Ýü is convex, for any â b P , there
exists a point on the ¬  Ýü curve for P b  b UTWV¹X suchthat the slopeof
a tangent1 to the ¬  Ýü curve at thatpoint is equalto â . Denotesucha point
on the ¬  Ýü curve by   � � ¬   � ü ü , which is not necessarilyunique. Then
this tangentintersectswith theordinateat ¬   � ü�� â  � . This is illustratedin
Figure10.2.

Let
�  ÀW�ÓÒ ü denotethe mutual information

� 
Z ��aZ ü and   ÀW�ÓÒ ü denote
theexpecteddistortion

�H� 
Z � aZ ü whenÀ is thedistribution for Z and Ò is the
transitionmatrixfrom

ä
to aä defining aZ . Thenfor any Ò ,  �  À��ÓÒ ü��/  À��ÓÒ ü ü

is apoint in therate-distortionregion,andtheline with slopeâ passingthrough

1Wesaythata line is a tangentto the Ô ® � ¯ curve if it touchesthe Ô ® � ¯ curve from below.



224 A FIRSTCOURSEIN INFORMATIONTHEORY �  ÀW�ÓÒ�ü��/  ÀW�ÓÒ�ü ü intersectstheordinateat
�  ÀW�ÓÒ�ü�� â   À��ÓÒ ü . Sincethe¬  	ü curve definestheboundaryof the rate-distortionregion andit is above

thetangentin Figure10.2,we seethat¬   � ü�� â  � jQw\xzyÕ � �  ÀW�ÓÒ�üq� â   ÀW�ÓÒ�ü�� p (10.57)

For each â b P , if we can find a Ò � which achieves the above minimum,
thenthe line passingthrough >P � �  À��ÓÒ � ü�� â   À��ÓÒ � ü ü , i.e., the tangentin
Figure10.2, gives a tight lower boundon the ¬  Ýü curve. In particular, if ¬   � ü��/ � ü is unique,  � j   ÀW�ÓÒ � ü (10.58)

and ¬   � ü j �  À��ÓÒ � ü p (10.59)

By varyingoverall â b P , wecanthentraceout thewhole ¬  	ü curve. In the
restof thesection,we will devise an iterative algorithmfor theminimization
problemin (10.57).³�25LvL¼¦ B&Û<A�C

Let �  l ü�Ö  al�� l ü be a givenjoint distribution on
ä×� aä such

that Ò¤� P , andlet Ø beanydistribution on aä such that Ø � P . ThenwexÚyÙ ¿ � � X � {X �  l ü�Ö  alq� l ü ÷!øEù Ö  al�� l üÚ  al ü j � X � {X �  l ü�Ö  alq� l ü ÷!øEù Ö  al�� l üÚ m  al ü �
(10.60)

where Ú m  al ü j � X �  l ü�Ö  alq� l ü�� (10.61)

i.e., the minimizing
Ú  al ü is the distribution on aä correspondingto the input

distribution À andthetransitionmatrix Ò .

Proof It sufficesto prove that� X � {X �  l ü�Ö  al�� l ü ÷!øEù Ö  al�� l üÚ  al ü R � X � {X �  l ü�Ö  alq� l ü ÷!øEù Ö  alq� l üÚ m  al ü (10.62)

for all Ø � P . Thedetailsareleft asanexercise.Note in (10.61)that Ø m � P
becauseÒú� P .

Since
�  ÀW�ÓÒ�ü and   À��ÓÒ ü arecontinuousin Ò , via an argumentsimilar

to theoneweusedin theproofof Theorem10.2,wecanreplacetheminimum
over all Ò in (10.57)by theinfimum over all ÒÃ� P . By notingthat theright
handsideof (10.60)is equalto

�  ÀW�ÓÒ ü and  À��ÓÒ ü j � X � {X �  l ü�Ö  al�� l ü �  l � al ü�� (10.63)
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wecanapplyLemma10.3to obtain¬   � ü�� â  �j ÛÝÜ�Þßáàãâåä^æ ÛÝÜç àãâ ���è J� É ® X ¯ ¨ ® {X � X ¯�éÝê�ëíì`î J�Óï ��ðñ î J�òð þ � ���è J� É ® X ¯ ¨ ® {X � X ¯Ú� ® X � {X ¯Zó (10.64)

j ÛÝÜ�Þßáàãâôæ ÛÝÜç àuâ ä ���è J� É ® X ¯ ¨ ® {X � X ¯�éÝê�ë ì`î J�Óï ��ðñ î J�òð þ � ���è J� É ® X ¯ ¨ ® {X � X ¯Ú� ® X � {X ¯ ó p (10.65)

Now in thedoubleinfimum in (10.14),letüq Ò � Ø ü j � X � {X �  l ü�Ö  alq� l ü ÷!øEù Ö  al�� l üÚ  al ü� â � X � {X �  l ü�Ö  alq� l ü �  l � al ü�� (10.66)

® o j �  Ö  al�� l ü��  l � al ü�% ä�� aä üW�åÖ  alq� l ü,� P �� {X Ö  al�� l ü j g for all l % ä � � (10.67)

and ® ² j �  Ú  al ü�� al %Òaä üW� Ú  al ü�� P and
� {X Ú  al ü j gã�&� (10.68)

with Ò and Ø playingtherolesof  o and  ² , respectively. Then ® o is asubset

of � � �,��� {�W� and ® ² is a subsetof � � {�,� , andit is readily checked that both ® o
and ® ² areconvex. Since â b P ,üq ÒÑ� Ø üj � X � {X �  l ü�Ö  al�� l ü ÷!øEù Ö  al�� l üÚ  al ü � â � X � {X �  l ü�Ö  alq� l ü �  l � al ü

(10.69)R � X � {X �  l ü�Ö  al�� l ü ÷!øEù Ö  al�� l üÚ m  al ü ú P (10.70)j � 
Z�� aZ ü (10.71)R P7p (10.72)

Therefore,ü is boundedfrom below.
Thedoubleinfimum in (10.14)now becomesxzy�±Õ B�¬ ª xzy`±Ù B�¬ k � � X � {X �  l ü�Ö  al�� l ü ÷zøEù Ö  al�� l üÚ  al ü � â � X � {X �  l ü�Ö  al�� l ü �  l � al ü��k�

(10.73)
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wherethe infimum over all Ø % ® ² is in fact a minimum. We thenapply the
alternatingoptimizationalgorithmdescribedin Section10.2 to computeü m ,
the valueof (10.73). First, we arbitrarily choosea strictly positivetransition
matrix in ® o andlet it be ÒÑ® � ¯ . Thenwe define Ø ® � ¯ andin generalØ ® i ¯ forf Rhg by Ú ® i ¯  al ü j � X �  l ü�Ö ® i ¯  al�� l ü (10.74)

in view of Lemma10.3.In orderto define ÒÑ® o°¯ andin generalÒÑ® i ¯ for f Rhg ,
we needto find the Òg% ® o whichminimizes ü for agiven Ø % ® ² , wherethe
constraintson Ò areÖ  alq� l ü,� P for all  l � al ü&% ä�� aä , (10.75)

and � {X Ö  alq� l ü j g for all l % ä . (10.76)

As wedid for thecomputationof thechannelcapacity, wefirst ignorethepos-
itivity constraintsin (10.75)whensettingup the Lagrangemultipliers. Then
we obtain Ö  al�� l ü j Ú  al ü È � � ® X � {X ¯� {X Ô Ú  al [ ü È � � ® X � {X Ô ¯ � P7p (10.77)

Thedetailsareleft asanexercise.Wethendefine ÒÑ® i ¯ for f RÁg by

Ö ® i ¯  alq� l ü j Ú ® iÿþ o°¯  al ü È � � ® X � {X ¯� {X Ô Ú ® iÿþ o°¯  al [ ü È � � ® X � {X Ô ¯ p (10.78)

It will beshown in thenext sectionthat ü ® i ¯ jÂüq Ò ® i ¯ � Ø ® i ¯ üõ� ü m as f �öp .
If thereexists a uniquepoint  ¬   � ü��/ � ü on the ¬  	ü curve suchthat the
slopeof a tangentat thatpoint is equalto â , then �  ÀW�ÓÒ ® i ¯ ü��/  À��ÓÒ ® i ¯ ü ü÷�  ¬   � ü��/ � ü p (10.79)

Otherwise, �  À��ÓÒÑ® i ¯ ü��/  ÀW�ÓÒÑ® i ¯ ü ü is arbitrarily closeto thesegmentof the¬  	ü curveatwhichtheslopeis equalto â when f is sufficiently large.These
factsareeasilyshown to betrue.

10.3 CONVERGENCE
In this section,we first prove thatif ü is concave, then ü ® i ¯ � ü m . We then

apply this sufficient conditionto prove the convergenceof the BA algorithm
for computingthechannelcapacity. Theconvergenceof theBA algorithmfor
computingtherate-distortionfunctioncanbeprovedlikewise. Thedetailsare
omitted.
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10.3.1 A SUFFICIENT CONDITION
In thealternatingoptimizationalgorithmin Section10.1,weseefrom (10.7)

and(10.8)that ® i � o°¯ jÓ� ® i � o°¯o �  ® i � o°¯² ü jÓC� o � ® i ¯² ü�� � ² C� o � ® i ¯² ü ü ü (10.80)

for f R P . Define� üq� ü jÂüqC� o � ² ü�� � ² C� o � ² ü ü ü�� üq� o �  ² ü p (10.81)

Thenü ® i � o°¯ � ü ® i ¯ j üq� ® i � o°¯ üq� üq� ® i ¯ ü (10.82)j üqC� o � ® i ¯² ü�� � ² C� o � ® i ¯² ü ü ü�� üq� ® i ¯o �  ® i ¯² ü (10.83)j � üq� ® i ¯ ü p (10.84)

Wewill prove that ü beingconcave is sufficient for ü ® i ¯ � ü m . To thisend,
wefirst prove thatif ü is concave, thenthealgorithmcannotbetrappedat  ifüq� ü�Ë ü m .³�25LvL¼¦ B&Û<A$D

Let ü beconcave. If ü ® i ¯ Ë ü m , then ü ® i � o°¯ � ü ® i ¯ .
Proof We will prove that � üq� ür� P for any  % ® suchthat üq� ürË ü m .
Thenif ü ® i ¯ jÂüq� ® i ¯ ü,Ë ü m , weseefrom (10.84)thatü ® i � o°¯ � ü ® i ¯ j � üq� ® i ¯ üÅ� P � (10.85)

andthelemmais proved.
Considerany  % ® suchthat üq� üvË ü m . We will prove by contradiction

that � üq� ü�� P . Assume� üq� ü jQP . Thenit follows from (10.81)thatüqC� o � ² ü�� � ² C� o � ² ü ü ü jÂüq� o �  ² ü p (10.86)

Now we seefrom (10.5)thatüqC� o � ² ü�� � ² C� o � ² ü ü ü,R üqC� o � ² ü��  ² ü p (10.87)

If � o � ² ü ðj° o , then üqC� o � ² ü��  ² ü,� üq� o �  ² ü (10.88)

because� o � ² ü is unique.Combining(10.87)and(10.88),we haveüqC� o � ² ü�� � ² C� o � ² ü ü ü"� üq� o �  ² ü�� (10.89)

which is acontradictionto (10.86).Therefore, o j=� o � ² ü p (10.90)
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Figure 10.3. Thevectorsþ , ÿ , ������ ª � and � k .
Usingthis,weseefrom (10.86)thatüq� o � � ² � o ü ü jÂüq� o �  ² ü�� (10.91)

which implies  ² j=� ² � o ü p (10.92)

because� ² C� o � ² ü ü is unique.
Sinceüq� ü,Ë ü m , thereexists � % ® suchthatüq� ü�Ë üq � ü p (10.93)

Consider � � ªj  � o �  o � P ü:ú >P � � ² �  ² ü p (10.94)

Let �� be the unit vector in the direction of � �  , � o be the unit vector in
the direction of  � o �  o � P ü , and � ² be the unit vector in the direction of � ² �  ² � P ü . Then½ � �  ½ �� j ½ � o �  o ½ � o ú ½ � ² �  ² ½ � ² � (10.95)

or �� jÂô o � o ú ô ² � ² � (10.96)

where ô ´ j ½ � ´ �  ´ ½½ � �  ½ � (10.97)¶ j g·�¹¸ . Figure10.3is anillustrationof thevectors , � , �� � � o � and � ² .We seefrom (10.90) that ü attainsits maximumvalue at Sj � o �  ² üwhen  ² is fixed. In particular, ü attainsits maximumvalueat  alonethe
line passingthrough � o �  ² ü and  � o �  ² ü . Let � ü denotesthe gradientof
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derivative of ü at  in the directionof � o exists andis given by � ü ý � o . It
followsfromtheconcavity of ü that ü is concavealongthelinepassingthrough� o �  ² ü and  � o �  ² ü . Since ü attainsits maximumvalueat  , thederivative
of ü alongthe line passingthrough � o �  ² ü and  � o �  ² ü vanishes.Thenwe
seethat � ü ý � o jQP7p (10.98)

Similarly, weseefrom (10.92)that

� ü ý � ² jQP7p (10.99)

Thenfrom (10.96),thedirectionalderivative of ü at  in thedirectionof �� is
givenby � ü ý �� jÂô o  � ü ý � o ü ú ô ²  � ü ý � ² ü jQP7p (10.100)

Sinceü is concave alongtheline passingthrough  and � , this impliesüq� ü�R üq � ü�� (10.101)

which is acontradictionto (10.93).Hence,weconcludethat � üq� ü�� P .
Althoughwehaveprovedthatthealgorithmcannotbetrappedat  if üq� ü�Ëü m , ü ® i ¯ doesnot necessarilyconverge to ü m becausethe incrementin ü ® i ¯ in

eachstepmaybearbitrarily small. In orderto prove thedesiredconvergence,
wewill show in next theoremthatthis cannotbethecase.FHG 2I=KJ�25LSB&Û<AzN

If ü is concave, then ü ® i ¯ � ü m .
Proof Wehavealreadyshown in Section10.1that ü ® i ¯ necessarilyconverges,
sayto ü [ . Hence,for any þ"� P andall sufficiently large f ,ü [ ��þ"b ü ® i ¯ b ü [ p (10.102)

Let á j wexzy© Bu¬ Ô � üq� ü�� (10.103)

where ® [ j �  % ® � ü [ ��þ¼b üq� ü,b ü [ � p (10.104)

Since ü hascontinuouspartialderivatives, � üq� ü is a continuousfunctionof . Thentheminimumin (10.103)existsbecause® [ is compact2.

2 ¬ Ô is compactbecauseit is the inverseimageof a closedinterval undera continuousfunction and
¬

is
bounded.
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We now show that ü [ Ë ü m will leadto a contradictionif ü is concave. Ifü [�Ë ü m , thenfrom Lemma10.4,we seethat � üq� ük� P for all  % ® [ and
henceáª� P . Since ü ® i ¯ jÂüq� ® i ¯ ü satisfies(10.102), ® i ¯ % ® [ , andü ® i � o°¯ � ü ® i ¯ j � üq� ® i ¯ ü�R@á (10.105)

for all sufficiently large f . Therefore,no matterhow smaller á is, ü ® i ¯ will
eventuallybe greaterthan ü [ , which is a contradictionto ü ® i ¯ � ü [ . Hence,
we concludethat ü ® i ¯ � ü m .
10.3.2 CONVERGENCE TO THE CHANNEL

CAPACITY
In orderto show that theBA algorithmfor computingthechannelcapacity

convergesasintended,i.e., ü ® i ¯ � § , we only needto show thatthefunctionü definedin (10.39)is concave. Towardthisend,forüq ² � ¶ ü j � X � � �  l ü �  � � l ü ÷!øEù ¸  lq� ��ü�  l ü (10.106)

definedin (10.39),we considertwo orderedpairs  ² o � ¶ o ü and  ² ² � ¶ ² ü in ® ,
where® o and ® ² aredefinedin (10.40)and(10.41),respectively. For any P b³ bhg and »³ j g*� ³ , anapplicationof thelog-suminequality(Theorem2.31)
gives

 ³ � o  l ü:ú »³ � ²  l ü ü ÷!øEù ³ � o  l üýúÁ»³ � ²  l ü³ ¸ o  lq� ��üýú »³ ¸ ²  lq� ��üb ³ � o  l ü ÷!øEù � o  l ü¸ o  lq� ��ü ú »³ � ²  l ü ÷!øEù
� ²  l ü¸ ²  l�� ��ü p (10.107)

Takingreciprocalin thelogarithmsyields

 ³ � o  l ü:úÁ»³ � ²  l ü ü ÷!øEù ³ ¸ o  lq� ��üýú »³ ¸ ²  lq� ��ü³ � o  l üýúÁ»³ � ²  l üR ³ � o  l ü ÷!øEù ¸ o  lq� ��ü� o  l ü úÁ»³ � ²  l ü ÷!øEù ¸ ²  l�� ��ü� ²  l ü � (10.108)

anduponmultiplying by �  � � l ü andsummingoverall l and � , weobtainüq ³U² o úÁ»³U² ² � ³`¶ o úÁ»³U¶ ² ü�R ³ üq ² o � ¶ o üýúÁ»³ üq ² ² � ¶ ² ü p (10.109)

Therefore,ü is concave. Hence,we have shown that ü ® i ¯ � § .
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PROBLEMS
1. ImplementtheBA algorithmfor computingchannelcapacity.

2. ImplementtheBA algorithmfor computingtherate-distortionfunction.

3. Explain why in the BA Algorithm for computingchannelcapacity, we
shouldnot choosean initial input distribution which containszeroprob-
ability masses.

4. ProveLemma10.3.

5. Consider üq Ò � Ø ü in the BA algorithm for computingthe rate-distortion
function.

a) Show thatfor fixed â and Ø , üq Ò � Ø ü is minimizedby

Ö  al�� l ü j Ú  al ü È � � ® X � {X ¯� {X Ô Ú  al [ ü È � � ® X � {X Ô ¯ p
b) Show that üq ÒÑ� Ø ü is convex.

HISTORICAL NOTES
An iterative algorithmfor computingthe channelcapacitywasdeveloped

by Arimoto [14], wheretheconvergenceof thealgorithmwasproved. Blahut
[28] independentlydevelopedtwo similar algorithms,thefirst for computing
thechannelcapacityandthesecondfor computingtherate-distortionfunction.
The convergenceof Blahut’s secondalgorithm was proved by Csisz�� r [54].
Thesetwo algorithmsarenow commonlyreferredto as the Blahut-Arimoto
algorithms. The simplified proof of convergencein this chapteris basedon
YeungandBerger[232].

TheBlahut-Arimotoalgorithmsarespecialcasesof ageneraliterativealgo-
rithm dueto Csisz�� r andTusn�� dy [58] which alsoincludetheEM algorithm
[62] for fitting modelsfrom incompletedataandthealgorithmfor finding the
log-optimalportfolio for astockmarket dueto Cover [48].





Chapter11

SINGLE-SOURCE NETWORK CODING

In a point-to-pointcommunicationsystem, the transmittingpoint and the
receiving point areconnectedby a communicationchannel.An information
sourceis generatedat thetransmissionpoint,andthepurposeof thecommuni-
cationsystemis to deliver theinformationgeneratedat thetransmissionpoint
to thereceiving pointvia thechannel.

In a point-to-pointnetwork communicationsystem,therearea numberof
points,callednodes. Betweencertainpair of nodes,thereexist point-to-point
communicationchannelson which informationcanbe transmitted.On these
channels,informationcanbe sentonly in the specifieddirection. At a node,
oneor moreinformationsourcesmaybegenerated,andeachof themis multi-
cast1 to a setof destinationnodeson thenetwork. Examplesof point-to-point
network communicationsystemsinclude the telephonenetwork and certain
computernetworkssuchastheInternetbackbone.For simplicity, wewill refer
to apoint-to-pointnetwork communicationsystemasapoint-to-pointcommu-
nication network. It is clearthat a point-to-pointcommunicationsystemis a
specialcaseof apoint-to-pointcommunicationnetwork.

Point-to-pointcommunicationsystemshavebeenthoroughlystudiedin clas-
sical information theory. However, point-to-pointcommunicationnetworks
have beenstudiedin depthonly during the last ten years,andtherearea lot
of problemsyet to be solved. In this chapterandChapter15, we focus on
point-to-pointcommunicationnetworkssatisfyingthefollowing:

1. thecommunicationchannelsarefreeof error;

2. theinformationis receivedatthedestinationnodeswith zeroerrororalmost
perfectly.

1Multicastmeansto sendinformationto aspecifiedsetof destinations.

233
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In this chapter, we considernetworkswith oneinformationsource.Networks
with multiple information sourceswill be discussedin Chapter15 after we
have developedthenecessarytools.

11.1 A POINT-TO-POINT NETWORK
A point-to-pointnetwork is representedby a directedgraph 	 j �
 � � ü ,

where
 is thesetof nodesin thenetwork and
�

is thesetof edgesin 	 which
representthecommunicationchannels.An edgefrom node¶ to node , which
representsthe communicationchannelfrom node ¶ to node  , is denotedby ¶ �  ü . We assumethat 	 is finite, i.e., � 
 � Ë p . For a network with one
informationsource,which is thesubjectof discussionin thischapter, thenode
at which information is generatedis referredto as the source node, denoted
by â , andthe destinationnodesarereferredto asthe sink nodes, denotedbyÚ o � Ú ² ��ý�ý�ý�� Ú� .

For a communicationchannelfrom node ¶ to node  , let ¬ ´ � be the rate
constraint, i.e., themaximumnumberof bits which canbesentperunit time
on thechannel.¬ ´ � is alsoreferredto asthecapacity2 of edge  ¶ �  ü . Let� j � ¬ ´ � �  ¶ �  ü&% � � (11.1)

betherateconstraintsfor graph	 . To simplify ourdiscussion,weassumethat¬ ´ � are(nonnegative) integersfor all  ¶ �  ü2% � .
In the following, we introducesomenotions in graphtheory which will

facilitate the descriptionof a point-to-pointnetwork. Temporarilyregardan
edgein 	 asa waterpipeandthegraph 	 asa network of waterpipes.Fix a
sinknode

Ú��
andassumethatall thesinknodesexceptfor

Ú�
isblocked.Suppose

wateris generatedataconstantrateatnodeâ . Weassumethattherateof water
flow in eachpipedoesnotexceedits capacity. Wealsoassumethatthereis no
leakagein thenetwork, so thatwateris conserved at every nodeotherthan â
and
Ú�

in thesensethat thetotal rateof waterflowing into thenodeis equalto
thetotal rateof waterflowing out of thenode.Thewatergeneratedat node â
is eventuallydrainedat node

Ú��
.

A flow � j � � ´ � �  ¶ ����üc% � � (11.2)

in 	 from node � to node
Ú�

with respectto rateconstraints
�

is a valid as-
signmentof anonnegative integer

� ´ � to everyedge ¶ ����üc% � suchthat
� ´ � is

equalto therateof waterflow in edge  ¶ ���"ü underall theabove assumptions.� ´ � is referredto asthevalueof
�

onedge ¶ ����ü . Specifically,
�

is aflow in 	
from node � to node

Ú��
if for all  ¶ ����üc%�� ,��� � ´ � � ¬ ´ � � (11.3)

2Heretheterm“capacity” is usedin thesenseof graphtheory.



Single-SourceNetworkCoding 235

andfor all ��� 
 exceptfor � and
Ú�

,� �"! � ü$# �&%�! � ü�� (11.4)

where �'�(! � ü$# )�+*-, �/. 0214365 � �/0 (11.5)

and �&%$! � ü$# )�+*-,708. �91�365 � 0:�<; (11.6)

In theabove,
� �(! � ü is thetotal flow into node� and

�$%&! � ü is thetotal flow out
of node� , and(11.4)arecalledtheconservationconditions.

Sincetheconservation conditionsrequirethat theresultantflow out of any
nodeotherthan � and =�> is zero,it is intuitively clearandnot difficult to show
that theresultantflow out of node � is equalto theresultantflow into node =�> .
This commonvalueis calledthevalueof

�
.
�

is a max-flowfrom node � to
node=�> in ? with respectto rateconstraints@ if

�
is aflow from � to =�> whose

valueis greaterthanor equalto thevalueof any otherflow from � to =�> .
A cut betweennode � andnode =�> is a subsetA of B suchthat �C�DA and=>$E�FA . Let �HGI#KJ ! � ���"ü � �ML �&�IA and � E�IAON (11.7)

bethesetof edgesacrossthecut A . Thecapacityof thecut A with respectto
rateconstraints@ is definedasthesumof thecapacitiesof all theedgesacross
thecut, i.e., ),P08. �91�365RQ"S 0:�T; (11.8)

A is amin-cutbetweennode� andnode=> if A is acutbetween� and =�> whose
capacityis lessthanor equalto thecapacityof any othercutbetween� and => .

A min-cut betweennode � andnode =�> canbe thoughtof asa bottleneck
between� and =�> . Therefore,it is intuitively clearthatthevalueof a max-flow
from node� to node=> cannotexceedthecapacityof amin-cutbetweennode�
andnode => . Thefollowing theorem,known asthemax-flowmin-cuttheorem,
statesthat the capacityof a min-cut is alwaysachievable. This theoremwill
playakey role in subsequentdiscussionsin this chapter.

UOVXWZY\[RW^]`_a_ab8_dcfehgXiRj/kmlnYpoqesrutvj9wpxXydUOVXWzY{[RW^]}|�~a�T��
Let ? beagraph

with sourcenode� andsinknodes=/� � =�� ��������� =�� , and @ betherateconstraints.
Thenfor � #��·�/�+�������ã��� , thevalueof amax-flowfromnode� to node=�> isequal
to thecapacityof a min-cutbetweennode � andnode=�> .
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Figure 11.1. A one-sinknetwork.

11.2 WHAT IS NETWORK CODING?
Let � be therateat which informationis multicastfrom thesourcenode �

to thesinknodes=/� � =�� ��������� =�� in anetwork ? with rateconstraints@ . Weare
naturallyinterestedin themaximumpossiblevalueof � . With a slight abuse
of notation,wedenotethevalueof amax-flow from thesourcenode� to asink
node=�> by ���6���Z��� ! � � =�> ü . It is intuitive that

� � � �6���^�¡� ! � � =�> ü (11.9)

for all � #��·�/�+�������ã��� , i.e.,

� � ��¢¤£> ���6���Z��� ! � � =�> ü ; (11.10)

This is calledthemax-flowbound, which will beprovedin Section11.4. Fur-
ther, it will be proved in Section11.5 that the max-flow boundcan always
be achieved. In this section,we first show that the max-flow boundcanbe
achievedin a few simpleexamples.In theseexamples,theunit of information
is thebit.

First, we considerthe network in Figure 11.1 which hasone sink node.
Figure11.1(a)shows thecapacityof eachedge.By identifying themin-cutto
be J � �+�·�/� N andapplyingmax-flow min-cuttheorem,we seethat

���6�m�^��� ! � � =9� ü$#¦¥ ; (11.11)

Thereforetheflow in Figure11.1(b)is amax-flow. In Figure11.1(c),weshow
how we cansendthreebits § � � § � , and §9¨ from node � to node = � basedon the
max-flow in Figure11.1(b).Evidently, themax-flow boundis achieved.

In fact,we caneasilyseethat themax-flow boundcanalwaysbeachieved
whenthereis only onesink nodein thenetwork. In thiscase,we only needto
treattheinformationbitsconstitutingthemessageasphysicalentitiesandroute
themthroughthenetwork accordingto any fixedroutingscheme.Eventually,
all thebits will arrive at thesink node.Sincethe routingschemeis fixed,the
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Figure 11.2. A two-sinknetwork without coding.

sinknodeknowswhichbit is comingin from whichedge,andthemessagecan
berecoveredaccordingly.

Next, we considerthe network in Figure11.2 which hastwo sink nodes.
Figure11.2(a)shows thecapacityof eachedge.It is easyto seethat

���6�m�^�¡� ! � � =/� ü³#µ´ (11.12)

and ���6�m�^��� ! � � =�� ü³#¦¶ ; (11.13)

Sothemax-flow boundassertsthatwe cannotsendmorethan5 bits to both =9�
and =�� . Figure11.2(b)shows aschemewhichsends5 bits §�� � §·� � § ¨ � §9¸ , and §·¹
to both =/� and =�� . Therefore,themax-flow boundis achieved. In this scheme,§+� and §9� arereplicatedatnode3, § ¨ is replicatedatnode� , while §9¸ and §·¹ are
replicatednode1. Notethateachbit is replicatedexactly oncein thenetwork
becausetwo copiesof eachbit areneededto sendto thetwo sinknodes.

We now considerthe network in Figure 11.3 which againhas two sink
nodes.Figure11.3(a)shows thecapacityof eachedge.It is easyto seethat

���6�m�^��� ! � � => ü&#¦�+� (11.14)

� #º�·�/� . Sothemax-flow boundassertsthatwe cannotsendmorethan2 bits
to both =9� and =�� . In Figure11.3(b),we try to devisea routingschemewhich
sends2 bits §�� and §·� to both =9� and =� . By symmetry, wesendonebit oneach
outputchannelatnode� . In thiscase,§ � is sentonchannel

! � �+�Kü and § � is sent
on channel

! � �/��ü . At node � , � #»�·�/� , § 0 is replicatedandthecopiesaresent
on the two outputchannels.At node3, sinceboth §�� and §·� arereceived but
thereis only oneoutputchannel,wehave to chooseoneof thetwo bits to send
ontheoutputchannel

! ¥+�f¼�ü . Supposewechoose§�� asin Figure11.3(b).Then
the bit is replicatedat node4 andthe copiesaresentto nodes= � and = � . At
node=�� , both §+� and §9� arereceived.However, atnode=9� , two copiesof §�� are
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Figure 11.3. A two-sinknetwork with coding.

receivedbut §·� cannotberecovered.Thusthis routingschemedoesnot work.
Similarly, if § � insteadof § � is senton channel

! ¥+�f¼�ü , § � cannotberecovered
at node =�� . Therefore,we concludethat for this network, themax-flow bound
cannotbeachievedby routingandreplicationof bits.

However, if codingis allowedat thenodes,it is actuallypossibleto achieve
themax-flow bound.Figure11.3(c)shows aschemewhichsends2 bits §�� and§ � to bothnodes= � and = � , where‘+’ denotesmodulo2 addition. At node = � ,§+� is received,and §·� canberecoveredby adding §�� and §��'ÄÅ§·� , because

§ � # § � Ä ! § � ÄÅ§ � ü ; (11.15)

Similarly, §·� is receivedat node =�� , and §�� canberecoveredby adding §·� and§+�'ÄD§9� . Therefore,themax-flow boundis achieved. In this scheme,§+� and §·�
areencodedinto thecodeword §��\ÄÅ§·� which is thensentonchannel

! ¥+�f¼�ü . If
codingatanodeis notallowed,in orderto sendboth §�� and §·� to nodes=9� and= � , at leastonemorebit hasto besent. Figure11.3(d)shows sucha scheme.
In thisscheme,however, thecapacityof channel

! ¥+�f¼�ü is exceededby 1 bit.
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Figure 11.4. A diversitycodingscheme.

Finally, weconsiderthenetwork in Figure11.4whichhasthreesinknodes.
Figure11.4(a)shows thecapacityof eachedge.It is easyto seethat

���6���Z��� ! � � =�> ü³#¦� (11.16)

for all � . In Figure11.4(b),weshow how to multicast2 bits § � and § � to all the
sink nodes.Therefore,themax-flow boundis achieved. Again, it is necessary
to codeat thenodesin orderto multicastthemaximumnumberof bits to all
thesinknodes.

Thenetwork in Figure11.4 is of specialinterestin practicebecauseit is a
specialcaseof the diversity codingschemeusedin commercialdisk arrays,
which area kind of fault-tolerantdatastoragesystem.For simplicity, assume
thediskarrayhasthreediskswhicharerepresentedby nodes1, 2, and3 in the
network, andtheinformationto bestoredarethebits §�� and §·� . Theinforma-
tion is encodedinto threepieces,namely §�� , §·� , and §�� ÄÌ§·� , which arestored
onthedisksrepresentedby nodes1, 2, and3, respectively. In thesystem,there
arethreedecoders,representedby sink nodes=9� , =� , and = ¨ , suchthateachof
themhasaccessto a distinct setof two disks. The ideais thatwhenany one
disk is out of order, theinformationcanstill berecoveredfrom theremaining
two disks.For example,if thedisk representedby node1 is out of order, then
theinformationcanberecoveredby thedecoderrepresentedby thesink node= ¨ which hasaccessto the disks representedby node2 and node3. When
all the threedisksare functioning, the informationcanbe recoveredby any
decoder.

Theaboveexamplesrevealthesurprisingfactthatalthoughinformationmay
begeneratedat thesourcenodein theform of raw bits3 whichareincompress-
ible (seeSection4.3), coding within the network plays an essentialrole in

3Raw bits referto i.i.d. bits,eachdistributing uniformly on ÍÎ . �Ï .



240 A FIRSTCOURSEIN INFORMATIONTHEORY

Figure 11.5. A nodewith two input channelsandtwo outputchannels.

multicastingthe informationto two or moresink nodes.In particular, unless
thereis only onesink nodein the network, it is generallynot valid to regard
informationbitsasphysicalentities.

We refer to coding at the nodesin a network as networkcoding. In the
paradigmof network coding,a nodeconsistsof a setof encoderswhich are
dedicatedto the individual outputchannels.Eachof theseencodersencodes
the informationreceived from all the input channels(togetherwith the infor-
mation generatedby the information sourceif the nodeis the sourcenode)
into codewords and sendsthem on the correspondingoutput channel. At a
sink node,thereis alsoa decoderwhich decodesthe multicastinformation.
Figure11.5shows anodewith two inputchannelsandtwo outputchannels.

In existingcomputernetworks,eachnodefunctionsasaswitch in thesense
that a datapacket received from an input channelis replicatedif necessary
and senton one or more output channels. When a datapacket is multicast
in the network, the packet is replicatedandroutedat the intermediatenodes
accordingto acertainschemesothateventuallyacopy of thepacket is received
by everysinknode.Suchaschemecanberegardedasadegeneratespecialcase
of network coding.

11.3 A NETWORK CODE
In this section,we describea codingschemefor thenetwork definedin the

previoussections.Suchacodingschemeis referredto asanetworkcode.
Sincethemax-flow boundconcernsonly thevaluesof max-flows from the

sourcenode � to the sink nodes,we assumewithout loss of generalitythat
thereis no loop in ? , i.e.,

! � � � ü E�ÑÐ for all �Ò�ÓB , becausesuchedgesdo
not increasethevalueof a max-flow from node � to a sinknode.For thesame
reason,we assumethatthereis no input edgeat node � , i.e.,

! � � � ü E�IÐ for all���ÔBÖÕ J �<N .
Weconsiderablockcodeof length × . Let Ø denotetheinformationsource

andassumethat Ù , theoutcomeof Ø , is obtainedby selectinganindex from a
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set Ú accordingto theuniformdistribution. Theelementsin Ú arecalledmes-
sages.For

! � ��Û�ü �ÅÐ , node � cansendinformationto node Û which depends
only on theinformationpreviously receivedby node� .

An
! × � !8Ü 0:Ý L ! � ��Û�ü �ÞÐ ü���ß~ü$à -codeon a graph ? is definedby thecompo-

nentslistedbelow. Theconstructionof an à -codefrom thesecomponentswill
bedescribedaftertheirdefinitionsaregiven.

1) A positive integer á .

2) â LmJã�·�/�+�������·� ádNåäæB (11.17)

and ç LaJã�·�/�+�������ã� áèNéäæB (11.18)

suchthat
! â !�ê ü�� ç !�ê ü ü �ëÐ .

3) ìîí #KJã�·�/�+�������·�¡ï ìîí ï N , �ñð ê ð á , suchthatò
í 3�ó¡ô õ ï ìHí ïã#

Ü 0:Ý � (11.19)

where ö 0:Ý #KJã�ñð ê ð á L ! â !�ê ü�� ç !�ê ü ü"# ! � ��Û�ü N ; (11.20)

4) If
â !�ê ü$# � , then ÷ í L Úºäøìîí � (11.21)

where Ú #KJã�·�/�+�������ÿ�nù4�6ú6û�ü N ; (11.22)

If
â !�ê ü E# � , if ý í #KJã�ñð ê�þpÿÌê L ç !�ê�þ ü³# â !�ê ü N (11.23)

is nonempty, then ÷ í L ò
í�� 3���� ìîí��Räqìîí�� (11.24)

otherwise,let
÷ í beanarbitraryconstanttakenfrom ìHí .

5) � > L ò
í�� 3
	�� ìHí�RäæÚ � (11.25)

� #��·�/�+�������ã��� , where� > #ÓJã�ñð ê ð á L ç !�ê ü$# =�>4N (11.26)

suchthatfor all � # �·�/�+�������ÿ��� , �� > ! Ù ü$# Ù (11.27)
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for all ÙÞ� Ú , where
�� > is thefunctionfrom Ú to Ú inducedinductively by÷ í �+�ñð ê ð á , and
� > suchthat

�� > ! Ù ü denotesthevalueof
� > asa function

of Ù .

Thequantity ß is the rateof the informationsourceØ , which is alsothe rate
at which informationis multicastfrom the sourcenodeto all the sink nodes.
The

! × � !8Ü 0-Ý L ! � ��Û"ü �ÞÐ ü���ß~ü à -codeis constructedfrom thesecomponentsas
follows. At thebeginning of a codingsession,the valueof Ø is availableto
node � . During thecodingsession,thereare á transactionswhich take place
in chronologicalorder, whereeachtransactionrefersto a nodesendinginfor-
mationto anothernode. In the

ê
th transaction,node

â !�ê ü encodesaccording
to encodingfunction

÷ í andsendsan index in ìHí to node
ç !�ê ü . Thedomain

of
÷ í is the informationreceivedby node

â !�ê ü sofar, andwe distinguishtwo
cases.If

â !�ê ü # � , thedomainof
÷ í is Ú . If

â !�ê ü E# � , ý í givesthe indices
of all theprevious transactionsfor which informationwassentto node

â !�ê ü ,
so the domainof

÷ í is � í�� 3���� ìîí � . The set
ö 0:Ý gives the indicesof all the

transactionsfor which informationis sentfrom node � to nodeÛ , so
Ü 0:Ý is the

numberof possibleindex tuplesthat canbe sentfrom node � to node Û dur-
ing thecodingsession.Finally,

� > givestheindicesof all thetransactionsfor
which informationis sentto node=�> , and

� > is thedecodingfunctionatnode=>
which recovers Ù with zeroerror.

11.4 THE MAX-FLO W BOUND
In this section,we formally stateandprove themax-flow bounddiscussed

in Section11.2. The achievability of this boundwill be proved in the next
section.� W^kmrut{ruyvr4Y{t _a_ab¤�

For a graph ? with rate constraints @ , an information
rate ����� is asymptoticallyachievable if for any þ�� � , there exists for
sufficiently large × an

! × � !8Ü 0:Ý L ! � ��Û"ü �ÔÐ ü���ß~ü'à -codeon ? such that

× % ��� �
� � Ü 0-Ý ð S 0:Ý Ä þ (11.28)

for all
! � ��Û�ü �ÑÐ , where × % � � �
� � Ü 0:Ý is the average bit rate of the codeon

channel
! � ��Û�ü , and ß �Å��� þ ; (11.29)

For brevity, an asymptoticallyachievableinformationratewill be referred to
asan achievableinformationrate.

Remark It follows from theabove definitionthatif ����� is achievable,then� þ is alsoachievablefor all � ð � þ ð � . Also, if � , í 1 � ê � � is achievable,
then � # � ¢2�Öí��! è� , í 1 is alsoachievable.Therefore,thesetof all achievable
informationratesis closedandfully characterizedby the maximumvaluein
theset.
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UOVXWZY\[RW^]`_a_ab#"ÌcfehgXiRj$ lnYvo�%éY{x{t�& �
For agraph ? with rateconstraints@ , if � is achievable, then

� ð ��¢¤£> ���6���Z��� ! � � =�> ü ; (11.30)

Proof It sufficesto prove thatfor agraph ? with rateconstraints@ , if for anyþ'� � thereexists for sufficiently large × an
! × � !8Ü 0:Ý L ! � ��Û�ü �dÐ ü���ß~ü&à -code

on ? suchthat × % � � �
� � Ü 0-Ý ð S 0:Ý Ä þ (11.31)

for all
! � ��Û"ü �ëÐ , and ß �Å��� þ�� (11.32)

then � satisfies(11.30).
Considersucha codefor a fixed þ anda sufficiently large × , andconsider

any � #��·�/�+�������ÿ��� andany cut A betweennode � andnode=�> . Let( Ý ! Ù ü$# ! �÷ í ! Ù ü"L ê �*) 083�+ ö 0-Ý ü�� (11.33)

where Ù �MÚ and
�÷ í is the function from Ú to ìîí inducedinductively by÷ í� �+� ð ê þ ð ê

, suchthat
�÷ í ! Ù ü denotesthe value of

÷ í as a function ofÙ . ( Ý ! Ù ü is all the information known by node Û during the whole coding
sessionwhenthe messageis Ù . Since

�÷ í ! Ù ü is a function of the information
previously receivedby node

â !�ê ü , we seeinductively that (-, � ! Ù ü is a function
of
�÷ í ! Ù ü�� ê �*) ,708. Ý·14365XQ ö 0:Ý , where

Ð GI#KJ ! � ��Û"ü �ëÐ L �&�IA and Û E�IAON (11.34)

is the set of edgesacrossthe cut A as previously defined. Since Ù can be
determinedat node=�> , wehave.s! Ø ü ð .h! Ø � (-, � ! Ø ü ü (11.35)

# .h! (-, � ! Ø ü ü (11.36)

ð . /0 �÷ í ! Ø ü�� ê � 1,P0u. Ý·143�5 Q
ö 0:Ý�23 (11.37)

ð ),708. Ý·14365 Q )í 3�ó¡ô õ
.s! �÷ í ! Ø ü ü (11.38)

ð ),708. Ý·14365 Q )í 3�ó¡ô õ
� �
� � ï ìîí ï (11.39)

# ),708. Ý·14365XQ � �
� � /0 ò
í 3�ó¡ô õ ï ìHí ï 23 (11.40)

# ),708. Ý·14365XQ � �
� � Ü 0:Ý�; (11.41)
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Thus

��� þ ð ß (11.42)

ð × % ��� �
� � ù4� ú6û ü (11.43)

# × % ��� �
� � ï Ú ï (11.44)

ð × % � .h! Ø ü (11.45)

ð ),708. Ý·14365XQ ×
% � � �
� � Ü 0:Ý (11.46)

ð ),708. Ý·14365XQ ! S 0:Ý Ä þ«ü (11.47)

ð ),708. Ý·14365XQ S 0:Ý Ä ï Ð ï þ�� (11.48)

where(11.46)follows from (11.41). Minimizing the right handsideover allA , we have ��� þ ð ��¢2£G ),708. Ý·143�5 Q S 0:Ý Ä ï Ð ï þ ; (11.49)

Thefirst termon theright handsideis thecapacityof amin-cutbetweennode� andnode =�> . By the max-flow min-cut theorem,it is equalto the valueof
a max-flow from node � to node => , i.e., ���6���Z��� ! � � =�> ü . Letting þ ä � , we
obtain � ð ���6�m�^��� ! � � =�> ü ; (11.50)

Sincethisupperboundon � holdsfor all � #��·�/�+�������ã��� ,

� ð ��¢¤£> ���6���Z��� ! � � =�> ü ; (11.51)

Thetheoremis proved.

Remark 1 Themax-flow boundcannotbeprovedby astraightforwardappli-
cationof thedataprocessingtheorembecausefor acut A betweennode � and
node =�> , therandomvariablesØ ,

! ( 0 ! Ø üîL � �54 G ü , ! ( Ý ! Ø üHLãÛ �54 þG ü , and(-, � ! Ø ü in generaldo not form a Markov chainin thisorder, where4 GÞ#ÓJ ��� B L ! � ��Û"ü ��Ð G for someÛ � B�N (11.52)

and 4 þG #ÓJ9Û �ÞB L ! � ��Û�ü �ÔÐ G for some�&� B�N (11.53)

arethetwo setsof nodesontheboundaryof thecut A . Thetimeparameterand
thecausalityof an à -codemustbetakeninto accountin proving themax-flow
bound.
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Remark 2 Evenif we allow anarbitrarily smallprobabilityof decodingerror
in the usualShannonsense,by modifying our proof by meansof a standard
applicationof Fano’s inequality, it canbeshown thatit is still necessaryfor �
to satisfy(11.51).Thedetailsareomittedhere.

11.5 ACHIEVABILITY OF THE MAX-FLO W BOUND
Themax-flow boundhasbeenproved in thelastsection.Theachievability

of this boundis statedin thefollowing theorem.This theoremwill beproved
afterthenecessarypreliminariesarepresented.

UOVXWZY\[RW^]`_a_ab76
For a graph ? with rateconstraints @ , if

� ð ��¢¤£> ���6���Z��� ! � � =�> ü�� (11.54)

then � is achievable.

A directedpath in agraph ? is afinite non-nullsequenceof nodesç � � ç � ��������� ç�8 % � � ç�8 (11.55)

suchthat
! ç 0 � ç 0 � � ü �ÑÐ for all � #æ�·�/�+�������ÿ�:9 � � . The edges

! ç 0 � ç 0 � � ü ,� # �·�/�+�������ã�:9 � � , arereferredto astheedgeson thedirectedpath. Sucha
sequenceis calledadirectedpathfrom

ç � to
ç;8

. If
ç � # ç�8

, thenit is calleda
directedcycle. If thereexistsadirectedcycle in ? , then ? is cyclic, otherwise? is acyclic.

In Section11.5.1,we will first prove Theorem11.4 for the specialcase
whenthe network is acyclic. Acyclic networks areeasierto handlebecause
thenodesin thenetwork canbeorderedin a way which allows codingat the
nodesto bedonein a sequentialandconsistentmanner. Thefollowing propo-
sition describessuchanorder, andtheproof shows how it canbeobtained.In
Section11.5.2,Theorem11.4will beprovedin full generality.< [vY>=zY@?�ruyvr4Y{t _a_abBA

If ? # ! B � Ð ü is a finiteacyclicgraph,thenit is possible
to order thenodesof ? in a sequencesuch that if there is an edge fromnode�
to nodeÛ , thennode� is before nodeÛ in thesequence.

Proof We partition B into subsetsB � � B � ������� , suchthatnode � is in BZí if and
only if thelengthof a longestdirectedpathendingat node� is equalto

ê
. We

claim that if node � is in BZí� andnodeÛ is in BZí suchthat
ê ð ê þ

, thenthere
existsno directedpathfrom node � to nodeÛ . This is provedby contradiction
as follows. Assumethat thereexists a directedpath from node � to node Û .
Sincethereexistsa directedpathendingat node � of length

ê þ
, thereexistsa

directedpathendingatnodeÛ containingnode� whoselengthis at least
ê þ Ä � .
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SincenodeÛ is in BZí , thelengthof a longestdirectedpathendingat nodeÛ is
equalto

ê
. Then ê þ Ä �ñð ê ; (11.56)

However, this is a contradictionbecauseê þ Ä �C� ê þ � ê ; (11.57)

Therefore,we concludethat thereexistsa directedpathfrom a nodein B^í�� to
anodein B^í , then

ê þ ÿÌê
.

Hence,by listing the nodesof ? in a sequencesuchthat the nodesin BZí
appearbeforethenodesin BZí� if

êFÿKê þ
, wheretheorderof thenodeswithin

each BZí is arbitrary, we obtainan orderof the nodesof ? with the desired
property.D iXg\]E=^lnWÅ_a_abGF

Considerordering the nodesin the acyclic graph in Fig-
ure11.3by thesequence � �/�+�+�·�/¥+�f¼Ð� =�� � =/� ; (11.58)

It is easyto check that in this sequence, if there is a directedpathfromnode �
to nodeÛ , thennode� appears before nodeÛ .
11.5.1 ACYCLIC NETWORKS

In this section,we prove Theorem11.4for thespecialcasewhenthegraph? is acyclic. Let theverticesin ? be labeledby � �+�·�������ã�¡ï B ï � � in the fol-
lowing way. Thesource� hasthe label0. Theotherverticesarelabeledin a
way suchthat for � ð¦Û ð ï B ï � � , ! � ��Û�ü �hÐ implies � ÿ Û . Sucha label-
ing is possibleby Proposition11.5. We regard � � =/� ��������� =� asaliasesof the
correspondingvertices.

Wewill consideran
! × � !8Ü 0-Ý L ! � ��Û"ü �ëÐ ü���ß~üIH -codeonthegraph? defined

by

1) for all
! � ��Û�ü �ÔÐ , anencodingfunction÷
J Ý L Ú ä Jã�·�/�+�������·� Ü J Ý N � (11.59)

where Ú #KJã�·�/�+�������ÿ�nù4� ú6û ü NK� (11.60)

2) for all
! � ��Û"ü �ëÐ suchthat � E# � , anencodingfunction÷ 0-Ý L ò

0 � *-,70 � . 0 1�365 Jã�·�/�+�������ã� Ü 0 � 0 Nåä Jã�·�/�+�������·� Ü 0:Ý N (11.61)

(if J � þ L ! � þ � � ü �dÐ�N is empty, we adopttheconventionthat
÷ 0:Ý is anarbi-

trary constanttakenfrom Jã�·�/�+�������ã� Ü 0:Ý N );
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3) for all � #��·�/�+�������ã��� , a decodingfunction� > L ò
08*-,P0u. , � 1�365 Jã�·�/�+�������ã� Ü 0 , � NHä Ú (11.62)

suchthat �� > ! Ù ü$# Ù (11.63)

for all Ù � Ú . (Recallthat
�� > ! Ù ü denotesthevalueof

� > asa functionof Ù .)

In theabove,
÷ 0:Ý is theencodingfunctionfor edge

! � ��Û"ü , and
� > is thedecoding

function for sink node =�> . In a coding session,
÷ 0-Ý is appliedbefore

÷ 0 � Ý � if� ÿ � þ , and
÷ 0:Ý is appliedbefore

÷ 0:Ý � if Û ÿ Û þ . This definestheorderin which
theencodingfunctionsareapplied.Since� þ ÿ � if

! � þ � � ü �ëÐ , anodedoesnot
encodeuntil all thenecessaryinformationis receivedon theinputchannels.AH -codeis aspecialcaseof an à -codedefinedin Section11.3.

Assumethat � satisfies(11.54)with respectto rateconstraints@ . It suffices
to show that for any þL� � , thereexists for sufficiently large × an

! × � !8Ü 0:Ý L! � ��Û�ü �ëÐ ü�� �M� þ¡ü�H -codeon ? suchthat

× % ��� �
� � Ü 0-Ý ð S 0:Ý Ä þ (11.64)

for all
! � ��Û�ü �FÐ . Instead,we will show theexistenceof an

! × � !8Ü 0-Ý L ! � ��Û�ü �Ð ü�� � üNH -codesatisfyingthe sameset of conditions. This will be doneby
constructinga randomcode.In constructingthis code,we temporarilyreplaceÚ by Ú þ #KJã�·�/�+�������ÿ�nùPOO� úRQ ü N � (11.65)

where O is any constantgreaterthan1. Thusthedomainof
÷
J Ý is expanded

from Ú to Ú þ for all
! � ��Û"ü �ëÐ .

Wenow constructtheencodingfunctionsasfollows. For all Û �ÞB suchthat! � ��Û"ü �hÐ , for all ÙÅ�ÅÚ þ , let
÷
J Ý ! Ù ü bea valueselectedindependentlyfrom

the set Jã�·�/�+�������·� Ü J Ý N accordingto the uniform distribution. For all
! � ��Û�ü �Ð � �îE# � , andfor all S

� ò
0 � *-,P0 � . 02143�5 Jã�·�/�+�������ã� Ü 0 � 0 N � (11.66)

let
÷ 0:Ý !

S ü beavalueselectedindependentlyfrom theset Jã�·�/�+�������ã� Ü 0:Ý N accord-
ing to theuniform distribution.

Let
S J ! Ù ü$# Ù � (11.67)

andfor Û � B ��Û E# � , let S
Ý ! Ù ü$# ! �÷ 0:Ý ! Ù ü�� ! � ��Û"ü �ëÐ ü�� (11.68)
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where Ùµ�¦Ú þ and
�÷ 0:Ý ! Ù ü denotesthe valueof

÷ 0:Ý asa function of Ù .

S
Ý ! Ù ü

is all the informationreceived by node Û during the codingsessionwhenthe
messageis Ù . For distinct Ù � Ù þ �hÚ , Ù and Ù þ areindistinguishableat sink =>
if andonly if

S , � ! Ù ü$# S , � ! Ù þ ü . For all ÙÞ� Ú , defineT ! Ù ü&#VUW X � if for some� #��·�/�+�������ÿ��� , thereexists Ù þ � Ú ,Ù þ E# Ù , suchthat

S , � ! Ù ü$# S , � ! Ù þ ü ,� otherwise.
(11.69)T ! Ù ü is equalto 1 if andonly if Ù cannotbe uniquelydeterminedat at least

oneof thesink nodes.Now fix Ùh�dÚ and ��ð � ðÑ� . Considerany Ù þ �dÚ
notequalto Ù anddefinethesets

A Î #KJ �"� B L
S
0 ! Ù ü E# S 0 ! Ù þ ü N (11.70)

and A�� #KJ ���ÞB L
S
0 ! Ù ü$# S 0 ! Ù þ ü N ; (11.71)

A Î is thesetof nodesat which thetwo messagesÙ and Ù þ aredistinguishable,
and A&� is thesetof nodesat which Ù and Ù þ areindistinguishable.Obviously,�O�IA Î .

Now suppose

S , � ! Ù üC# S , � ! Ù þ ü . Then A Î # A for some AZY B , where� � A and =�>ÔE�»A , i.e., A is a cut betweennode � and node => . For any! � ��Û�ü �ëÐ , []\ J �÷ 0-Ý ! Ù ü$# �÷ 0-Ý ! Ù þ ü�ï S 0 ! Ù ü E# S 0 ! Ù þ ü N # Ü % �0:Ý ; (11.72)

Therefore,[^\ J A Î # AON
# []\ J A Î # A � A ÎC_ A N (11.73)

# []\ J A Î # A ï A Î _ A N [^\ J A Î _ AON (11.74)

ð []\ J A Î # A ï A ÎC_ A N (11.75)

# ò
,P0u. Ý·143�5RQ

[]\ J �÷ 0:Ý ! Ù ü&# �÷ 0:Ý ! Ù þ ü�ï S 0 ! Ù ü E# S 0 ! Ù þ ü N (11.76)

# ò
,P0u. Ý·143�5RQ Ü

% �0:Ý � (11.77)

where Ð GÞ#ÓJ ! � ��Û�ü �ëÐ L ���IA ��Û E�IA N (11.78)

is thesetof all theedgesacrossthecut A aspreviously defined.
Let þ beany fixedpositive realnumber. For all

! � ��Û�ü �ÔÐ , take
Ü 0:Ý suchthat

S 0:Ý Äa` ð × % ��� �
� Ü 0-Ý ð S 0:Ý Ä þ (11.79)
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for some� ÿ ` ÿ þ . Then[^\ J A Î # AON ð ò
,708. Ý·143�5RQ Ü

% �0:Ý (11.80)

ð ò
,708. Ý·143�5 Q �

% ú ,#bzô õ �Ic 1 (11.81)

# �
% ú�dRe 5 Q e c/��f�g ôih õkjBl�m Q bZô õon (11.82)p 1ð �
% ú d c9� f g ôGh õqjilrm Q bzô õ n (11.83)s 1

ð � % ú , c/�ut^vqwx�ykz , J . , � 1u1 (11.84){ 1ð � % ú , Q �Ic 1 � (11.85)

where

a) follows becauseï Ð G ï � � ;
b) follows because

),708. Ý91�365XQ�S 0-Ý �D��¢2£G � ),P08. Ý91�365RQ"S 0:Ý # ���6�m�^��� ! � � =�> ü�� (11.86)

where A þ is a cut betweennode � andnode =�> , by the max-flow min-cut
theorem;

c) follows from (11.54).

Notethat this upperbounddoesnot dependon A . Since A is somesubsetofB and B has � e + e subsets,[^\ J S , � ! Ù ü$# S , � ! Ù þ ü N# []\ J A Î # A for somecut A betweennode � andnode=�>4N (11.87)

ð � e + e � % ú , Q �Ic 1 (11.88)

by theunionbound.Further,[]\ J S , � ! Ù ü$# S , � ! Ù þ ü for someÙ þ � Ú þ , Ù þ E# Ù N
ð ! ï Ú þ ï � �Kü��|e + e-� % ú , Q �Ic 1 (11.89)ÿ Oñ� ú}Q � e + e � % ú , Q �Ic 1 (11.90)

# Oñ� e + e � % ú c � (11.91)

where(11.89)follows from theunionboundand(11.90)follows from (11.65).
Therefore,

Ð�~ T ! Ù ü��
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# [^\ J T ! Ù ü$#�� N (11.92)

# [^\�� �1>7� � J
S , � ! Ù ü$# S , � ! Ù þ ü for someÙ þ � Ú þ , Ù þ E# Ù N�� (11.93)

ÿ ��Oñ� e + e � % ú c (11.94)

# � ! × � ` ü (11.95)

by theunionbound,where� ! × � ` ü&#¦��Oñ�|e + e � % ú c ; (11.96)

Now thetotalnumberof messageswhichcanbeuniquelydeterminedatall the
sinknodesis equalto

)� 3�� � ! � � T ! Ù ü ü ; (11.97)

By takingexpectationfor therandomcodewehave constructed,we have

Ð )� 3
� � ! � � TÒ! Ù ü ü # )� 3�� � ! � � Ð�~ T ! Ù ü��ëü (11.98)� )� 3�� � ! � � � ! × � ` ü ü (11.99)� ! � � � ! × � ` ü ü:Oñ�6ú}QK� (11.100)

where(11.99) follows from (11.95),and the last stepfollows from (11.65).
Hence,thereexists a deterministiccodefor which the numberof messages
whichcanbeuniquelydeterminedatall thesinknodesis at least! � � � ! × � ` ü ü:Oñ� ú}Q � (11.101)

which is greaterthan � ú}Q for × sufficiently largesince� ! × � ` ü ä�� as ×ëä�� .
Let Ú to beany setof ù4� ú}Q ü suchmessagesin Ú þ . For � #��·�/�+�������ã��� andS

� ò
0 � *-,P0 � . , � 14365 Jã�·�/�+�������ã� Ü 0 � , � N � (11.102)

upondefining � > ! S ü$# Ù (11.103)

whereÙ � Ú suchthat
S
#
S , � ! Ù ü�� (11.104)

we have obtaineda desired
! × � !8Ü 0:Ý L ! � ��Û�ü � Ð ü�� � ü�H -code. Hence,Theo-

rem11.4is provedfor thespecialcasewhen ? is acyclic.
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11.5.2 CYCLIC NETWORKS
For cyclic networks,thereis no naturalorderingof thenodeswhich allows

codingin a sequentialmannerasfor acyclic networks. In thissection,we will
prove Theorem11.4 in full generality, which involves the constructionof a
moreelaboratecodeona time-parametrizedacyclic graph.

Considerthegraph ? with rateconstraints@ we have definedin theprevi-
oussectionsbut without the assumptionthat ? is acyclic. We first construct
a time-parametrizedgraph ?C� # ! B�� � Ð�� ü from the graph ? . The set B��
consistsof �FÄ � layersof nodes,eachof which is acopy of B . Specifically,

B � # �1� � Î B , � 1 � (11.105)

where B , � 1 #KJ � , � 1 L ���ÔB�N ; (11.106)

As wewill seelater, � is interpretedasthetimeparameter. Theset Ð�� consists
of thefollowing threetypesof edges:

1.
! � , Î 1 � � , � 1 ü��+�ñð � ð �

2.
! = , � 1> � = , � 1> ü�� � ð � ð ��� �

3.
! � , � 1 ��Û , � � � 1 ü�� ! � ��Û�ü �ëÐ � � ð � ð ��� � .

For ?C� , let �}� # � , Î 1 be the sourcenode,and let =:�>Ô# = , � 1> be a sink node
which correspondsto the sink node =�> in ? , � #q�·�/�+�������ÿ��� . Clearly, ? � is
acyclic becauseeachedgein ? � endsatavertex in a layerwith a largerindex.

Let S ���� � ! â � ç ü �ëÐ'� bethecapacityof anedge
! â � ç ü �ëÐ'� , where

S ���� #�UW X S 0-Ý if
! â � ç ü$# ! � , � 1 ��Û , � � � 1 ü for some

! � ��Û�ü �ëÐ
and � ð � ð ��� �E�� otherwise,

(11.107)

andlet @ � # ~ S ���� � ! â � ç ü �ëÐ � � � (11.108)

which is referredto astherateconstraintsfor graph ? � .D iXg\]E=^lnWÅ_a_ab¤~
In Figure 11.6, we showthe graph ? � for � #q´ for the

graph ? in Figure 11.1(a).� W^]H] gK_a_ab#�
For � #��·�/�+�������ã��� , there existsa max-flow� in graph ? from

node � to node =�> which is expressibleas thesumof a numberof flows(from
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Figure 11.6. Thegraph ¤^¥ with ¦¨§L© for thegraph ¤ in Figure11.1(a).

node � to node =�> ), each of themconsistingof a simplepath (i.e., a directed
pathwithoutcycle)fromnode� to node=�> only.

Proof Let � beaflow from node� to node=�> in thegraph? . If adirectedpath
in ? is suchthat thevalueof � on every edgeon thepathis strictly positive,
thenwe saythatthepathis a positive directedpath.If a positive directedpath
formsacycle, it is calledapositive directedcycle.

Suppose� containsapositivedirectedcycle. Let ª betheminimumvalueof� on anedgein thecycle. By subtractingª from thevalueof � onevery edge
in the cycle, we obtainanotherflow � þ from node � to node =�> suchthat the
resultantflow outof eachnodeis thesameas � . Consequently, thevaluesof �
and � þ arethesame.Notethatthepositive directedcycle in � is eliminatedin� þ . By repeatingthisprocedureif necessary, onecanobtainaflow from node�
to node=�> containingno positive directedcyclesuchthatthevalueof this flow
is thesameasthevalueof � .

Let � bea max-flow from node � to node => in ? . Fromtheforegoing,we
assumewithout lossof generalitythat � doesnot containa positive directed
cycle. Let «&� beany positive directedpathfrom � to =�> in � (evidently «&� is
simple),andlet ¬¡� betheminimumvalueof � onanedgealong «$� . Let

�� � be
theflow from node� to node=> along « � with value ¬ � . Subtracting

�� � from � ,� is reducedto �� �� � , aflow from node � to node=�> whichdoesnot contain
a positive directedcycle. Thenwe canapply the sameprocedurerepeatedly
until � is reducedto thezero flow4, and � is seento bethesumof all theflows
whichhave beensubtractedfrom � . Thelemmais proved.D iXg\]E=^lnWÅ_a_abG®

Themax-flow � from node � to node =9� in Figure 11.1(b),
whosevalueis 3, canbeexpressedasthesumof thethreeflowsin Figure11.7,

4Theprocessmustterminatebecausethecomponentsof ¯ areintegers.
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Figure 11.7. Themax-flow in Figure11.1(b)decomposedinto threeflows.

each of themconsistingof a simplepathfromnode� to node=�> only. Thevalue
of each of theseflowsis equalto 1.� W^]H] gK_a_ab8_K´

For ��µ �·�/�+�������ÿ��� , if thevalueof a max-flowfrom � to => in? is greaterthanor equalto � , thenthevalueof a max-flowfrom � � to = �> in?C� is greaterthanor equalto ¶·���5¸ã>ãÄ �Kü � , where ¸n> is themaximumlength
of a simplepathfrom � to => .

We first usethe last two examplesto illustratethe ideaof theproof of this
lemmawhich will be given next. For the graph ? in Figure11.1(a), ¸a� , the
maximumlengthof a simplepathfrom node � to node = � , is equalto 3. In
Example11.9, we have expressedthe max-flow � in Figure11.1(b),whose
value is equalto 3, as the sumof the threeflows in Figure11.7. Basedon
thesethreeflows, we now constructa flow from �}� to =¹� � in the graph ?C� in
Figure11.8.In thisfigure,copiesof thesethreeflowsareinitiatedatnodes� , Î 1 ,� , � 1 , and � , � 1 , andthey traversein ?C� asshown. Thereadershouldthink of the
flows initiatedat nodes� , � 1 and � , � 1 asbeinggeneratedat node � � µÓ� , Î 1 and
deliveredto nodes� , � 1 and � , � 1 via edges¶�� � � � , � 1 ü and ¶�� � � � , � 1 ü , respectively,
whosecapacitiesareinfinite. Thesearenot shown in thefigurefor thesake of

0
º

= 1= 2= 3= 4= 5
»

=

Figure 11.8. A flow from ¼½¥ to ¾¿¥ À in thegraph ¤^¥ in Figure11.6.
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clarity. Since ¸^�Nµ ¥ , theflows initiatedat � , Î 1 , � , � 1 , and � , � 1 all terminateat= , � 1� for � ð ´ . Therefore,total valueof the flow is equalto threetimesthe
valueof � , i.e.,9. Sincethecopiesof thethreeflows initiatedat � , Î 1 � � , � 1 � and� , � 1 interleave with eachotherin a way which is consistentwith theoriginal
flow

T
, it is not difficult to seethat thevalueof theflow soconstructeddoes

not exceedthecapacityin eachedge.This shows thatthevalueof a max-flow
from �;� to =:� is at least9.

We now give a formal proof for Lemma11.10. The readermay skip this
proof withoutaffectingfurtherreadingof this section.

Proof of Lemma 11.10 For afixed �éð � ðÌ� , let � beamax-flow from node� to node=> in ? with value � suchthat � doesnot containa positive directed
cycle. UsingLemma11.8,we canwrite�µ �� � Ä �� � Ä ����� Ä ��ÂÁ � (11.109)

where
��-Ã , Ä¨µ �·�/�+�������ÿ�Å , containsa positive simplepath « Ã from node � to

node=�> only. Specifically,�� Ã0:Ý µÇÆ ¬ Ã if ¶ÉÈ ��Û"ü-Ê « Ã� otherwise,
(11.110)

where ¬¡�'Ä�¬ �&Ä ����� Äa¬ Á µ � ; (11.111)

Let Ë Ã bethelengthof « Ã . For anedge ¶ÉÈ ��Û�üEÊ « Ã , let Ì Ã ¶ÉÈ ��Û"ü bethedistance
of nodeÈ from node � along « Ã . Clearly,Ì Ã ¶ÉÈ ��Û"ü(ð Ë Ã � � (11.112)

and Ë Ã ð ¸ã> ; (11.113)

Now for � ð � ð ����¸ã> , define� , � . Ã 1 µÎÍ T , � . Ã 1��� � ¶ â � ç ü�Ê Ð �Ï � (11.114)

where

T , � . Ã 1��� µ UÐÐÐW ÐÐÐX
¬ Ã if ¶ â � ç ü µÑ¶�� � � � , � 1 ü��+�ñð � ð ���5¸ã>¬ Ã if ¶ â � ç ü µÑ¶ÉÈ , �RÒ pÓ ,708. Ý·1¤1 ��Û , �RÒ pÓ ,708. Ý·1 Ò � 1 ü where ¶ÉÈ ��Û"ü-Ê « Ã¬ Ã if ¶ â � ç ü µÑ¶8= , �}ÒIÔ Ó 1> � = �> ü� otherwise.

(11.115)
Since � Ä�Ì Ã ¶ÉÈ ��Û"ü Ä �Oð � ÄaË Ã ð � Ä�¸n> ð � � (11.116)
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thesecondcaseandthethird casein (11.115)andhence� , � . Ã 1 is well-defined
for � ð � ð �Õ��¸n> . � , � . Ã 1 is a flow from node � � to node = �> in ? � derived
from the flow

��-Ã in ? asfollows. A flow of ¬ Ã is generatedat node �}� and
entersthe � th layer of nodesfrom � , � 1 . Thenthe flow traversesconsecutive
layersof nodesby emulatingthepath « Ã in ? until it eventuallyterminateat
node= �> via node= , �RÒIÔ Ó 1> . Basedon � , � . Ã 1 , we construct� , � 1 µ Á)Ã � � � , � . Ã 1 � (11.117)

and � � µ � %×Ö �)� � Î � , � 1 ; (11.118)

Wewill prove that � � ð @ � componentwise.Then � � is a flow from node � �
to node=:�> in ?C� , andfrom (11.111),its valueis givenby

� %×Ö �)� � Î Á)Ã � � ¬ Ã µ �
%×Ö �
)� � Î ��µÑ¶·����¸n>nÄ �Kü � ; (11.119)

This would imply that thevalueof a max-flow from node � � to node = �> in ? �
is at least ¶·���5¸ã>�Ä �Kü � , andthelemmais proved.

Towardproving that � � ð @ � , we only needto consider¶ â � ç üØÊ Ð � such
that ¶ â � ç ü µÑ¶ÉÈ , � 1 ��Û , �RÒ � 1 ü (11.120)

for some ¶ÉÈ ��Û"ü-Ê Ð and � ð � ð ��� � , becauseS ���� is infinite otherwise(cf.
(11.107)).For notationalconvenience,we adopttheconventionthat� , � . Ã 1 µÙ� (11.121)

for � ÿ � . Now for � ð � ð ��� � and ¶ÉÈ ��Û"ü�Ê Ð ,T �0 gÛÚ j Ý gÜÚ½Ý À j µ � %×Ö �)Þ � Î T , Þ 10 gÛÚ j Ý gÜÚ½Ý À j (11.122)

µ � %×Ö �)Þ � Î Á)Ã � � T , Þ . Ã 10 gÜÚ j Ý gÜÚ½Ý À j (11.123)

µ Á)Ã � � �
%×Ö �
)Þ � Î T , Þ . Ã 10 gÜÚ j Ý gÜÚ½Ý À j (11.124)

µ Á)Ã � � T , � % p½Ó ,P08. Ý91�. Ã 10 gÛÚ j Ý gÜÚ½Ý À j (11.125)
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ð Á)Ã � � �T Ã0:Ý (11.126)µ T 0:Ý (11.127)

ð S 0:Ý (11.128)µ S �0 gÜÚ j Ý gÜÚÝ À j ; (11.129)

In the above derivation, (11.125)follows from the secondcasein (11.115)
because

T , Þ . Ã 10 gÜÚ j Ý gÛÚÝ À j is possiblynonzeroonly when�ßµáàÒÄ�Ì Ã ¶ÉÈ ��Û"ü�� (11.130)

or àâµã����Ì Ã ¶ÉÈ ��Û"ü�� (11.131)

and(11.126)canbe justified as follows. First, the inequality is justified for� ÿ Ì Ã ¶ÉÈ ��Û�ü sinceby (11.121), � , Þ . Ã 1 µÙ� (11.132)

for à ÿ � . For �ä�åÌ Ã ¶ÉÈ ��Û"ü , we distinguishtwo cases.From (11.115)and
(11.110),if ¶ÉÈ ��Û�üÂÊ « Ã , we haveT , � % p½Ó ,P0u. Ý·14. Ã 10 gÜÚ j Ý gÜÚ½Ý À j µ �T Ã0:Ý µä¬ Ã ; (11.133)

If ¶ÉÈ ��Û"ü EÊ « Ã , we have T , � % p Ó ,P08. Ý91�. Ã 10 gÜÚ j Ý gÜÚ½Ý À j µ �T Ã0:Ý µÙ� ; (11.134)

Thustheinequalityis justifiedfor all cases.Henceweconcludethat �Â� ð @ß� ,
andthelemmais proved.

FromLemma11.10andtheresultin Section11.5.1,weseethat ¶·�M�*¸ Ä �Kü �
is achievablefor graph ? � with rateconstraints@ � , where¸æµ ���6�> ¸ã> ; (11.135)

Thus,for every þØ� � , thereexistsfor sufficiently large ç a ¶Pç � ¶ Ü ���� L ¶ â � ç üÂÊÐ'� � ¶·����¸HÄ �Kü � ü�H -codeon ?C� suchthatç % � � �
� � Ü ���� ð S ��R� Ä þ (11.136)

for all ¶ â � ç ü�Ê Ð � . For this H -codeon ? � , we denotetheencodingfunction
for anedge ¶ â � ç üèÊ Ð � by

÷ ���� , anddenotethedecodingfunctionat thesink



Single-SourceNetworkCoding 257

node =¹�> by
� �> , ��µ �·�/�+�������ÿ��� . Without lossof generality, we assumethat for�éð � ð � , ÷ �J ¥ J gÜÚ j ¶8Ù ü µ Ù (11.137)

for all Ù in Úéµ Jã�·���������nù4��ê , � %×Ö Ò � 1 Q ü N � (11.138)

andfor � ð � ð ��� � , ÷ �, gÜÚ j� , ¥� ¶Éª ü µáª (11.139)

for all ª in ò
í *-, í . , � 14365 Jã�·��������� Ü �í gÜÚ�ë À j , gÜÚ j� N � (11.140)

��ð � ðµ� . Note that if the H -codedoesnot satisfytheseassumptions,it can
readily be convertedinto onebecausethe capacitiesof the edges ¶�� � � � , � 1 ü ,�éð � ð � , andtheedges¶8= , � 1> � = �> ü , � ð � ð ��� � , areinfinite.

Let � bea positive integer, andlet ×�µÇ�ìç . Using the H -codeon ?C� , we
now constructan ¶8× � ¶ Ü 0:Ý L ¶ÉÈ ��Û"ü�Ê Ð ü�� ¶·����¸éÄ �Kü �îí;� ü�ï -codeon ? , where

Ü 0:Ý µ � % �ò� � Î Ü �0 gÜÚ j Ý gÜÚ½Ý À j (11.141)

for ¶ÉÈ ��Û"ü�Ê Ð . Thecodeis definedby thefollowing components:

1) for ¶ÉÈ ��Û�ü-Ê Ð suchthat ÈîEµ¦� , anarbitraryconstant
÷ , � 10:Ý takenfrom theset

Jã�·�/�+�������ã� Ü �0 gÛð j Ý g À j NK� (11.142)

2) for �Oð � ð � , anencodingfunction÷ , � 1J Ý L Ú ä Jã�·�/�+�������·� Ü �J gÜÚ�ë À j Ý gÜÚ j N (11.143)

for all Û�Ê B suchthat ¶�� ��Û"üìÊ Ð , where

ÚÇµ Jã�·�/�+�������·�nù4��ê , � %×Ö Ò � 1 Q ü N � (11.144)

andfor ��ð � ð � , anencodingfunction÷ , � 10:Ý L ò
í *-, í . 021�365 Jã�·�/�+�������ã� Ü �í gÜÚrë
ñ j 0 gÛÚrë À j NHä Jã�·�/�+�������ã� Ü �0 gÜÚ�ë À j Ý gÜÚ j N

(11.145)
for all ¶ÉÈ ��Û"üaÊ Ð suchthat ÈÌEµ � (if J ê L ¶ ê � È ü�Ê Ð�N is empty, we

adoptthe convention that
÷ , � 10:Ý is an arbitraryconstanttaken from the setJã�·�/�+�������·� Ü �0 gÜÚ�ë À j Ý gÜÚ j N );
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3) for ��µ �·�/�+�������ã��� , adecodingfunction� > L � % �ò� � Î ò
08*-,708. , � 14365 Jã�·�/�+�������ÿ� Ü �0 gÜÚ j , gÜÚ½Ý À j� NåäæÚ (11.146)

suchthat
�� >q¶8Ù ü µ¦Ù for all Ù Ê Ú (recall that

�� >k¶8Ù ü denotesthevalueof
� >

asa functionof Ù );

where

i) for ¶ÉÈ ��Û"ü�Ê Ð suchthat È Eµµ� , ÷ , � 10:Ý µ ÷ �0 gÛð j Ý g À j (11.147)

(
÷ �0 gÛð j Ý g À j is an arbitraryconstantin Jã�·�/�+�������ã� Ü �0 gÛð j Ý g À j N since J â Ê B � L¶ â � È , Î 1 üìÊ Ð � N is empty);

ii) for �Oð � ð � , for all Ù Ê Ú ,÷ , � 1J Ý ¶8Ù ü µ ÷ �J gÛÚrë À j Ý gÛÚ j ¶8Ù ü�� (11.148)

andfor ��ð � ð � andall ¶ÉÈ ��Û"ü-Ê Ð suchthat ÈîEµ¦� ,÷ , � 10-Ý ¶Éª ü µ ÷ �0 gÜÚ�ë À j Ý gÜÚ j ¶Éª ü (11.149)

for all ª in ò
í *-, í . 0 1�365 Jã�·�/�+�������ã� Ü �í gÛÚrë
ñ j 0 gÜÚ�ë À j NK� (11.150)

iii) for �òµ �·�/�+�������ÿ��� , � >�¶ S ü µ � �> ¶ S ü (11.151)

for all

S
in � % �ò� � Î ò

0u*-,P08. , �214365 Jã�·�/�+�������ÿ� Ü �0 gÜÚ j , gÜÚ½Ý À j� N ; (11.152)

Thecodingprocessof the ï -codeconsistsof �FÄ � phases:

1. In Phase1, for all ¶ÉÈ ��Û�üèÊ Ð suchthat È Eµ�� , node È sends
÷ , � 10:Ý to nodeÛ ,

andfor all Û¨Ê B suchthat ¶�� ��Û�ü�Ê Ð , node � sends
÷ , � 1J Ý ¶8Ù ü to nodeÛ .

2. In Phase� , �Òð � ð � , for all ¶ÉÈ ��Û�üNÊ Ð , node È sends
�÷ , � 10:Ý ¶8Ù ü to nodeÛ ,

where
�÷ , � 10:Ý ¶8Ù ü denotesthevalueof

÷ , � 10:Ý asa functionof Ù , andit depends
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only on
�÷ , � % � 1í 0 ¶8Ù ü for all

ê Ê B suchthat ¶ ê � È üNÊ Ð , i.e., theinformation
receivedby nodeÈ duringPhase��� � .

3. In Phase�FÄ � , for �>µ �·�/�+����������� , thesinknode=> uses
� > to decodeÙ .

Fromthedefinitions,weseethatan ¶8× � ¶ Ü 0-Ý L ¶ÉÈ ��Û"ü-Ê Ð ü�� ¶·���ó¸(Ä �Kü �îí;� üï -codeon ? is a specialcaseof an ¶8× � ¶ Ü 0-Ý L ¶ÉÈ ��Û"üôÊ Ð ü�� ¶·��a¸ÖÄ �Kü �îí;� üà -codeon ? . For the ï -codewe have constructed,

× % � � �
� � Ü 0:Ý µ ¶·��ç ü % � � �
� �èõ � % �ò� � Î Ü �0 gÛÚ j Ý gÜÚ½Ý À j·ö (11.153)

µ � % � � % �)� � Î ç % � � �
� � Ü �0 gÜÚ j Ý gÛÚÝ À j (11.154)

ð � % � � % �)� � Î ¶ S �0 gÛÚ j Ý gÜÚ½Ý À j Ä þ¡ü (11.155)

µ � % � � % �)� � Î ¶ S 0:Ý Ä þ«ü (11.156)µ S 0:Ý Ä þ (11.157)

for all ¶ÉÈ ��Û"ü-Ê Ð , where(11.155)follows from (11.136),and(11.156)follows
from (11.107).Finally, for any þÂ� � , by takingasufficiently large � , wehave¶·����¸åÄ �Kü �� � ��� þ ; (11.158)

Hence,we concludethat � is achievablefor thegraph ? with rateconstraints@ .

PROBLEMS
In the following problems,the rateconstraintfor an edgeis in bits per unit
time.

1. Considerthefollowing network.

We want to multicastinformationto the sink nodesat the maximumrate
without usingnetwork coding. Let 4÷µ J §�� � §·� ��������� §�ømN bethesetof bits
to bemulticast.Let 4 0 bethesetof bitssentin edge¶�� � È ü , where ï 4 0 ï µ � ,ÈÂµ �·�/�+�/¥ . At node È , thereceived bits areduplicatedandsentin the two
out-goingedges.Thustwo bitsaresentin eachedgein thenetwork.

a) Show that 4Ñµä4 0 )ß4 Ý for any �ñð È ÿ ÛÒðÌ¥ .
b) Show that 4 ¨ )�¶·4O�úùû4H� ü µá4 .
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c) Show that ï 4 ¨ )�¶·4O�úùû4H� ü�ïmðÓï 4 ¨ ï Ä ï 4O� ï Ä ï 4H� ï � ï 4O�ú)û4H� ï .
d) Determinethemaximumvalueof ÿ anddevisea network codewhich

achievesthismaximumvalue.

e) Whatis thepercentageof improvementif network codingis used?

(Ahlswedeetal. [6].)

2. Considerthefollowing network.

1

2
�

s� 3

6
�

5
�

4

Devisea network codingschemewhich multicaststwo bits §�� and §9� from
node � to all theothernodessuchthatnodes3, 5, and6 receive §�� and §·�
after1 unit timeandnodes1,2,and4 receive §�� and §·� after2 unitsof time.
In otherwords,nodeÈ receivesinformationata rateequalto ���6���Z����¶�� � È ü
for all È Eµ¦� .
SeeLi etal. [132] for suchaschemefor a generalnetwork.

3. Determinethe maximum rate at which information can be multicast to
nodes5 and6 only in the network in Problem2 if network codingis not
used.Deviseanetwork codingschemewhichachievesthismaximumrate.

4. Convolutionalnetworkcode
In thefollowing network, ���6�m�^���ô¶�� � =�> ü µ ¥ for �òµ �·�/�+�/¥ . Themax-flow
boundassertsthat3 bitscanbemulticastto all thethreesinknodesperunit
time. Wenow describeanetwork codingschemewhichachieve this. Let 3
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bits §���¶ ê ü�� §·� ¶ ê ü�� § ¨ ¶ ê ü begeneratedat node � at time
ê µ �·�/�+������� , where

we assumewithout lossof generalitythat §·>�¶ ê ü is anelementof thefinite
field ? T ¶ ��ü . We adopttheconventionthat §·>�¶ ê ü µ � for

ê ð � . At timeê � � , informationtransactionsT1 to T11occurin thefollowing order:

T1. � sends§·>�¶ ê ü to
ç > , �òµä� �+�·�/�

T2.
ç > sends§9>k¶ ê ü to

â > , =>
	 � , and =�>�	 � , ��µÙ� �+�·�/�
T3.

â Î sends§ Î ¶ ê ü ÄÅ§��R¶ ê � �Kü ÄÅ§·�
¶ ê � �Kü to
â �

T4.
â � sends§ Î ¶ ê ü ÄÅ§��R¶ ê � �Kü ÄÅ§·�
¶ ê � �Kü to =�

T5.
â � sends§ Î ¶ ê ü ÄÅ§��R¶ ê ü ÄÅ§·�K¶ ê � �Kü to

â �
T6.

â � sends§ Î ¶ ê ü ÄÅ§��R¶ ê ü ÄÅ§·�K¶ ê � �Kü to = Î
T7.

â � sends§ Î ¶ ê ü ÄÅ§ � ¶ ê ü ÄÅ§ � ¶ ê ü to
â Î

T8.
â Î sends§ Î ¶ ê ü ÄÅ§��R¶ ê ü ÄÅ§·�K¶ ê ü to =9�

T9. =�� decodes§·�
¶ ê � �Kü
T10. = Î decodes§ Î ¶ ê ü
T11. =9� decodes§��}¶ ê ü

where“ � ” denotesmodulo3 additionand“+” denotesmodulo2 addition.

a) Show that theinformationtransactionsT1 to T11 canbeperformedat
time

ê µ � .
b) Show thatT1 to T11 canbeperformedat any time

ê � � by induction
on
ê
.

c) Verify that at time
ê
, nodes= Î and = � canrecover § Î ¶ ê þ ü , § � ¶ ê þ ü , and§·�
¶ ê þ ü for all

ê þ ð ê
.
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d) Verify thatat time
ê
, node=�� canrecover § Î ¶ ê þ ü and §��}¶ ê þ ü for all

ê þ ðê
, and §·�K¶ ê þ ü for all

ê þ ð ê � � . Note the unit time delay for =� to
recover § � ¶ ê ü .

(Ahlswedeetal. [6].)

HISTORICAL NOTES
Network codingwasintroducedby Ahlswedeetal. [6], whereit wasshown

that informationcanbe multicastin a point-to-pointnetwork at a higherrate
by codingat theintermediatenodes.In thesamepaper, theachievability of the
max-flow boundfor single-sourcenetwork codingwasproved. Specialcases
of single-sourcenetwork codinghaspreviously beenstudiedby Rocheet al.
[174], Rabin[167], Ayanogluet al. [17], andRoche[173].

The achievability of the max-flow boundwas shown in [6] by a random
codingtechnique.Li et al. [132] have subsequentlyshown that themax-flow
boundcanbeachieved by linearnetwork codes.A moretransparentproof of
this resultandits extensionscanbefoundin KoetterandM � dard[120], where
they developedanalgebraicapproachto network coding.



Chapter12

INFORMA TION INEQUALITIES

An informationexpression
÷

refersto a linear combination1 of Shannon’s
informationmeasuresinvolving a finite numberof randomvariables.For ex-
ample, . ¶8Ø ����ü Ä���� ¶8ØM��� ü (12.1)

and �u¶8ØM� ��ü ���u¶8ØM� �ëï � ü (12.2)

areinformationexpressions.An informationinequalityhastheform��� ¬ � (12.3)

wheretheconstant¬ is usuallyequalto zero. We considernon-strictinequal-
ities only becausetheseare usually the form of inequalitiesin information
theory. Likewise,aninformationidentity hastheform� µ���� (12.4)

We point out that an information identity
� µ�� is equivalent to the pair of

informationinequalities
� � � and

��! � .
An informationinequalityor identity is saidto alwayshold if it holdsfor

any joint distribution for therandomvariablesinvolved. For example,we say
thattheinformationinequality �u¶#"%$ ��ü ��& (12.5)

1More generally, aninformationexpressioncanbenonlinear, but they do not appearto beusefulin infor-
mationtheory.

263
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alwaysholdsbecauseit holdsfor any joint distribution ')(#* �,+�ü . On theother
hand,we saythatan informationinequalitydoesnot alwayshold if thereex-
ists a joint distribution for which the inequalitydoesnot hold. Considerthe
informationinequality �-(#".$ ��ü !�& � (12.6)

Since �/(#"%$ ��ü ��& (12.7)

alwaysholds,(12.6)is equivalentto�-(#".$ ��ü10 & � (12.8)

which holdsif andonly if " and � areindependent.In otherwords,(12.6)
doesnot hold if " and � arenot independent.Therefore,we saythat (12.6)
doesnotalwayshold.

As we have seenin the previous chapters,informationinequalitiesarethe
major tools for proving conversecodingtheorems.Theseinequalitiesgovern
theimpossibilitiesin informationtheory. Moreprecisely, informationinequal-
ities imply thatcertainthingscannothappen.As such,they arereferredto as
the lawsof informationtheory.

Thebasicinequalitiesform themostimportantsetof informationinequali-
ties. In fact,almostall theinformationinequalitiesknown to dateareimplied
by thebasicinequalities.ThesearecalledShannon-typeinequalities. On the
otherhand,if aninformationinequalityalwaysholdsbut is not implied by the
basicinequalities,thenit is calledanon-Shannon-typeinequality. Wehavenot
yet explainedwhat it meansby that an inequality is or is not implied by the
basicinequalities,but thiswill becomeclearlaterin thechapter.

Let usnow rederive theinequalityobtainedin Example6.15(Imperfectse-
crecy theorem)without usingan informationdiagram.In this example,three
randomvariables" ��� , and � areinvolved, andthe setupof the problemis
equivalentto theconstraint 2 (#"43 ��� � ü10 & � (12.9)

Then �-(#".$ ��ü0 2 (#" ü65 2 ( ��ü87 2 (#" ����ü (12.10)0 2 (#" ü65 2 ( ��ü87:9 2 (#" ���W� � ü87 2 (;�<3 " ����ü>= (12.11)� 2 (#" ü65 2 ( ��ü87 2 (#" ���W� � ü (12.12)0 2 (#" ü65 2 ( ��ü87:9 2 (;� ü?5 2 ( � 3@� ü?5 2 (#"A3 �W� � ü>= (12.13)0 2 (#" üB7 2 (;� ü?5 �/( � $�� ü)7 2 (#"43 ��� � ü (12.14)� 2 (#" üB7 2 (;� ü�� (12.15)
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wherewehave used 2 (;�C3 " ����ü ��& (12.16)

in obtaining(12.12),and �-( � $�� ü ��& (12.17)

and(12.9)in obtaining(12.15).Thisderivationis lesstransparentthantheone
wepresentedin Example6.15,but thepointhereis thatthefinal inequalitywe
obtainin (12.15)canbeprovedby invoking thebasicinequalities(12.16)and
(12.17).In otherwords,(12.15)is impliedby thebasicinequalities.Therefore,
it is a (constrained)Shannon-typeinequality.

Wearemotivatedto askthefollowing two questions:

1. How can Shannon-typeinequalitiesbe characterized?That is, given an
informationinequality, how canwe tell whetherit is implied by thebasic
inequalities?

2. Are thereany non-Shannon-typeinformationinequalities?

Thesearetwo very fundamentalquestionsin informationtheory. Wepointout
that the first questionnaturallycomesbeforethe secondquestionbecauseif
we cannotcharacterizeall Shannon-typeinequalities,even if we aregiven a
non-Shannon-typeinequality, we cannottell thatit actuallyis one.

In thischapter, wedevelopageometricframework for informationinequal-
itieswhichallowsthemto bestudiedsystematically. This framework naturally
leadsto an answerto the first question,which makesmachine-proving of all
Shannon-typeinequalitiespossible.This will bediscussedin thenext chapter.
Thesecondquestionwill beansweredpositively in Chapter14. In otherwords,
theredo exist laws in informationtheorybeyondthoselaid down by Shannon.

12.1 THE REGION DFEG
Let H G 0JILK·� � �NMNMNMã�,O8P&� (12.18)

whereO � � , andlet Q 0JI "SR �,TVU H G P (12.19)

beany collectionof O randomvariables.Associatedwith
Q

areW 0 � G 7�K (12.20)

joint entropies.For example,for O40YX , the7 joint entropiesassociatedwith
randomvariables"[Z � "]\ � and "]^ are2 (#" Z ü�� 2 (#" \ ü�� 2 (#" ^ ü�� 2 (#" Z � " \ ü��2 (#" \ � " ^ ü�� 2 (#" Z � " ^ ü�� 2 (#" Z � " \ � " ^ ü � (12.21)
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Let _ denotethesetof realnumbers.For any nonemptysubset̀ of
H G , let"]a 0 (#"SR �,TbU ` ü (12.22)

and 2dc (e` ü10 2 (#"]a ü � (12.23)

For a fixed
Q

, we can thenview
2dc

as a set function from �gfbh to _ with2dc (ei üj0 & , i.e., we adoptthe convention that the entropy of an emptyset
of randomvariableis equalto zero. For this reason,we call

2dc
the entropy

functionof
Q

.
Let k G bethe

W
-dimensionalEuclideanspacewith thecoordinateslabeled

by lma � ` U � f hon I i P , where lma correspondsto the valueof
2dc (e` ü for any

collection
Q

of O randomvariables.We will referto k G astheentropyspace
for O randomvariables.Thenan entropy function

2dc
canberepresentedby

a columnvectorin k G . On theotherhand,a columnvector p U k G is called
entropic if p is equalto the entropy function

2qc
of somecollection

Q
of O

randomvariables.Wearemotivatedto definethefollowing region in k G :r EG 0JI p U k Gds p is entropicP � (12.24)

For convenience,thevectorsin
r EG will alsobereferredto asentropy functions.

As anexample,for Ot0�X , thecoordinatesof k ^ arelabeledbyl Z � l \ � l ^ � l Z>\ � l Z>^ � l \,^ � l Z>\,^ � (12.25)

where l Z>\,^ denotesl-u Z,v \wv ^yx , etc, and
r E^ is the region in k ^ of all entropy

functionsfor 3 randomvariables.
While furthercharacterizationsof

r EG will begivenlater, wefirst pointouta
few basicpropertiesof

r EG :
1.
r EG containstheorigin.

2.
r EG , theclosureof

r EG , is convex.

3.
r EG is in thenonnegative orthantof theentropy spacek G 2.

The origin of the entropy spacecorrespondsto the entropy functionof O de-
generaterandomvariablestakingconstantvalues.Hence,Property1 follows.
Property2 will beproved in Chapter14. Properties1 and2 imply that

r EG is
a convex cone.Property3 is truebecausethecoordinatesin theentropy spacek G correspondto joint entropies,whicharealwaysnonnegative.

2Thenonnegative orthantof z h is theregion u|{~} z h��,���~��� for all a } \;����� u�� x,x .
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12.2 INFORMA TION EXPRESSIONSIN CANONICAL
FORM

Any Shannon’s informationmeasureotherthana joint entropy canbe ex-
pressedasa linearcombinationof joint entropiesby applicationof oneof the
following informationidentities:2 (#"43 � ü�0 2 (#" � � ü)7 2 (�� ü (12.26)� (#".$�� ü�0 2 (#" ü�5 2 (�� ü87 2 (#" � � ü (12.27)� (#"%$���3@� ü�0 2 (#" � � ü�5 2 (�� � � ü87 2 (#" � � � � üB7 2 (;� ü � (12.28)

Thefirst andthesecondidentity arespecialcasesof the third identity, which
hasalreadybeenproved in Lemma6.8. Thus any information expression
whichinvolves O randomvariablescanbeexpressedasalinearcombinationof
the
W

associatedjoint entropies.Wecall this thecanonicalformof aninforma-
tion expression.Whenwewrite aninformationexpression

�
as
� (ep ü , it means

that
�

is in canonicalform. Sinceaninformationexpressionin canonicalform
is a linearcombinationof thejoint entropies,it hastheform�8� p (12.29)

where
� �

denotesthetransposeof aconstantcolumnvector
�

in _�� .
The identitiesin (12.26)to (12.28)provide a way to expressevery infor-

mationexpressionin canonicalform. However, it is not clearwhethersuch
a canonicalform is unique. To illustratethepoint, we considerobtainingthe
canonicalform of

2 (#"A3 � ü in two ways.First,2 (#"A3 � ü10 2 (#" � � ü)7 2 (�� ü � (12.30)

Second,2 (#"43 � ü�0 2 (#" üB7 � (#"%$�� ü (12.31)0 2 (#" üB7 ( 2 (�� ü87 2 (��[3 " ü ü (12.32)0 2 (#" üB7 ( 2 (�� ü87 2 (#" � � ü?5 2 (#" ü ü (12.33)0 2 (#" � � ü87 2 (�� ü � (12.34)

Thus it turns out that we can obtain the samecanonicalform for
2 (#"43 � ü

via two different expansions.This is not accidental,as it is implied by the
uniquenessof thecanonicalform whichwe will prove shortly.

Recallfrom theproofof Theorem6.6thatthevector p representsthevalues
of the

�
-Measure� E on theunionsin � G . Moreover, p is relatedto thevalues

of � E on theatomsof � G , representedas � , byp 0J� G � (12.35)
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where � G is a unique
W��4W

matrix (cf. (6.27)). We now statethe follow-
ing lemmawhich is a rephraseof Theorem6.11. This lemmais essentialfor
proving thenext theoremwhich impliestheuniquenessof thecanonicalform. 1¡m¢£¢F¤J¥§¦-¨#¥

Let © EG 0JI � U _ � s � G � U r EG P � (12.36)

Thenthenonnegativeorthantof _ � is a subsetof
© EG .ª¬« ¡®°¯?¡m¢±¥§¦-¨²¦

Let
�

beaninformationexpression.Thentheunconstrained
informationidentity

� 0 & alwaysholdsif andonly if
�

is thezero function.

Proof Without lossof generality, assume
�

is in canonicalform andlet� (ep ü10 �8� p³� (12.37)

Assume
� 0 & alwaysholdsand

�
is not thezerofunction, i.e.,

�µ´0 & . We
will show thatthis leadsto a contradiction.Now

� 0 & , or morepreciselythe
set I p s � � p 0 & P&� (12.38)

is a hyperplane3 in the entropy spacewhich haszeroLebesguemeasure4. If� 0 & alwaysholds,i.e., it holdsfor all joint distributions, then
r EG mustbe

containedin thehyperplane
� 0 & , otherwisethereexistsan p � U r EG which

is not on
� 0 & , i.e.,

� (ep � ü ´0 & . Since p � U r EG , it correspondsto the
entropy functionof somejoint distribution. Thismeansthatthereexistsa joint
distribution suchthat

� (ep ü¶0 & doesnot hold, which cannotbe truebecause� 0 & alwaysholds.
If
r EG haspositive Lebesguemeasure,it cannotbe containedin the hyper-

plane
� 0 & which haszeroLebesguemeasure.Therefore,it sufficesto show

that
r EG haspositive Lebesguemeasure.To this end,we seefrom Lemma12.1

thatthenonnegative orthantof k G , whichhaspositive Lebesguemeasure,is a
subsetof

© EG . Thus
© EG haspositive Lebesguemeasure.Since

r EG is aninvert-
ible transformationof

© EG , its Lebesguemeasureis alsopositive.
Therefore,

r EG is not containedin thehyperplane
� 0 & , which impliesthat

thereexistsa joint distribution for which
� 0 & doesnot hold. This leadsto a

contradictionbecausewe have assumedthat
� 0 & alwaysholds. Hence,we

have provedthatif
� 0 & alwaysholds,then

�
mustbethezerofunction.

Conversely, if
�

is the zero function, then it is trivial that
� 0 & always

holds.Thetheoremis proved.

3If ·�¸ � , then u|{ � ·�¹ { ¸ � x is equalto z h .4TheLebesquemeasurecanbethoughtof as“volume" in theEuclideanspaceif thereaderis not familiar
with measuretheory.



InformationInequalities 269º °¯/°»L»L¤6¯§¼½¥§¦-¨¿¾
Thecanonicalformofaninformationexpressionisunique.

Proof Let
� Z and

� \ becanonicalformsof aninformationexpressionÀ . SinceÀ 0 � Z (12.39)

and À 0 � \ (12.40)

alwayshold, � Z 7 � \ 0 & (12.41)

alwaysholds.By theabovetheorem,
� Z 7 � \ is thezerofunction,whichimplies

that
� Z and

� \ areidentical.Thecorollaryis proved.

Dueto theuniquenessof thecanonicalform of an informationexpression,
it is an easymatterto checkwhetherfor two informationexpressions

� Z and� \ theunconstrainedinformationidentity� Z 0 � \ (12.42)

alwaysholds.All we needto do is to express
� Z 7 � \ in canonicalform. If all

thecoefficientsarezero,then(12.42)alwaysholds,otherwiseit doesnot.

12.3 A GEOMETRICAL FRAMEW ORK
In the last section,we have seenthe role of the region

r EG in proving un-
constrainedinformationidentities.In this section,we explain thegeometrical
meaningsof unconstrainedinformation inequalities,constrainedinformation
inequalities,andconstrainedinformation identitiesin termsof

r EG . Without
lossof generality, we assumethatall informationexpressionsarein canonical
form.

12.3.1 UNCONSTRAINED INEQUALITIES
Consideran unconstrainedinformation inequality

�Á�Â&
, where

� (ep üd0� � p . Then
����&

correspondsto thesetI p U k Gds �8� p ��& P (12.43)

which is a half-spacein the entropy spacek G containingthe origin. Specif-
ically, for any p U k G , � (ep ü �±& if andonly if p belongsto this set. For
simplicity, wewill referto thissetasthehalf-space

����&
. As anexample,forOt0�Ã , theinformationinequality� (#" Z $," \ üB0 2 (#" Z ü�5 2 (#" \ ü)7 2 (#" Z � " \ ü ��& � (12.44)
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f 
Ä

    0
n

Figure 12.1. An illustrationfor Å¶ÆjÇ alwaysholds.

writtenas l Z 5 l \ 7 l Z>\ ��& � (12.45)

correspondsto thehalf-spaceI p U k Gqs l Z 5 l \ 7 l Z>\ ��& P � (12.46)

in theentropy spacekq\ .
Sinceaninformationinequalityalwaysholdsif andonly if it is satisfiedby

theentropy functionof any joint distribution for therandomvariablesinvolved,
we have thefollowing geometricalinterpretationof aninformationinequality:���:&

alwaysholdsif andonly if
r EGjÈ I p U k G s � (ep ü �:& P �

Thisgivesacompletecharacterizationof all unconstrainedinequalitiesin terms
of
r EG . If

r EG is known, we in principlecandeterminewhetherany information
inequalityinvolving O randomvariablesalwaysholds.

The two possiblecasesfor
�Y�Â&

are illustratedin Figure12.1 andFig-
ure12.2. In Figure12.1,

r EG is completelyincludedin thehalf-space
�A�É&

,
so
� ��&

alwaysholds.In Figure12.2,thereexistsavector p � U r EG suchthat� (ep � üËÊ & . Thustheinequality
�t�:&

doesnotalwayshold.

12.3.2 CONSTRAINED INEQUALITIES
In informationtheory, weveryoftendealwith informationinequalities(iden-

tities)with certainconstraintsonthejoint distribution for therandomvariables
involved. Theseare called constrainedinformation inequalities(identities),
andtheconstraintson thejoint distribution canusuallybeexpressedaslinear
constraintson theentropies.Thefollowing aresuchexamples:

1. "[Z , "]\ , and "]^ aremutuallyindependentif andonly if
2 (#"[Z � "]\ � "]^ ü102 (#" Z ü?5 2 (#" \ ü�5 2 (#" ^ ü .



InformationInequalities 271
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Figure 12.2. An illustrationfor Å¶ÆqÇ not alwaysholds.

2. "[Z , "]\ , and "]^ are pairwise independentif and only if
� (#"[Z�$,"]\ ü%0� (#" \ $," ^ üB0 � (#" Z $," ^ üB0 & .

3. " Z is a functionof " \ if andonly if
2 (#" Z 3 " \ üB0 & .

4. " ZbÍ " \FÍ " ^FÍ "SÎ formsaMarkov chainif andonly if
� (#" Z $," ^ 3 " \ ü0 & and

� (#" Z � " \ $,"SÎ§3 " ^ ü10 & .
Supposethereare Ï linearconstraintson theentropiesgivenbyÐ p 0 & � (12.47)

where
Ð

is a Ï ��W matrix. Herewe do not assumethat the Ï constraintsare
linearly independent,so

Ð
is notnecessarilyfull rank.LetÑ 0JI p U k Gds Ð p 0 & P � (12.48)

In otherwords,the Ï constraintsconfinep to alinearsubspace
Ñ

in theentropy
space.Parallel to our discussionon unconstrainedinequalities,we have the
following geometricalinterpretationof aconstrainedinequality:

Undertheconstraint
Ñ

,
���É&

alwaysholdsif andonly if ( r EG¬Ò Ñ�Ó ÈI p s � (ep Ó ��& P .
This givesa completecharacterizationof all constrainedinequalitiesin terms
of
r EG . Notethat

Ñ 0 k G whenthereis no constrainton theentropies.In this
sense,anunconstrainedinequalityis aspecialcaseof aconstrainedinequality.

Thetwo casesof
����&

undertheconstraint
Ñ

areillustratedin Figure12.3
andFigure12.4. Figure12.3shows thecasewhen

���Ô&
alwaysholdsunder

theconstraint
Ñ

. Note that
���½&

mayor maynot alwayshold whenthereis
no constraint.Figure12.4shows thecasewhen

�Õ�Ö&
doesnot alwayshold
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Figure 12.3. An illustrationfor Å£ÆqÇ alwaysholdsundertheconstraintØ .

undertheconstraint
Ñ

. In this case,
���:&

doesnotalwayshold whenthereis
no constraint,because ( r EG�Ò Ñ�Ó ´È I p s � (ep Ó ��& P (12.49)

implies r EG ´È I p s � (ep Ó ��& P � (12.50)

12.3.3 CONSTRAINED IDENTITIES
As we have pointedoutat thebeginningof thechapter, anidentity� 0 & (12.51)

alwaysholdsif andonly if boththeinequalities
� ��&

and
��!:&

alwayshold.
Thenfollowing ourdiscussionon constrainedinequalities,we have

f 
Ù

    0
Ú

Figure 12.4. An illustrationfor Å¶ÆqÇ not alwaysholdsundertheconstraintØ .
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Figure 12.5. Equivalenceof Ý ¹mÞ ÆqÇ and ß ¹®Þ ÆjÇ undertheconstraintØ .

Undertheconstraint
Ñ

,
� 0 & alwaysholdsif andonly if ( r EG¬Ò Ñ�Ó ÈI p s � (ep Ó ��& P Ò I p s � (ep Ó !�& P ,

or

Undertheconstraint
Ñ

,
� 0 & alwaysholdsif andonly if ( r EG¬Ò Ñ�Ó ÈI p s � (ep Ó 0 & P .

Thisconditionsaysthattheintersectionof
r EG and

Ñ
is containedin thehyper-

plane
� 0 & .

12.4 EQUIVALENCE OF CONSTRAINED
INEQUALITIES

Whenthereis no constrainton theentropies,two informationinequalities� � p �:& (12.52)

and à � p ��& (12.53)

areequivalentif andonly if
à 0Já � , where á is a positive constant.However,

this is not the caseundera non-trivial constraint
Ñ ´0 k G . This situationis

illustratedin Figure12.5.In thisfigure,althoughtheinequalitiesin (12.52)and
(12.53)correspondto differenthalf-spacesin theentropy space,they actually
imposethesameconstrainton p when p is confinedto

Ñ
.

In this section,we presenta characterizationof (12.52)and(12.53)being
equivalentundera setof linearconstraint

Ñ
. Thereadermayskip this section

atfirst reading.
Let â betherankof

Ð
in (12.47).Since p is in thenull spaceof

Ð
, we can

write p 0äãÐ p�å � (12.54)



274 A FIRSTCOURSEIN INFORMATIONTHEORY

where ãÐ is a
Wæ� ( W 7 â Ó matrix suchthattherows of ãÐ � form a basisof the

orthogonalcomplementof the row spaceof
Ð

, and p å is a column ( W 7 â Ó -
vector. Thenusing(12.54),(12.52)and(12.53)canbewrittenas� � ãÐ p å ��& (12.55)

and à � ãÐ p å ��& � (12.56)

respectively in termsof the set of basisgiven by the columnsof ãÐ . Then
(12.55)and(12.56)areequivalentif andonly ifà � ãÐ 0çá � � ãÐ � (12.57)

where á is apositive constant,or( à 7�á � Ó � ãÐ 0 & � (12.58)

In otherwords, ( à 7qá � Ó � is in theorthogonalcomplementof therow spaceofãÐ � , i.e., ( à 7æá � Ó � is in therow spaceof
Ð

. Let
Ð å bean â �]W matrixwhose

row spaceis thesameasthatof
Ð

. (
Ð

canbetaken as
Ð å if Ð is full rank.)

Sincetherankof
Ð

is â and
Ð å hasâ rows, therowsof

Ð å form abasisfor the
row spaceof

Ð
, and

Ð å is full rank. Thenfrom (12.58),(12.55)and(12.56)
areequivalentundertheconstraint

Ñ
if andonly ifà 0�á � 5 ( Ð å Ó �°è (12.59)

for somepositive constantá andsomecolumn â -vector
è
.

Supposefor given
�

and
à
, we wantto seewhether(12.55)and(12.56)are

equivalentundertheconstraint
Ñ

. We first considerthecasewheneither
� �

or
à �

is in therow spaceof
Ð

. This is actuallynotaninterestingcasebecause
if
� �

, for example,is in therow spaceof
Ð

, then�8� ãÐ 0 & (12.60)

in (12.55),which meansthat (12.55)imposesno additionalconstraintunder
theconstraint

Ñ
.ª¬« ¡®°¯?¡m¢±¥§¦-¨
é

If either
� �

or
à �

is in therow spaceof
Ð

, then
� � p ��&

and
à � p ��& areequivalentundertheconstraint

Ñ
if andonly if both

� �
andà �

are in therow spaceof
Ð

.

The proof of this theoremis left asan exercise. We now turn to themore
interestingcasewhenneither

� �
nor
à �

is in therow spaceof
Ð

. Thefollow-
ing theoremgivesanexplicit conditionfor (12.55)and(12.56)to beequivalent
undertheconstraint

Ñ
.



InformationInequalities 275ª¬« ¡®°¯?¡m¢±¥§¦-¨²ê
If neither

� �
nor
à �

is in therowspaceof
Ð

, then
� � p ��&

and
à � p ��& areequivalentundertheconstraint

Ñ
if andonly ifë ( Ð å Ó � �æìCí èá%î 0 à � (12.61)

hasa uniquesolutionwith áðï & , where
Ð å is anymatrix whoserow spaceis

thesameasthatof
Ð

.

Proof For
� �

and
à �

not in the row spaceof
Ð

, we want to seewhenwe
canfind unknowns á and

è
satisfying(12.59)with á�ï & . To this end,we

write (12.59)in matrix form as(12.61).Since
�

is not in thecolumnspaceof( Ð å Ó � and ( Ð å Ó � is full rank,
ë ( Ð å Ó � �[ì is alsofull rank. Then(12.61)has

eitherauniquesolutionor no solution.Therefore,thenecessaryandsufficient
conditionfor (12.55)and(12.56)to beequivalentis that (12.61)hasa unique
solutionand á[ï & . Thetheoremis proved.ñ�ò�¤°¢~óm»§¡4¥§¦-¨õô

Considerthreerandomvariables " Z � " \ � and " ^ with the
Markov constraint � (#"[Z�$,"]^L3 "]\ Ó 0 & � (12.62)

which is equivalentto2 (#" Z � " \ Ó 5 2 (#" \ � " ^ Ó 7 2 (#" Z � " \ � " ^ Ó 7 2 (#" \ Ó 0 & � (12.63)

In termsof thecoordinatesin theentropyspacek ^ , this constraint is written
as Ð p 0 & � (12.64)

where Ð 0Ö9 & 7¬K & K K & 7�K = (12.65)

and p 0Ö9 l Z l \ l ^ l Z>\ l \,^ l Z>^ l Z>\,^ = � � (12.66)

Wenowshowthatundertheconstraint in (12.64),theinequalities2 (#"[Zö3 "]^ Ó 7 2 (#"[Zö3 "]\ Ó ��& (12.67)

and � (#" Z $," \ 3 " ^ Ó ��& (12.68)

arein factequivalent.Toward thisend,wewrite (12.67)and(12.68)as
� � p �&

and
à � p ��& , respectively, where� 0Ö9 & K 7�K 7�K & K & = � (12.69)
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and à 0Ö9 & & 7¬K & K K 7¬K = � � (12.70)

Since
Ð

is full rank,wemaytake
Ð å 0 Ð . Uponsolvingë Ðd�æ�[ìSí èá î 0 à � (12.71)

we obtain the uniquesolution á�0÷K�ï & and
è 0øK (

è
is a K � K matrix).

Therefore, (12.67)and(12.68)are equivalentundertheconstraint in (12.64).

Undertheconstraint
Ñ

, if neither
� �

nor
à �

is in therow spaceof
Ð

, it can
beshown thattheidentities � � p 0 & (12.72)

and à � p 0 & (12.73)

areequivalentif andonly if (12.61)hasa uniquesolution.We leave theproof
asanexercise.

12.5 THE IMPLICA TION PROBLEM OF
CONDITION AL INDEPENDENCE

Weuse"]adùÕ"Sú?3 "<û to denotetheconditionalindependency (CI)"]a and "Sú areconditionallyindependentgiven "<û .
Wehave provedin Theorem2.34that "]aqùÔ"Sú?3 "<û is equivalentto� (#"]a?$,"Sú?3 "<û Ó 0 & � (12.74)

When ü 0 i , " a ùµ"Sú�3 " û becomesan unconditionalindependency which
we regard as a specialcaseof a conditional independency. When ` 0þý ,
(12.74)becomes 2 (#"]a63 "<û Ó 0 & � (12.75)

which we seefrom Proposition2.36 that "]a is a function of "<û . For this
reason,we alsoregardfunctionaldependency asa specialcaseof conditional
independency.

In probability problems,we areoften given a setof CI’s andwe needto
determinewhetheranothergiven CI is logically implied. This is called the
implication problem, which is perhapsthe mostbasicproblemin probability
theory. We have seenin Section7.2 that the implicationproblemhasa solu-
tion if only full conditionalmutualindependenciesareinvolved.However, the
generalproblemis extremelydifficult, andit hasrecentlybeensolvedonly up
to four randomvariablesby Mat ÿ���� [146].
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Weendthissectionby explainingtherelationbetweentheimplicationprob-
lem andtheregion

r EG . A CI involving randomvariables" Z � " \ �NMNMNM�� " G has
theform " a ùÕ"Sú?3 " û � (12.76)

where ` �,ý�� ü È H G . Since
� (#"]a�$,"Sú�3 "<û Ó 0 & is equivalentto2 (#" a�� û Ó 5 2 (#"Sú � û Ó 7 2 (#" a�� ú � û Ó 7 2 (#" û Ó 0 & � (12.77)"]adùÕ"Sú�3 "<û correspondsto thehyperplaneI p s l®a���û 5 lmú � û 7 l a�� ú � û 7 l û 0 & P � (12.78)

For aCI
�

, we denotethehyperplanein k G correspondingto
�

by �V( ��Ó .
Let � 0JI �
	 P beacollectionof CI’s,andwewantto determinewhether�

implies a given CI
�

. This would be thecaseif andonly if the following is
true:

For all p U r EG � if p U � 	 �V( ��	#Ó � then p U �V( ��Ó �
Equivalently,� implies

�
if andonly if

 � 	 �V( �
	�Ó�� Ò r EG È �V( ��Ó �
Therefore,the implicationproblemcanbesolved if

r EG canbecharacterized.
Hence,the region

r EG is not only of fundamentalimportancein information
theory, but is alsoof fundamentalimportancein probabilitytheory.

PROBLEMS
1. Symmetricalinformation expressions An information expressionis said

to besymmetricalif it is identicalunderevery permutationof therandom
variablesinvolved.However, sometimesasymmetricalinformationexpres-
sioncannotbereadilyrecognizedsymbolically. For example,

� (#" Z $," \ Ó 7� (#" Z $," \ 3 " ^ Ó is symmetricalin " Z � " \ , and " ^ but it is not symmetrical
symbolically. Devisea generalmethodfor recognizingsymmetricalinfor-
mationexpressions.

2. Thecanonicalform of aninformationexpressionis uniquewhenthereis no
constrainton therandomvariablesinvolved. Show by anexamplethatthis
doesnotholdwhencertainconstraintsareimposedontherandomvariables
involved.

3. Alternativecanonicalform DenoteÒ R }�� ã"SR by
�" � andlet� 0�� �" � s�� is anonemptysubsetof

H G�� �
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a) Provethatasignedmeasure� on � G is completelyspecifiedby I �³(�� Ó �� U � P , whichcanbeany setof realnumbers.

b) Provethataninformationexpressioninvolving " Z � " \ �NMNMNM�� " G canbe
expresseduniquelyasa linear combinationof � E ( �" � Ó , where � are
nonemptysubsetsof

H G .
4. Uniquenessof the canonicalform for nonlinear information expressions

Considera function
� s _�� Í _ , where

W 0ÖÃ G 7ÕK suchthat I p U _�� s� (ep Ó 0 & P haszeroLebesguemeasure.

a) Prove that
�

cannotbeidenticallyzeroon
r EG .

b) Usethe result in a) to show the uniquenessof the canonicalform for
theclassof informationexpressionsof theform À/(ep Ó whereÀ is apoly-
nomial.

(Yeung[231].)

5. Prove thatundertheconstraint
Ð p 0 & , if neither

� �
nor
à �

is in therow
spaceof

Ð
, theidentities

� � p 0 & and
à � p 0 & areequivalentif andonly

if (12.61)hasa uniquesolution.

HISTORICAL NOTES
The uniquenessof the canonicalform for linear information expressions

wasfirst provedby Han[92]. Thesameresultwasindependentlyobtainedin
the book by Csiszÿ� r andK �� rner [55]. The geometricalframework for infor-
mationinequalitiesis dueto Yeung[231]. Thecharacterizationof equivalent
constrainedinequalitiesin Section12.4is previously unpublished.
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SHANNON-TYPE INEQUALITIES

Thebasicinequalitiesform themostimportantsetof informationinequali-
ties. In fact,almostall theinformationinequalitiesknown to dateareimplied
by thebasicinequalities.ThesearecalledShannon-typeinequalities. In this
chapter, we show thatverificationof Shannon-typeinequalitiescanbeformu-
latedasa linearprogrammingproblem,thusenablingmachine-proving of all
suchinequalities.

13.1 THE ELEMENT AL INEQUALITIES
Considertheconditionalmutualinformation� (#" � �j$," � � ��� 3@� �! Ó � (13.1)

in which the randomvariables" and � appearmorethanonce. It is readily
seenthat

� (#" � �j$," � � ��� 3@� �! Ó canbewrittenas2 (#"A3@� �! Ó 5 � (��q$ � 3 " � � �! Ó � (13.2)

wherein both
2 (#"43@� �! Ó and

� (��j$ � 3 " � � �! Ó , eachrandomvariableappears
only once.

A Shannon’s informationmeasureis said to be reducibleif thereexists a
randomvariablewhich appearsmore thanoncein the informationmeasure,
otherwisethe informationmeasureis saidto be irreducible. Without lossof
generality, we will considerirreducibleShannon’s informationmeasuresonly,
becausea reducibleShannon’s informationmeasurecanalwaysbewritten as
thesumof irreducibleShannon’s informationmeasures.

Thenonnegativity of all Shannon’s informationmeasuresform a setof in-
equalitiescalledthebasicinequalities.Thesetof basicinequalities,however,
is not minimal in the sensethat somebasic inequalitiesare implied by the

279
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others.For example, 2 (#"A3 � Ó#" & (13.3)

and � (#".$�� Ó#" & � (13.4)

whicharebothbasicinequalitiesinvolving randomvariables" and � , imply2 (#" Ó 0 2 (#"A3 � Ó 5 � (#"%$�� Ó$" & � (13.5)

whichagainis abasicinequalityinvolving " and � .
Let
H G 0JILK·�yÃ+�NMNMNMã�,O8P , whereO " Ã . Unlessotherwisespecified,all infor-

mationexpressionsin this chapterinvolve someor all of therandomvariables" Z � " \ �NMNMNM�� " G . The valueof O will be specifiedwhennecessary. Through
applicationof theidentities2 (#" Ó 0 2 (#"A3 � Ó 5 � (#"%$�� Ó (13.6)2 (#" � � Ó 0 2 (#" Ó 5 2 (��æ3 " Ó (13.7)� (#"%$�� � � Ó 0 � (#".$�� Ó 5 � (#".$��<3 � Ó (13.8)2 (#"43@� Ó 0 2 (#"A3 � � � Ó 5 � (#".$���3@� Ó (13.9)2 (#" � �ð3@� Ó 0 2 (#"A3@� Ó 5 2 (��æ3 " � � Ó (13.10)� (#".$�� � �<3  Ó 0 � (#".$��ð3  Ó 5 � (#"%$��<3 � �! Ó � (13.11)

any Shannon’s informationmeasurecanbeexpressedasthesumof Shannon’s
informationmeasuresof thefollowing two elementalforms:

i)
2 (#"SRy3 " f h&% u R x Ó �,TVU H G

ii)
� (#" R $,"�'§3 "
( Ó , whereT ´0*) and

� È H G 7AI�T/�+) P .
This will beillustratedin thenext example.It is not difficult to checkthatthe
total numberof the two elementalforms of Shannon’s informationmeasures
for O randomvariablesis equalto, 0ÕOq5.- O Ã*/ Ã G % \ � (13.12)

Theproof of (13.12)is left asanexercise.ñ�ò�¤°¢~óm»§¡4¥�¾�¨�¥
Wecanexpand

2 (#" Z � " \ Ó into a sumof elementalformsof
Shannon’s informationmeasuresfor Ot0�X byapplyingtheidentitiesin (13.6)
to (13.11)asfollows:2 (#"[Z � "]\ Ó0 2 (#" Z Ó 5 2 (#" \ 3 " Z Ó (13.13)



Shannon-TypeInequalities 2810 2 (#" Z 3 " \ � " ^ Ó 5 � (#" Z $," \ � " ^ Ó 5 2 (#" \ 3 " Z � " ^ Ó5 � (#"]\�$,"]^L3 "[Z Ó (13.14)0 2 (#" Z 3 " \ � " ^ Ó 5 � (#" Z $," \ Ó 5 � (#" Z $," ^ 3 " \ Ó5 2 (#" \ 3 " Z � " ^ Ó 5 � (#" \ $," ^ 3 " Z Ó � (13.15)

The nonnegativity of the two elementalforms of Shannon’s information
measuresform a propersubsetof the set of basicinequalities. We call the, inequalitiesin this smallersetthe elementalinequalities. They areequiv-
alent to the basicinequalitiesbecauseeachbasicinequalitywhich is not an
elementalinequalitycanbeobtainedasthesumof a setof elementalinequal-
ities in view of (13.6)to (13.11).This will be illustratedin thenext example.
Theproof for theminimality of thesetof elementalinequalitiesis deferredto
Section13.6.ñ�ò�¤°¢~óm»§¡4¥�¾�¨ ¦

In thelastexample, weexpressed
2 (#" Z � " \ Ó as2 (#" Z 3 " \ � " ^ Ó 5 � (#" Z $," \ Ó 5 � (#" Z $," ^ 3 " \ Ó5 2 (#" \ 3 " Z � " ^ Ó 5 � (#" \ $," ^ 3 " Z Ó � (13.16)

All the five Shannon’s information measures in the above expressionare in
elementalform for Ot0ÉX . Thenthebasicinequality2 (#"[Z � "]\ Ó$" & (13.17)

canbeobtainedasthesumof thefollowingelementalinequalities:2 (#"[Zö3 "]\ � "]^ Ó0" &
(13.18)� (#" Z $," \ Ó0" &
(13.19)� (#" Z $," ^ 3 " \ Ó0" &
(13.20)2 (#" \ 3 " Z � " ^ Ó0" &
(13.21)� (#" \ $," ^ 3 " Z Ó0" & � (13.22)

13.2 A LINEAR PROGRAMMING APPROACH
Recallfrom Section12.2thatany informationexpressioncanbeexpressed

uniquelyin canonicalform, i.e., a linearcombinationof the
W 0 Ã G 7ÕK joint

entropiesinvolving someor all of the randomvariables" Z � " \ �NMNMNM�� " G . If
theelementalinequalitiesareexpressedin canonicalform, they becomelinear
inequalitiesin theentropy spacek G . Denotethis setof inequalitiesby 1[p "&
, where 1 is an , �ðW matrix,anddefiner G 0½I p s 1æp " & P � (13.23)
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Wefirst show that
r G is apyramidin thenonnegative orthantof theentropy

spacek G . Evidently,
r G containstheorigin. Let

è ' ��K ! ) ! W , bethecolumnW
-vectorwhose) th componentis equalto 1 andall theothercomponentsare

equalto 0. Thentheinequality è �' p " & (13.24)

correspondsto thenonnegativity of a joint entropy, which is abasicinequality.
Sincethesetof elementalinequalitiesis equivalentto thesetof basicinequal-
ities, if p U r G , i.e., p satisfiesall the elementalinequalities,then p also
satisfiesthebasicinequalityin (13.24).In otherwords,r G È I p s è �' p " & P (13.25)

for all K ! ) ! W . This implies that
r G is in the nonnegative orthantof the

entropy space.Since
r G containsthe origin andtheconstraints1æp " & are

linear, weconcludethat
r G is apyramidin thenonnegative orthantof k G .

Sincetheelementalinequalitiesaresatisfiedby theentropy functionof anyO randomvariables" Z � " \ �NMNMNM�� " G , for any p in
r EG , p is alsoin

r G , i.e.,r EG È r G � (13.26)

Therefore,for any unconstrainedinequality 2 " & , ifr G È I p s 2B(ep Ó$" & P&� (13.27)

then r EGjÈ I p s 2B(ep Ó$" & P&� (13.28)

i.e., 2 " & alwaysholds. In otherwords,(13.27)is a sufficient conditionfor2 " & to alwayshold. Moreover, an inequality 2 " & suchthat (13.27) is
satisfiedis implied by the basicinequalities,becauseif p satisfiesthe basic
inequalities,i.e., p U r G , then p satisfies2B(ep Ó#" & .

For constrainedinequalities,following our discussionin Section12.3,we
imposetheconstraint Ð p 0 & (13.29)

andlet Ñ 0JI p s Ð p 0 & P � (13.30)

For aninequality 2 " & , if( r G Ò ÑFÓ È I p s 2B(ep Ó#" & P&� (13.31)

thenby (13.26), ( r EG Ò ÑFÓ È I p s 2B(ep Ó#" & P&� (13.32)
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nb  h    0

Figure 13.1. 3 h is containedin 4 Þ65 Ý ¹mÞ ÆqÇ�7 .
i.e., 2 " & alwaysholdsundertheconstraint

Ñ
. In otherwords,(13.31)is a

sufficientconditionfor 2 " & to alwaysholdundertheconstraint
Ñ

. Moreover,
an inequality 2 " &

underthe constraint
Ñ

suchthat (13.31) is satisfiedis
impliedby thebasicinequalitiesandtheconstraint

Ñ
, becauseif p U Ñ and p

satisfiesthebasicinequalities,i.e., p U r G Ò Ñ , then p satisfies2B(ep Ó$" & .
13.2.1 UNCONSTRAINED INEQUALITIES

To checkwhetheranunconstrainedinequality
� � p " & is a Shannon-type

inequality, we needto checkwhether
r G is a subsetof I p s � � p " & P . The

following theoreminducesacomputationalprocedurefor thispurpose.ª¬« ¡®°¯?¡m¢±¥�¾�¨¿¾ � � p " &
is a Shannon-typeinequality if and only if the

minimumof theproblem

Minimize
� � p , subjectto 1æp " & (13.33)

is zero. In thiscase, theminimumoccurs at theorigin.

Remark Theideaof this theoremis illustratedin Figure13.1andFigure13.2.
In Figure13.1,

r G is containedin I p s � � p " & P . The minimum of
� � p

subjectto
r G occursat theorigin with theminimumequalto 0. In Figure13.2,r G is not containedin I p s � � p " & P . Theminimumof

� � p subjectto
r G is798 . A formalproofof thetheoremis givennext.

Proofof Theorem13.3 Wehaveto provethat
r G isasubsetof I p s � � p " & P

if andonly if theminimumof theproblemin (13.33)is zero.Firstof all, since& U r G and
� � & 0 & for any

�
, theminimumof theproblemin (13.33)is at

most0. Assume
r G is a subsetof I p s � � p " & P andthe minimum of the
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n:
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  h
<

    0

Figure 13.2. 3 h is not containedin 4 Þ=5 Ý ¹®Þ ÆqÇ>7 .
problemin (13.33)is negative. Thenthereexistsan p U r G suchthat� � p Ê & � (13.34)

which implies r G ´È I p s � � p " & P&� (13.35)

which is a contradiction.Therefore,if
r G is a subsetof I p s � � p " & P , then

theminimumof theproblemin (13.33)is zero.
To prove the converse,assume

r G is not a subsetof I p s � � p " & P , i.e.
(13.35)is true.Thenthereexistsan p U r G suchthat�)� p Ê & � (13.36)

This impliesthat theminimumof theproblemin (13.33)is negative, i.e., it is
notequalto zero.

Finally, if the minimum of the problemin (13.33) is zero, sincethe
r G

containstheorigin and
� � & 0 & , theminimumoccursat theorigin.

By virtue of this theorem,to checkwhether
� � p " & is anunconstrained

Shannon-typeinequality, all we needto do is to apply the optimality testof
thesimplex method[59] to checkwhetherthepoint p 0 & is optimal for the
minimizationproblemin (13.33). If p 0 & is optimal, then

� � p " & is an
unconstrainedShannon-typeinequality, otherwiseit is not.

13.2.2 CONSTRAINED INEQUALITIES AND
IDENTITIES

Tocheckwhetheraninequality
� � p " & undertheconstraint

Ñ
isaShannon-

typeinequality, weneedto checkwhether
r G Ò Ñ is asubsetof I p s � � p " & P .
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é � � p " & is a Shannon-typeinequalityundertheconstraintÑ
if andonly if theminimumof theproblem

Minimize
� � p , subjectto 1[p " & and

Ð p 0 & (13.37)

is zero. In thiscase, theminimumoccurs at theorigin.

Theproof of this theoremis similar to that for Theorem13.3,so it is omit-
ted. By taking advantageof the linear structureof the constraint

Ñ
, we can

reformulatetheminimizationproblemin (13.37)asfollows. Let â betherank
of
Ð

. Sincep is in thenull spaceof
Ð

, we canwritep 0 ãÐ p�å � (13.38)

where ãÐ is a
Wæ� ( W 7 â Ó matrix suchthattherows of ãÐ � form a basisof the

orthogonalcomplementof the row spaceof
Ð

, and p å is a column ( W 7 â Ó -
vector. Thentheelementalinequalitiescanbeexpressedas1 ãÐ p6å " & � (13.39)

andin termsof p å , r G becomesr åG 0JI p�å s 1 ãÐ p6å " & P&� (13.40)

which is a pyramid in _ �?%A@ (but not necessarilyin the nonnegative orthant).
Likewise,

� � p canbeexpressedas
� � ãÐ p å .

With all the informationexpressionsin termsof p å , theproblemin (13.37)
becomes

Minimize
� � ãÐ p å , subjectto 1 ãÐ p å " & . (13.41)

Therefore,to checkwhether
� � p " & is a Shannon-typeinequalityunderthe

constraint
Ñ

, all we needto do is to apply the optimality testof the simplex
methodtocheckwhetherthepoint p å 0 & isoptimalfor theproblemin (13.41).
If p å 0 & is optimal, then

� � p " & is a Shannon-typeinequalityunderthe
constraint

Ñ
, otherwiseit is not.

By imposingtheconstraint
Ñ

, thenumberof elementalinequalitiesremains
thesame,while thedimensionof theproblemdecreasesfrom

W
to
W 7 â .

Finally, to verify that
� � p 0 & is a Shannon-typeidentity underthe con-

straint
Ñ

, i.e.,
� � p 0 & is implied by thebasicinequalities,all we needto do

is to verify that both
� � p " & and

� � p !µ& areShannon-typeinequalities
undertheconstraint

Ñ
.

13.3 A DUALITY
A nonnegative linear combinationis a linear combinationwhosecoeffi-

cientsare all nonnegative. It is clear that a nonnegative linear combination
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of basicinequalitiesis a Shannon-typeinequality. However, it is not clearthat
all Shannon-typeinequalitiesareof this form. By applyingtheduality theorem
in linearprogramming[194], we will seethatthis is in factthecase.

Thedualof theprimal linearprogrammingproblemin (13.33)is

Maximize B � M & subjectto B " & and B � 1 ! � � , (13.42)

where B 0Ö9 + Z MNMNMµ+DC = � � (13.43)

By theduality theorem,if theminimumof theprimal problemis zero,which
happenswhen

� � p " & is a Shannon-typeinequality, the maximumof the
dualproblemis alsozero.Sincethecostfunctionin thedualproblemis zero,
themaximumof thedualproblemis zeroif andonly if thefeasibleregion© 0JI B s B " & and B � 1 ! � � P (13.44)

is nonempty.ª¬« ¡®°¯?¡m¢±¥�¾�¨²ê � � p " & is a Shannon-typeinequalityif andonly if
� � 0E � 1 for someE " & , where E is a column, -vector, i.e.,

� �
is a nonnegative

linear combinationof therowsof G.

Proof We have to prove that
©

is nonemptyif andonly if
� � 0 E � 1 for

someE " & . Thefeasibleregion
©

is nonemptyif andonly if� � "GF � 1 (13.45)

for some
F
" &

, where
F

is acolumn , -vector. Considerany
F

whichsatisfies
(13.45),andlet H � 0 � � 7 F � 1 " & � (13.46)

Denoteby
è ' thecolumn

W
-vectorwhose) th componentis equalto 1 andall

theothercomponentsareequalto 0, K ! ) ! W . Then
è �' p is a joint entropy.

Sinceevery joint entropy canbe expressedasthe sumof elementalforms of
Shannon’s informationmeasures,

è �' canbeexpressedasanonnegative linear
combinationof therows of G. WriteH 0Á9JI Z I \ MNMNM I � = � � (13.47)

where I ' " & for all K ! ) ! W . ThenH � 0 �K' ¸ Z I ' è �' (13.48)

canalsobeexpressedasa nonnegative linearcombinationsof therows of G,
i.e., H � 0ML � 1 (13.49)
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for someL " &
. From(13.46),we seethat� � 0 ( L � 5 F � Ó 1 0 E � 1 � (13.50)

whereE " & . Theproof is accomplished.

Fromthis theorem,we seethatall Shannon-typeinequalitiesareactuallytriv-
ially impliedby thebasicinequalities!However, theverificationof aShannon-
typeinequalityrequiresacomputationalprocedureasdescribedin thelastsec-
tion.

13.4 MACHINE PROVING – ITIP
Theorems13.3and13.4transformtheproblemof verifying aShannon-type

inequalityinto a linearprogrammingproblem.This enablesmachine-proving
of all Shannon-typeinequalities.A softwarepackagecalledITIP1, which runs
on MATLAB, hasbeendevelopedfor this purpose.Both thePC versionand
theUnix versionof ITIP areincludedin thisbook.

Using ITIP is very simpleandintuitive. The following examplesillustrate
theuseof ITIP:

1. >> ITIP(’H(XYZ) <= H(X) + H(Y) + H(Z)’)
True

2. >> ITIP(’I(X;Z) = 0’,’I(X;Z|Y) = 0’,’I(X;Y) = 0’)
True

3. >> ITIP(’I(Z;U) - I(Z;U|X) - I(Z;U|Y) <=
0.5 I(X;Y) + 0.25 I(X;ZU) + 0.25 I(Y;ZU)’)

Not provable by ITIP

In thefirst example,weproveanunconstrainedinequality. In thesecondexam-
ple,we prove that N and � areindependentif N Í � Í � formsa Markov
chain and N and � are independent.The first identity is what we want to
prove, while the secondand the third expressionsspecify the Markov chainN Í � Í � andthe independency of N and � , respectively. In the third
example,ITIP returnstheclause“Not provableby ITIP,” whichmeansthatthe
inequalityis notaShannon-typeinequality. This,however, doesnotmeanthat
the inequalityto beprovedcannotalwayshold. In fact, this inequalityis one
of the few known non-Shannon-typeinequalitieswhich will be discussedin
Chapter14.

We notethatmostof the resultswe have previously obtainedby usingin-
formation diagramscan also be proved by ITIP. However, the advantageof

1ITIP standsfor Information-Theoretic InequalityProver.
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Figure 13.3. Theinformationdiagramfor Q , R , S , and T in Example13.6.

usinginformationdiagramsis thatonecanvisualizethestructureof theprob-
lem. Therefore,the useof informationdiagramsand ITIP very often com-
plementeachother. In the restof thesection,we give a few exampleswhich
demonstratetheuseof ITIP. Thefeaturesof ITIP aredescribedin detailsin the
readme file.ñ�ò�¤°¢~óm»§¡4¥�¾�¨õô

By Proposition2.10, the long Markov chain N Í � Í� Í  impliesthe two shortMarkov chains N Í � Í � and � Í � Í . We want to seewhetherthe two short Markov chainsalso imply the long
Markov chain. If so,they are equivalentto each other.

UsingITIP, wehave

>> ITIP(’X/Y/Z/T’, ’X/Y/Z’, ’Y/Z/T’)
Not provable by ITIP

In theabove, wehaveuseda macro in ITIP to specifythethreeMarkov chains.
TheaboveresultfromITIP saysthat thelong Markov chain cannotbeproved
from the two short Markov chains by meansof the basic inequalities. This
strongly suggeststhat the two short Markov chains is weaker than the long
Markov chain. However, in order to prove that this is in fact the case, we
needan explicit constructionof a joint distribution for N , � , � , and  which
satisfiesthetwo shortMarkov chainsbut not the long Markov chain. Toward
this end,we resort to the informationdiagram in Figure 13.3. TheMarkov
chain N Í � Í � is equivalentto

� (UNWV��C3 � Ó 0YX , i.e.,� E ( ãN Ò ã�[Z Ò ã� Ò ã Ó 5 � E ( ãN Ò ã�[Z Ò ã� Ò ã Z Ó 0\X^] (13.51)

Similarly, theMarkov chain � Í � Í  is equivalentto�6E�( ãN Ò ã� Ò ã� Z Ò ã Ó 5 �6E ( ãN Z Ò ã� Ò ã� Z Ò ã Ó 0\X^] (13.52)
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Figure 13.4. The atomsof _a` on which b^c vanisheswhen QedfRgdhS\diT forms a
Markov chain.

The four atomsinvolved in the constraints (13.51) and (13.52)are marked
by a dagger in Figure 13.3. In Section6.5, we haveseenthat the Markov
chain N Í � Í � Í  holds if and only if � E takes zero valueon the
setof atomsin Figure 13.4which are marked with an asterisk2. Comparing
Figure 13.3andFigure 13.4,weseethat theonly atommarkedin Figure 13.4
but not in Figure 13.3 is ãN Ò ã� Z Ò ã� Z Ò ã . Thusif we can constructa � E
such that it takeszero valueonall atomsexceptfor ãN Ò ã� Z Ò ã� Z Ò ã , thenthe
correspondingjoint distribution satisfiesthetwo shortMarkov chainsbut not
thelongMarkov chain. Thiswouldshowthat thetwoshortMarkov chainsare
in fact weaker than the long Markov chain. Following Theorem6.11,such a� E canbeconstructed.

In fact,therequiredjoint distributioncanbeobtainedbysimplyletting N 0 0j� , where � is anyrandomvariablesuch that
2 ( � Ó ïkX , and letting �

and � bedegenerate randomvariablestakingconstantvalues.Thenit is easy
to seethat N Í � Í � and � Í � Í  hold, while N Í � Í � Í  
doesnothold.ñ�ò�¤°¢~óm»§¡4¥�¾�¨ml

Thedataprocessingtheoremsaysthat if N Í � Í � Í  
formsa Markov chain, then � (���V�� Ó$"�� (UNnV  Ó ] (13.53)

We want to seewhetherthis inequalityholdsundertheweaker conditionthatN Í � Í � and � Í � Í  formtwoshortMarkov chains.ByusingITIP,
wecanshowthat (13.53)is not a Shannon-typeinequalityundertheMarkov

2This informationdiagramis essentiallya reproductionof Figure6.8.
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conditions � (UNnV��<3 � Ó 0\X (13.54)

and � (���V  3@� Ó 0YX^] (13.55)

Thisstronglysuggeststhat (13.53)doesnot alwayshold undertheconstraint
of thetwo shortMarkov chains.However, this hasto beprovedby an explicit
constructionof a joint distribution for N , � , � , and  which satisfies(13.54)
and (13.55)but not (13.53). Theconstructionat the endof the last example
servesthispurpose.ñ�ò�¤°¢~óm»§¡4¥�¾�¨porqts/¡vu/¯?¡Awxs « ¤6¯zyU{a|j} ¥�o ¾�~��

Considerthefollowing secret
sharingproblem.Let � bea secret to beencodedinto threepieces,N , � , and� . Theschemehasto satisfythefollowing twosecret sharingrequirements:

1. � canberecoveredfromanytwoof thethreeencodedpieces.

2. No informationabout � canbeobtainedfromanyoneof thethreeencoded
pieces.

Thefirst requirementis equivalentto theconstraints2 (��F3 N � � Ó 0 2 (���3 � � � Ó 0 2 (���3 N � � Ó 0\X7� (13.56)

while thesecondrequirementis equivalentto theconstraints� (��#V�N Ó 0 � (��$V�� Ó 0 � (��$V�� Ó 0\X^] (13.57)

Sincethesecret � canberecoveredif all N , � , and � are known,2 (UN Ó 5 2 (�� Ó 5 2 (;� Ó#"�2 (�� Ó ] (13.58)

Weare naturally interestedin themaximumconstant� which satisfies2 (UN Ó 5 2 (�� Ó 5 2 (;� Ó$" � 2 (�� Ó ] (13.59)

We canexplore thepossiblevaluesof � by ITIP. After a few trials, we find
that ITIP returnsa “True” for all ��� X , andreturnstheclause“Not provable
by ITIP” for any � slightly larger than3, say3.0001.Thismeansthat themax-
imumvalueof � is lowerboundedby3. Thislowerboundis in fact tight, aswe
canseefromthefollowingconstruction.Let � and � bemutuallyindependent
ternaryrandomvariablesuniformlydistributedon I�X7��K·�yÃ§P , anddefineN 0 � (13.60)� 0 � 5 ��� ��� X+� (13.61)
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and � 0 � 54Ã �r� ��� X�] (13.62)

Thenit is easyto verify that� 0 � 7 Nr� ��� X (13.63)0 Ã � 7 �*� ��� X (13.64)0 � 7%Ã Ne� ��� X�] (13.65)

Thusthe requirementsin (13.56)are satisfied.It is also readily verifiedthat
therequirementsin (13.57)aresatisfied.Finally, all � � N � � , and � distribute
uniformlyon I�X7��K·�yÃ§P . Therefore,2 (UN Ó 5 2 (�� Ó 5 2 (;� Ó 0�X 2 (�� Ó ] (13.66)

Thisprovesthat themaximumconstant� which satisfies(13.59)is 3.
Usingtheapproach in thisexample, almostall information-theoreticbounds

reportedin the literature for this classof problemscan be obtainedwhena
definitenumberof randomvariablesare involved.

13.5 TACKLING THE IMPLICA TION PROBLEM
We have alreadymentionedin Section12.5thattheimplicationproblemof

conditionalindependenceis extremelydifficult exceptfor thespecialcasethat
only full conditionalmutualindependenciesareinvolved. In this section,we
employ thetoolswehave developedin thischapterto tacklethisproblem.

In Bayesiannetwork (see[160]), the following four axiomsareoftenused
for proving implicationsof conditionalindependencies:

Symmetry: N ùÕ�[3@��� � ùMN43@� (13.67)

Decomposition:N ùÖ(�� �! Ó 3@��� (UN ùç�æ3@� Ó�� (UN�ù  3@� Ó (13.68)

WeakUnion: N�ùÁ(�� �! Ó 3@��� N�ùç�æ3@� �! (13.69)
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Contraction:(UN�ùç�æ3@� Óa� (UN ù  3 � � � Ó � N�ùÁ(�� �! Ó 3@� ] (13.70)

Theseaxiomsform a systemcalledsemi-graphoidandwerefirst proposedby
Dawid [61] asheuristicpropertiesof conditionalindependence.

Theaxiomof symmetryis trivial in thecontext of probability3. Theother
threeaxiomscanbesummarizedbyN�ùÖ(�� �! Ó 3@��� (UN ùç�æ3@� Óa� (UN ù  3 � � � Ó ] (13.71)

Thiscaneasilybeprovedasfollows. Considertheidentity� (UNnV�� �! 3@� Ó 0 � (UNnV��ð3@� Ó 5 � (UNWV  3 � � � Ó ] (13.72)

Sinceconditionalmutual informationsare always nonnegative by the basic
inequalities,if

� (UNnV�� �! 3@� Ó vanishes,
� (UNnV��ð3@� Ó and

� (UNnV  3 � � � Ó alsovan-
ish, andvice versa.This proves(13.71). In otherwords,(13.71)is the result
of a specificapplicationof thebasicinequalities.Therefore,any implication
whichcanbeprovedby invokingthesefour axiomscanalsobeprovedby ITIP.

In fact, ITIP is considerablymore powerful than the above four axioms.
Thiswill beshown in thenext examplein whichwegiveanimplicationwhich
canbeprovedby ITIP but notby thesefour axioms4. Wewill seesomeimpli-
cationswhich cannotbe proved by ITIP whenwe discussnon-Shannon-type
inequalitiesin thenext chapter.ñ�ò�¤°¢~óm»§¡4¥�¾�¨p�

Wewill showthat� (UNnV��ð3@� Ó 0\X� (UNWV  3@� Ó 0\X� (UNWV  3 � Ó 0\X� (UNnV��<3 � Ó 0\X� (UNWV��<3  Ó 0\X
� ���������� � � (UNnV���3  Ó 0\X (13.73)

canbeprovedby invokingthebasicinequalities.First,wewrite� (UNWV��æ3@� Ó 0 � (UNnV���3@� �! Ó 5 � (UNnV���V  3@� Ó ] (13.74)

Since
� (UNnV���3@� Ó 0\X and

� (UNWV��æ3@� �! Ó#" X , welet� (UNWV��æ3@� �! Ó 0Õá (13.75)

3Thesefour axiomscanbeusedbeyondthecontext of probability.
4This exampleis dueto ZhenZhang,privatecommunication.
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Figure 13.5. Theinformationdiagramfor Q , R , S , and T .

for somenonnegativerealnumberá , sothat� (UNnV���V  3@� Ó 0 7�á (13.76)

from (13.74). In the informationdiagram in Figure 13.5,we mark the atom� (UNnV���3@� �! Ó by a “+” andtheatom
� (UNnV���V  3@� Ó bya “ 7 .” Thenwewrite� (UNnV  3@� Ó 0 � (UNWV���V  3@� Ó 5 � (UNWV  3 � � � Ó ] (13.77)

Since
� (UNnV  3@� Ó 0\X and

� (UNnV���V  3@� Ó 0 7�á , weget� (UNnV  3 � � � Ó 0çá�] (13.78)

In theinformationdiagram,wemarktheatom
� (UNnV  3 � � � Ó with a “+. ” Con-

tinue in this fashion,the five CI’s on the left handsideof (13.73)imply that
all theatomsmarkedwith a “+” in theinformationdiagramtake thevalue á ,
while all theatomsmarkedwith a “ 7 ” take thevalue 7�á . Fromtheinforma-
tion diagram,weseethat� (UNWV��ð3  Ó 0 � (UNWV���V��<3  Ó 5 � (UNWV���3@� �! Ó 0 ( 7�á Ó 5Aá]0\X7� (13.79)

which provesour claim. Sincewebaseour proofon thebasicinequalities,this
implicationcanalsobeprovedby ITIP.

Due to the form of the five given CI’s in (13.73), noneof the axiomsin
(13.68)to (13.70)can be applied. Thuswe concludethat the implication in
(13.73)cannotbeprovedby thefour axiomsin (13.67)to (13.70).

13.6 MINIMALITY OF THE ELEMENT AL
INEQUALITIES

Wehave alreadyseenin Section13.1thatthesetof basicinequalitiesis not
minimal in thesensethatin theset,someinequalitiesareimpliedby theothers.
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We thenshowed that the setof basicinequalitiesis equivalent to the smaller
setof elementalinequalities.Again, we canaskwhetherthesetof elemental
inequalitiesis minimal.

In this section,we prove that the setof elementalinequalitiesis minimal.
This result is importantfor efficient implementationof ITIP becauseit says
that we cannotconsidera smallersetof inequalities.The proof, however, is
rathertechnical.The readermay skip this proof without missingtheessence
of this chapter.

Theelementalinequalitiesin set-theoreticnotationshave oneof thefollow-
ing two forms:

1. �³( ãNSR 7 ãN f h&% u R x Ó#" X7�
2. �³( ãNSR Ò ãN ' 7þãN ( Ó$" X , T ´0*) and

� È H G 7AI�T/�+) P ,
where � denotesa set-additive functiondefinedon � G . They will bereferred
to as ` -inequalitiesand ý -inequalities,respectively.

We are to show that all the elementalinequalitiesare nonredundant,i.e.,
noneof themis impliedby theothers.For an ` -inequality�³( ãNSR 7 ãN fbh % u R x Ó#" X7� (13.80)

sinceit is theonly elementalinequalitywhichinvolvestheatom ãNSR 7 ãN f hD% u R x ,
it is clearly not implied by the other elementalinequalities. Thereforewe
only needto show thatall ý -inequalitiesarenonredundant.To show thata ý -
inequalityis nonredundant,it sufficesto show thatthereexistsameasure�� on� G whichsatisfiesall otherelementalinequalitiesexceptfor that ý -inequality.

Wewill show thatthe ý -inequality�³( ãNSR Ò ãN ' 7þãN ( Ó�" X (13.81)

is nonredundant.To facilitateour discussion,we denote
H G 7 � 7�I�T/�+) P by� ( T/�+)&� � Ó , andwelet � R '?� ( (�� Ó � � È � ( T¹�+)E� ��Ó betheatomsin ãNSR Ò ãN ' 7 ãN ( ,

where � R '?� ( (�� Ó 0 ãNSR Ò ãN ' Ò ãN
� Ò ãN Z( Ò ãN Z A¡ R v 'yv (�¢ % �£] (13.82)

Wefirst considerthecasewhen
� ( T/�+)&� ��Ó 0 i , i.e.,

� 0 H G 7�I�T/�+) P . We
constructameasure�� by��³(¥¤ Ó 0§¦�¨ª© if ¤Y« ãN6¬ Ò ãN ' ¨ ãN (© otherwise,

(13.83)

where ¤�¯® . In otherwords, ãN6¬ Ò ãN ' ¨ ãN ( is theonly atomwith measure¨ª© ; all otheratomshave measure1. Then ��±° ãN6¬ Ò ãN ' ¨ ãN ( Ó ÊYX is trivially
true. It is alsotrivial to checkthatfor any ² å 
³�´ ,��±° ãN ¬¶µ ¨ ãNª·¹¸ %£º ¬ µp» Ó « © " X7� (13.84)
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andfor any °U²�¼ �+) ¼ �¾½ ¼À¿ÂÁ«�°U² �+)E�¾½ ¿ suchthat ²�¼ÃÁ« ) ¼ and ½ ¼�ÄÅ³�´ ¨*Æ ²�¼ �+) ¼UÇ ,�È °ÊÉN ¬¶µ^Ë ÉN ' µ ¨ ÉN ( µ ¿±« © " X (13.85)

if ½ ¼ «Ì³�´ ¨MÆ ² ¼ �+) ¼ Ç . On theotherhand,if ½ ¼ is a propersubsetof ³�´ ¨Æ ²�¼ �+) ¼UÇ , then ÉN ¬ µ Ë ÉN ' µ ¨ ÉN ( µ containsat leasttwo atoms,andtherefore�È ° ÉN ¬¶µÍË ÉN ' µ ¨ ÉN ( µ ¿ " X^] (13.86)

This completesthe proof for the Î -inequality in (13.81)to be nonredundant
when

� °U² �+)E�¾½ ¿$«kÏ .
We now considerthe casewhen

� °U² �+)&�¾½ ¿ÐÁ«ÑÏ , or Ò � °U² �+)E�¾½ ¿>Ò " © . We
constructameasure�È asfollows. For theatomsin ÉN6¬ Ë ÉN ' ¨ ÉN ( , let

�È °�Ó ¬ '?Ô ( °��J¿�¿±« ¦ ° ¨�© ¿ Ô � Ô ¨Õ© �Å« � °U² �+)E�¾½ ¿° ¨�© ¿ Ô � Ô �\Á« � °U² �+)E�¾½ ¿ ] (13.87)

For Ó ¬×Ö Ô Ø °��J¿ , if ÒÙ�ÚÒ is odd,it is referredto asanoddatomof ÉN6¬ Ë ÉN�Ö ¨ ÉN Ø ,

andif ÒÙ�ÛÒ is even,it is referredto asanevenatomof ÉN6¬ Ë ÉN�Ö ¨ ÉN Ø . For any
atom ¤ÝÜ ÉN ¬ Ë ÉN Ö ¨ ÉN
Ø , we let �È °¥¤Þ¿¹« © ] (13.88)

Thiscompletestheconstructionof �È .
Wefirst prove that �È °ÊÉß ¬ Ë Éß Ö ¨ Éß Ø ¿#àÕá^â (13.89)

Consider�È ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿ã« ä�Íå  Aæ ¬èç Ötç Ø�¢ �È °�Ó ¬×Ö Ô Ø °�éJ¿�¿« êë Ô ì æ ¬èç Ötç Ø�í+Ôäî¾ï�ð ñ Ò ò9°U² �+ó&�¾½ ¿>Òô õ ° ¨ª© ¿ î�ö÷ ¨Õ©« ¨ª© �
wherethelastequalityfollows from thebinomialformula´äî¾ï�ð�ñÅø ô õ ° ¨ª© ¿ î «\á (13.90)

for øÅù © . Thisproves(13.89).
Next we prove that úÈ satisfiesall û -inequalities.We notethat for any ² ¼ ³�´ , theatom Éß ¬üµ ¨ Éß · ¸�ý º ¬ µ¶þ is not in Éß ¬ Ë Éß Ö ¨ Éß Ø . ThusúÈ ° Éß ¬¶µ ¨ Éß ·¹¸ ý º ¬ þ ¿Ã« © ù á^â (13.91)
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It remainsto prove that úÈ satisfiesall Î -inequalitiesexceptfor (13.81),i.e.,
for any °U² ¼ �+ó ¼ �¾½ ¼ ¿Þÿ« °U² �+ó&�¾½ ¿ suchthat ² ¼ ÿ« ó ¼ and ½ ¼ ÄÅ³�´ ¨ Æ ² ¼ �+ó ¼ Ç ,úÈ °ÊÉß ¬¶µ^Ë Éß Ötµ ¨ Éß Ø µ ¿ ù á^â (13.92)

Consider úÈ ° Éß ¬¶µ Ë Éß Ötµ ¨ Éß Ø µ ¿« úÈ °�° Éß ¬¶µ Ë Éß Ötµ ¨ Éß Ø µ ¿ Ë ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿�¿� úÈ °�° Éß ¬¶µ Ë Éß Ötµ ¨ Éß Ø µ ¿ ¨ ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿�¿ â (13.93)

Thenonnegativity of thesecondtermabove follows from (13.88).For thefirst
term, ° Éß ¬¶µÍË Éß Ö¾µ ¨ Éß Ø µ ¿ Ë ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿ (13.94)

is nonemptyif andonly ifÆ ² ¼ �+ó ¼ Ç Ë ½ «kÏ and Æ ² �+ó Ç Ë ½ ¼ «kÏaâ (13.95)

If this conditionis not satisfied,thenthefirst termin (13.93)becomesúÈ °�Ï�¿±«á , and(13.92)follows immediately.
Let us assumethat the condition in (13.95) is satisfied. Then by simple

counting,weseethatthenumberatomsin° Éß ¬¶µÍË Éß Ö¾µ ¨ Éß Ø µ ¿ Ë ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿ (13.96)

is equalto ��� , where

� « ø ¨ Ò Æ ² �+ó Ç�� Æ ² ¼ �+ó ¼ Ç�� ½ � ½ ¼ Ò â (13.97)

For example,for ø «
	 , thereare �[«��� atomsin° Éß�� Ë Éß  ¿ Ë ° Éß�� Ë Éß�� ¨ Éß�� ¿ � (13.98)

namely Éß�� Ë Éß  Ë Éß�� Ë Éß��� Ë�����Ë���� , where� ¬ « Éß ¬ or Éß��¬ for ²Ê«�� � 	 . We
checkthat � «�	 ¨ Ò Æ&© � ��Ç�� Æ&© ��� Ç � Ï!� Æ �^Ç�Ò&«
��â (13.99)

Wefirst considerthecasewhen � «\á , i.e.,³�´=« Æ ² �+ó Ç � Æ ² ¼ �+ó ¼ Ç"� ½ � ½ ¼ â (13.100)

Then ° Éß ¬¶µÍË Éß Ö¾µ ¨ Éß Ø µ ¿ Ë ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿ (13.101)

containsexactly oneatom. If this atomis an even atomof Éß ¬ Ë Éß Ö ¨ Éß Ø ,
thenthefirst termin (13.93)is either0 or 1 (cf., (13.87)),and(13.92)follows
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immediately. If thisatomis anoddatomof Éß ¬ Ë Éß Ö ¨ Éß Ø , thenthefirst termin
(13.93)is equalto ¨ª© . This happensif andonly if Æ ² �+ó Ç and Æ ² ¼ �+ó ¼ Ç have one
commonelement,which impliesthat °ÊÉß ¬ µ Ë Éß Ö µ ¨ Éß Ø$µ ¿ ¨ °ÊÉß ¬ Ë Éß Ö ¨ Éß Ø ¿ is
nonempty. Thereforethesecondtermin (13.93)is at least1,andhence(13.92)
follows.

Finally, we considerthecasewhen � ù © . Using thebinomial formula in
(13.90),weseethatthenumberof oddatomsandevenatomsof Éß ¬ Ë Éß Ö ¨ Éß Ø
in ° Éß ¬¶µÍË Éß Ö¾µ ¨ Éß Ø µ ¿ Ë ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿ (13.102)

arethesame.Thereforethefirst termin (13.93)is equalto ¨ª© ifÓ ¬×Ö Ô Ø °¥òÂ°U² �+óE�¾½ ¿�¿Û Éß ¬¶µ^Ë Éß Ötµ ¨ Éß Ø µ � (13.103)

andis equalto 0 otherwise.Theformer is true if andonly if ½ ¼ÃÄ ½ , which
implies that ° Éß ¬¶µ�Ë Éß Ötµ ¨ Éß Ø µ ¿ ¨ ° Éß ¬ Ë Éß Ö ¨ Éß Ø ¿ is nonempty, or that the
secondterm is at least1. Thusin eithercase(13.92)is true. This completes
theproof that(13.81)is nonredundant.

APPENDIX 13.A: THE BASIC INEQUALITIES AND THE
POLYMATROIDAL AXIOMS

In this appendix,we show that thebasicinequalitiesfor a collectionof # randomvariables$&%('*)"+-,/.10"243�5
is equivalentto thefollowing polymatroidalaxioms:For all 6 ,87!9:2;3 ,

P1. < =�>@?BA %DC .
P2. < = >E6FAHGI< = > 7 A if 6 9�7 .

P3. < = >E6FAKJ�< = > 7 A�LI< = >E6;M 7 ANJ�< = >E6;O 7 A .
We first show that thepolymatroidalaxiomsimply thebasicinequalities.FromP1andP2,

since ? 9 6 for any 6 9:243 , we have

< =H>E6FA�LP<�=�>@?QA %&CR, (13.A.1)

or <S> )UT A�L CWV (13.A.2)
Thisshows thatentropy is nonnegative.

In P2,letting X %�7ZY 6 , we have

<�=�>E6FA�GP<�=[>E6;O XKA , (13.A.3)

or <S> )"\�] ) T AHL CWV (13.A.4)
Here, X and 6 aredisjoint subsetsof

2 3
.

In P3,letting X %�7ZY 6 , ^ % 64M 7 , and _ % 6 Y*7 , we have

< = >E_`O`^QAKJ�< = >aX"O�^BAHLI< = >E^BAKJb< = >E_�O;^cO XKA , (13.A.5)

or d > )"e�f-)"\g] )Uh AHL CRV (13.A.6)
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Again, _ , ^ , and X aredisjoint subsetsof
2 3

. When ^ % ? , from P3,we haved > )"e�f8)U\ A�L CWV (13.A.7)

ThusP1to P3imply thatentropy is nonnegative,andthatconditionalentropy, mutualinfor-
mation,andconditionalmutualinformationarenonnegative providedthatthey areirreducible.
However, it hasbeenshown in Section13.1 that a reducibleShannon’s informationmeasure
canalwaysbewrittenasthesumof irreducibleShannon’s informationmeasures.Therefore,we
have shown thatthepolymatroidalaxiomsP1to P3imply thebasicinequalities.

Theconverseis trivial andtheproof is omitted.

PROBLEMS
1. Prove (13.12)for the total numberof elementalformsof Shannon’s infor-

mationmeasuresfor ø randomvariables.

2. Shannon-typeinequalitiesfor ø randomvariables
ß�� � ß  �jijiji�� ß�k referto

all informationinequalitiesimpliedby thebasicinequalitiesfor theseø ran-
domvariables.Show thatno new informationinequalitycanbegenerated
by consideringthebasicinequalitiesfor morethan ø randomvariables.

3. Show by anexamplethat thedecompositionof an informationexpression
into a sumof elementalforms of Shannon’s informationmeasuresis not
unique.

4. Elementalforms of conditional independenciesConsiderrandomvari-
ables

ß�� � ß  �jijiji�� ß�k . A conditionalindependency is saidto be elemen-
tal if it correspondsto settingan elementalform of Shannon’s informa-
tion measureto zero. Show that any conditionalindependency involvingß�� � ß  �jijijiÿ� ß�k is equivalentto acollectionof elementalconditionalinde-
pendencies.

5. Symmetricalinformationinequalities

a) Show thatevery symmetricalinformationexpression(cf. Problem1 in
Chapter12) involving randomvariable

ß � � ß  �jijiji�� ß k canbewritten
in theform lnm k ý �äo ï�ð p orq æ k ío �
where q æ k íð m kä s ï �utwv ß s Ò ßbx ý s ¿
andfor y{z}|Dz ø ~ y ,q æ k ío m ä��� s�� Ö �Fk���g�[�K� +@� ������� � � �K� �N�

� v ß s�� ß Ö�Ò ß Ø ¿ â
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Note that q æ k íð is the sum of all Shannon’s information measuresof

the first elementalform, and for y�z�|�z ø ~ y , q æ k ío is the sum
of all Shannon’s informationmeasuresof the secondelementalform
conditioningon | ~ y randomvariables.

b) Show that
l ù á alwaysholdsif p o ù á for all | .

c) Show thatif
l ù á alwaysholds,thenp o ù á for all | . Hint: Construct

randomvariables
ß � � ß  �jijijiÿ� ß k for eachá�z�|wz ø ~ y suchthatq æ k ío � á and q æ k íoB� m á for all á�z}|�¼[z ø ~ y and |�¼Êÿm | .

(Han[93].)

6. Strictly positiveprobability distributions It wasshown in Proposition2.12
that ß �"� ß � Ò v ß  � ß � ¿ß�� � ß�� Ò v ß  � ß�� ¿ �&� ß �"� v ß � � ß � ¿>Ò ß 
if � v�� � � �  � � � � � � ¿ � á for all � � , �  , � � , and � � . Show by usingITIP
that this implication is not implied by thebasicinequalities.This strongly
suggeststhatthis implicationdoesnothold in general,whichwasshown to
bethecaseby theconstructionfollowing Proposition2.12.

7. a) Verify by ITIP that

� v ß�� � ß  � � � � �  ¿�z � v ß�� � � � ¿ � � v ß  � �  ¿
under the constraint twv � � � �  Ò ß�� � ß  ¿ m twv � � Ò ß�� ¿ � t v �  Ò ß  ¿ .
This constrainedinequality was usedin Problem10 in Chapter8 to
obtainthecapacityof two independentparallelchannels.

b) Verify by ITIP that

� v ß�� � ß  � � � � �  ¿ ù � v ß�� � � � ¿ � � v ß  � �  ¿
undertheconstraint

� v ß�� � ß  ¿ m á . This constrainedinequalitywas
usedin Problem4 in Chapter9 to obtaintherate-distortionfunctionfor
a productsource.

8. Verify by ITIP theinformationidentity in Example6.18.

9. RepeatProblem9 in Chapter6 with thehelpof ITIP.

10. Prove the implicationsin Problem13 in Chapter6 by ITIP andshow that
they cannotbededucedfrom thesemi-graphoidalaxioms.(Studen¡¢ [202].)
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HISTORICAL NOTES
Foralmosthalf acentury, all informationinequalitiesknown in theliterature

areconsequencesof thebasicinequalitiesdueto Shannon[184]. Fujishige[77]
showedthattheentropy functionis apolymatroid(seeAppendix13.A). Yeung
[231] showedthatverificationof all suchinequalities,referredtoShannon-type
inequalities,canbe formulatedasa linear programmingproblemif thenum-
ber of randomvariablesinvolved is fixed. ITIP, a softwarepackagefor this
purpose,wasdevelopedby YeungandYan[234]. Non-Shannon-typeinequal-
ities, which have beendiscoveredonly recently, will bediscussedin thenext
chapter.

Therecentinterestin theimplicationproblemof conditionalindependence
hasbeenfueledby Bayesiannetworks. For a numberof years,researchersin
Bayesiannetworksgenerallybelievedthatthesemi-graphoidalaxiomsform a
completesetof axiomsfor conditionalindependenceuntil it wasrefutedby
Studen¡¢ [202].



Chapter14

BEYOND SHANNON-TYPE INEQUALITIES

In Chapter12,weintroducedtheregions £¥¤k and £ k in theentropy space¦ k
for ø randomvariables.From £ ¤k , onein principlecandeterminewhetherany
informationinequalityalwaysholds. The region £ k , definedby thesetof all
basicinequalities(equivalentlyall elementalinequalities)involving ø random
variables,is anouterboundon £ ¤k . From £ k , onecandeterminewhetherany
informationinequality is implied by the basicinequalities. If so, it is called
a Shannon-typeinequality. Sincethebasicinequalitiesalwayshold, sodo all
Shannon-typeinequalities.In the last chapter, we have shown how machine-
proving of all Shannon-typeinequalitiescanbe madepossibleby taking ad-
vantageof thelinearstructureof £ k .

If thetwo regions £ ¤k and £ k areidentical,thenall informationinequalities
which alwayshold areShannon-typeinequalities,andhenceall information
inequalitiescanbecompletelycharacterized.However, if £ ¤k is apropersubset
of £ k , thenthereexist constraintsonanentropy functionwhicharenot implied
by thebasicinequalities.Sucha constraint,if in the form of an inequality, is
referredto anon-Shannon-typeinequality.

Thereisapointherewhichneedsfurtherexplanation.Thefactthat £ ¤k ÿm £ k
doesnotnecessarilyimply theexistenceof anon-Shannon-typeinequality. As
an example,suppose£ k containsall but an isolatedpoint in £ ¤k . Then this
doesnot leadto theexistenceof a non-Shannon-typeinequalityfor ø random
variables.

In this chapter, we presentcharacterizationsof £ ¤k which aremorerefined
than £ k . Thesecharacterizationslead to the existenceof non-Shannon-type
inequalitiesfor øÅù � .

301
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14.1 CHARACTERIZA TIONS OF § ¤ , § ¤� , AND § ¤k
Recallfrom theproofof Theorem6.6thatthevector ¨ representsthevalues

of the
�
-MeasureÈ ¤ on theunionsin © k . Moreover, ¨ is relatedto thevalues

of È ¤ on theatomsof © k , representedas ª , by

¨ m¬« k ª (14.1)

where
«k

is aunique |�®(| matrixwith | m � k ~ y (cf. (6.27)).
Let ¯ k be the | -dimensionalEuclideanspacewith the coordinateslabeled

by thecomponentsof ª . Note that eachcoordinatein ¯ k correspondsto the
valueof È ¤ onanonemptyatomof © k . Recallfrom Lemma12.1thedefinition
of theregion ° ¤k m Æ ª²±�¯ kb³u«:k ª²±&£ ¤k Ç � (14.2)

which is obtainedfrom theregion £ ¤k via thelineartransformationinducedby« ý �k
. Analogously, we definetheregion° k m Æ ª²±�¯ k ³u« k ª²±&£ k Ç�â (14.3)

The region £ ¤k , aswe will see,is extremelydifficult to characterizefor a
generalø . Therefore,we startour discussionwith thesimplestcase,namelyø m � .´µc¶¸·º¹[¶F»½¼�¾[¿�¼ £ ¤ m £  .
Proof For ø m � , theelementalinequalitiesare

t v ß�� Ò ß  ¿ m È ¤ v Éß�� ~ Éß  ¿ ù á (14.4)

t v ß  Ò ß�� ¿ m È ¤ v Éß  ~ Éß�� ¿ ù á (14.5)� v ß � � ß  ¿ m È ¤ v Éß � Ë Éß  ¿ ù á^â (14.6)

Notethatthequantitieson theleft handsidesabove arepreciselythevaluesofÈ ¤ on theatomsof ©  . Therefore,°
 m Æ ª ±�¯  ³ ª ù á�Ç � (14.7)

i.e.,
°
 is the nonnegative orthantof ¯  . Since £º¤ ÄÀ£  ,

° ¤ Ä °
 . On

the otherhand,
°
 Ä ° ¤ by Lemma12.1. Thus

° ¤ m
°
 , which implies£ ¤ m £  . Theproof is accomplished.

Next, we prove thatTheorem14.1cannotevenbegeneralizedto ø m � .´µc¶¸·º¹[¶F»½¼�¾[¿@Á £ ¤� ÿm £ � .
Proof For ø m � , theelementalinequalitiesare

twv ß s Ò ß Ö � ß o ¿ m È ¤ v Éß s ~ Éß Ö ~ Éß o ¿ ù á (14.8)� v ß s�� ß Ö�Ò ß o ¿ m È ¤ v Éß s Ë Éß Ö ~ Éß o ¿ ù á � (14.9)
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Figure 14.1. Theset-theoreticstructureof thepoint > CW,ÆCR,-CW,-Ç�,8Ç�,�Çg,�ÈcÇ A in ÉËÊ .
and � v ß s�� ß Ö�¿ m È ¤ v Éß s Ë Éß Ö ¿ (14.10)m È ¤ v Éß s Ë Éß Ö Ë Éß o ¿ � È ¤ v Éß s Ë Éß Ö ~ Éß o ¿ (14.11)

ù á (14.12)

for yÌzÎÍ¹à ó à}|�z � . For ª²±�¯ � , let

ª m v�Ï � � Ï  � Ï � � Ï � � Ï � � Ï � � Ï�Ð ¿ � (14.13)

whereÏ s � yÌzÑÍÒzÔÓ correspondto thevaluesÈ ¤ v Éß�� ~ Éß  ~ Éß�� ¿ � È ¤ v Éß  ~ Éß�� ~ Éß�� ¿ � È ¤ v Éß�� ~ Éß�� ~ Éß  ¿ �È ¤ v Éß � Ë Éß  ~ Éß � ¿ � È ¤ v Éß � Ë Éß � ~ Éß  ¿ � È ¤ v Éß  Ë Éß � ~ Éß � ¿ �È ¤ v Éß�� Ë Éß  Ë Éß�� ¿ � (14.14)

respectively. Thesearethevaluesof È ¤ on thenonemptyatomsof © � . Then
from (14.8),(14.9),and(14.12),we seethat° � m Æ ª²±�¯ �;³ Ï s ù á � y{zÑÍUz}	 � Ï Ö � Ï�Ð ù á � �bz ó z}	�Ç�â (14.15)

It is easyto checkthat thepoint v á � á � á � p � p � p � ~ p ¿ for any p ù á is in
° �

.
This is illustratedin Figure14.1,andit is readilyseenthattherelations

t v ß s Ò ß Ö � ß o ¿ m á (14.16)

and � v ß s�� ß Ö ¿ m á (14.17)

for yzÑÍ¹à ó à}|Dz � aresatisfied,i.e.,eachrandomvariableis a functionof
theothertwo, andthethreerandomvariablesarepairwiseindependent.

Let Õ[Ö + bethesupportof
ß s

, Í m y � � ��� . For any � � ±(Õ[Ö � and �  ±(Õ[ÖË× ,
since

ß��
and

ß  areindependent,we have

� v�� � � �  ¿ m � v�� � ¿Ø� v��  ¿ � á^â (14.18)
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Since
ß��

is a functionof
ß��

and
ß  , thereis aunique� � ±DÕ[Ö Ê suchthat

� v�� � � �  � � � ¿ m � v�� � � �  ¿ m � v�� � ¿Ø� v��  ¿ � á^â (14.19)

Now since
ß  is a functionof

ß��
and

ß��
, and

ß��
and

ß��
areindependent,

we canwrite � v�� � � �  � � � ¿ m � v�� � � � � ¿ m � v�� � ¿Ø� v�� � ¿ â (14.20)

Equating(14.19)and(14.20),we have

� v��  ¿ m � v�� � ¿ â (14.21)

Now considerany � ¼  ±wÕ[Ö × suchthat � ¼  ÿm �  . Since
ß  and

ß��
areinde-

pendent,we have � v�� ¼  � � � ¿ m � v�� ¼  ¿Ø� v�� � ¿ � á^â (14.22)

Since
ß��

is a functionof
ß  and

ß��
, thereis aunique� ¼ � ±DÕ[Ö � suchthat

� v�� ¼ � � � ¼  � � � ¿ m � v�� ¼  � � � ¿ m � v�� ¼  ¿Ø� v�� � ¿ � á^â (14.23)

Now since
ß  is a functionof

ß��
and

ß��
, and

ß��
and

ß��
areindependent,

we canwrite � v�� ¼ � � � ¼  � � � ¿ m � v�� ¼ � � � � ¿ m � v�� ¼ � ¿Ø� v�� � ¿ â (14.24)

Similarly, since
ß��

is a functionof
ß��

and
ß  , and

ß��
and

ß  areindepen-
dent,we canwrite

� v�� ¼ � � � ¼  � � � ¿ m � v�� ¼ � � � ¼  ¿ m � v�� ¼ � ¿Ø� v�� ¼  ¿ â (14.25)

Equating(14.24)and(14.25),we have

� v�� ¼  ¿ m � v�� � ¿ � (14.26)

andfrom (14.21),we have

� v�� ¼  ¿ m � v��  ¿ â (14.27)

Therefore
ß  musthave a uniform distribution on its support.Thesamecan

beprovedfor
ß �

and
ß �

. Now from Figure14.1,

t v ß�� ¿ m twv ß�� Ò ß  � ß�� ¿ � � v ß�� � ß  Ò ß�� ¿ � � v ß�� � ß�� Ò ß  ¿� � v ß�� � ß  � ß�� ¿ (14.28)m á � p � p � v ~ p ¿ (14.29)m p � (14.30)

andsimilarly twv ß  ¿ m twv ß�� ¿ m p â (14.31)
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(a,a,a,a,2a,2a,2a)
log 4a=0 log 2 log 3

Figure 14.2. Thevaluesof
Ç

for which > Ç�,8Ç�,8Ç�,ÆÙ*Ç�,ÆÙ�Ç�,ÆÙ*Çg,-Ù�Ç A is in ÚÛÊ .
Thentheonly valuesthat p cantake are ÜEÝ�Þ�ß , where ß (a positive integer)
is thecardinalityof thesupportsof

ß��
,
ß  , and

ß��
. In otherwords,if p is not

equalto ÜEÝ�Þ�ß for somepositive integer ß , thenthepoint v á � á � á � p � p � p � ~ p ¿
is not in

° ¤� . Thisprovesthat
° ¤� ÿm ° � , which implies £º¤� ÿm £ � . Thetheorem

is proved.

Theproof above hasthefollowing interpretation.For ¨²±�¦ � , let

¨ m v8à � � à  � à � � à �  � à �Æ� � à  � � à �  � ¿ â (14.32)

FromFigure14.1,weseethatthepoint v á � á � á � p � p � p � ~ p ¿ in
° �

corresponds
to thepoint v p � p � p � � p � � p � � p � � p ¿ in £ � . Evidently, thepoint v p � p � p � � p � � p �� p � � p ¿ in £ � satisfiesthe6 elementalinequalitiesgiven in (14.8)and(14.12)
for y:zÔÍ�à ó à�|(z � with equality. Since £ � is definedby all theelemental
inequalities,theset

Æ v p � p � p � � p � � p � � p � � p ¿á±&£ �á³ p ù á�Ç (14.33)

is in theintersectionof 6 hyperplanesin ¦ � (i.e., â Ð ) definingtheboundaryof£ � , andhenceit definesanextremedirectionof £ � . Thentheproof saysthat
alongthis extremedirectionof £ � , only certaindiscretepoints,namelythose
pointswith p equalsÜ@Ý�Þ"ß for somepositive integer ß , areentropic.This is
illustratedin Figure14.2.As aconsequence,theregion £ ¤� is not convex.

Having provedthat £ ¤� ÿm £ � , it is naturalto conjecturethatthegapbetween£º¤� and £ � hasLebesguemeasure0. In otherwords, £ ¤� m £ � , where £ ¤� is the
closureof £ � . This conjectureis indeedtrueandwill beprovedat theendof
thesection.

More generally, we areinterestedin characterizing£ ¤k , the closureof £ ¤k .
Althoughtheregion £ ¤k is not sufficient for characterizingall informationin-
equalities,it is actually sufficient for characterizingall unconstrainedinfor-
mation inequalities. This canbe seenas follows. Following the discussion
in Section12.3.1,anunconstrainedinformationinequality ã ù á involving ørandomvariablesalwayshold if andonly if

£ ¤k Ä Æ ¨ ³ ã v ¨ ¿ ù á�Ç�â (14.34)

Since Æ ¨ ³ ã v ¨Ê¿ ù á�Ç is closed,upontakingclosureonbothsides,we have

£ ¤k Ä Æ ¨ ³ ã v ¨ ¿ ù á�Ç�â (14.35)
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On theotherhand,if ã ù á satisfies(14.35),then

£ ¤k Ä £ ¤k Ä Æ ¨ ³ ã v ¨Ê¿ ù á�Ç�â (14.36)

Therefore,(14.34)and(14.35)areequivalent,andhence£ ¤k is sufficient for
characterizingall unconstrainedinformationinequalities.

Wewill provein thenext theoremanimportantpropertyof theregion £ ¤k for
all øÅù � . This resultwill beusedin theproof for £ ¤� m £ � . Further, this result
will beusedin Chapter15 whenwe use £ ¤k to characterizetheachievablein-
formationrateregion for multi-sourcenetworking coding.It will alsobeused
in Chapter16 whenwe establisha fundamentalrelationbetweeninformation
theoryandgrouptheory.

We first prove a simplelemma. In the following, we useä k to denotethe
set Æ y � � �jijijiã� ø Ç .å ¶F»4»�æ¬¼�¾[¿aç

If ¨ and ¨ ¼ are in £ ¤k , then ¨ � ¨ ¼ is in £ ¤k .
Proof Consider̈ and ¨ ¼ in £ ¤k . Let ¨ representstheentropy functionfor ran-
domvariables

ß � � ß  �jijiji�� ß k , andlet ¨ ¼ representstheentropy function for
randomvariables

ß ¼� � ß ¼ �jijiji�� ß ¼k . Let v ß�� � ß  �jijijiÿ� ß�k ¿ and v ß ¼� � ß ¼ �jijiji��ß ¼k ¿ beindependent,anddefinerandomvariables� � � �  �jijiji�� � k by

� s m v ß s � ß ¼s ¿ (14.37)

for all ÍU±bä k . Thenfor any subsetû of ä k ,
t v ��è ¿ m twv ß è ¿ � twv ß ¼è ¿ m à è � à ¼ è â (14.38)

Therefore,̈
� ¨a¼ , which representstheentropy functionfor � � � �  �jijiji�� � k , is

in £ ¤k . Thelemmais proved.é ·º¹�·ºêKêKæ�¹Nëì¼�¾[¿í¾
If ¨²±&£ ¤k , then |Z¨ ±&£ ¤k for anypositiveinteger | .

Proof It sufficesto write

|Z¨ m ¨ � ¨ � ijiji � ¨î ï*ð ño (14.39)

andapplyLemma14.3.´µc¶¸·º¹[¶F»½¼�¾[¿@ò £ ¤k is a convex cone.

Proof Considertheentropy functionfor randomvariables
ß�� � ß  �jijijiÿ� ß�k all

takingconstantvalueswith probability1. Thenfor all subsetû of ä k ,
twv ß è1ó m á^â (14.40)
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Therefore,£¥¤k containstheorigin in ¦ k .
Let ¨ and ¨cô in £ ¤k be the entropy functionsfor any two setsof random

variables� � � �  �jijiji�� � k and õ � � õ  �jijiji�� õ k , respectively. In view of Corol-
lary 14.4,in orderto provethat £ ¤k is aconvex cone,weonly needto show that
if ¨ and ¨cô arein £ ¤k , then öQ¨ �&÷öj¨�ô is in £ ¤k for all á6à}öÞà�y , where

÷ö m y ~ ö .
Let v�ø � � ø  �jijiji�� ø k ó be | independentcopiesof v � � � �  �jijiji�� � k ó and vúù � �ù  �jijijiÿ� ù k ó be | independentcopiesof v õ � � õ  �jijiji�� õ k ó . Let û bea ternary

randomvariableindependentof all otherrandomvariablessuchthatüþýjÿ û m á�� m y ~��4~�� � üÒýjÿ û m y�� m � � üÒýjÿ û m ��� m � â
Now constructrandomvariables

ß � � ß  �jijiji�� ß k by lettingß s m	�
 � á if û m áø s if û m yù s if û m � .
Notethat twv û ó� á as � � � � á . Thenfor any nonemptysubsetû of ä k ,

t v ß è¸ó z t v ß è � û ó (14.41)m t v û ó � twv ß è Ò û ó (14.42)m t v û ó � � | t v ��è1ó � � | twv õ è¸ó â (14.43)

On theotherhand,

twv ß è¸ó ù twv ß è Ò û ó m � | twv �1è1ó � � | t v õ èFó â (14.44)

Combiningtheabove,we haveá�z twv ß è ó ~ v � | t v � è ó � � | twv õ è ó�ó z t v û ó â (14.45)

Now take � m ö| (14.46)

and � m ÷ö| (14.47)

to obtain á�z t v ß è�ó ~ v ö t v ��è¸ó � ÷ö t v õ è¸ó�ó z twv û ó â (14.48)

By letting | be sufficiently large, the upperboundcan be madearbitrarily
small.Thisshows that öQ¨ �w÷öQ¨cô[± £ ¤k . Thetheoremis proved.

In thenext theorem,we prove that £ ¤� and £ � arealmostidentical. Analo-
gousto £ ¤k , we will use

° ¤k to denotetheclosureof
° ¤k .
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´µc¶¸·º¹[¶F»½¼�¾[¿�� £ ¤� m £ � .
Proof Wefirst notethat £ ¤� m £ � if andonly if° ¤� m ° � â (14.49)

Since £ ¤��� £ � (14.50)

and £ � is closed,by takingclosureonbothsidesin theabove,weobtain £ ¤� �£ � â This implies that
° ¤� � ° � â Therefore,in order to prove the theorem,it

sufficesto show that
° � � ° ¤� â

We first show that the point v á � á � á � p � p � p � ~ p ó is in
° ¤� for all p � á .

Let randomvariables
ß�� � ß  , and

ß��
bedefinedasin Example6.10,i.e.,

ß��
and

ß  aretwo independentbinary randomvariablestaking valuesin
ÿ á � y��

accordingto theuniform distribution,andß���mMß�� � ß  mod ��â (14.51)

Let ¨²±&£ ¤� representstheentropy functionfor
ß � � ß  , and

ß �
, andlet

ª m¬« ý �� ¨±â (14.52)

As in theproofof Theorem14.2,welet Ï s , yzÑÍÒzÔÓ , bethecoordinatesof ¯ �
whichcorrespondto thevaluesof thequantitiesin (14.14),respectively. From
Example6.10,we have

Ï s m �
 � á for Í m y � � ���y for Í m � � � � 	~ y for Í m Ó . (14.53)

Thusthepoint v á � á � á � y � y � y � ~ y ó is in
° ¤� , andthe

�
-Measure� ¤ for

ß�� � ß  ,
and

ß��
is shown in Figure14.3. Thenby Corollary14.4, v á � á � á � | � | � | � ~ | ó

is in
° ¤� andhencein

° ¤� for all positive integer | . Since£ ¤� containstheorigin,° ¤� alsocontainstheorigin. By Theorem14.5, £ ¤� is convex. This implies
° ¤�

is alsoconvex. Therefore,v á � á � á � p � p � p � ~ p ó is in
° ¤� for all p � á .

Considerany ª ± ° � . Referringto (14.15),wehave

Ï s ù á (14.54)

for y z Í�z 	 . Thus ÏHÐ is the only componentof ª which canpossiblybe
negative. Wefirst considerthecasewhen Ï Ð ù á . Then ª is in thenonnegative
orthantof ¯ � , andby Lemma12.1, ª is in

° ¤� . Next, considerthecasewhenÏ�Ð àÕá . Let � m v á � á � á � ~ Ï�Ð � ~ Ï�Ð � ~ ÏHÐ � ÏHÐ ó â (14.55)



BeyondShannon-TypeInequalities 309

1 1

1

1

0
�

0
�

0
�

X1

X
�

2

X3
�

Figure 14.3. The
d
-Measure��� for

) � ,/) × , and
) Ê in theproofof Theorem14.6.

Then ª m�� � � � (14.56)

where � m v�Ï � � Ï  � Ï � � Ï � � Ï Ð � Ï � � Ï Ð � Ï � � Ï Ð � á ó â (14.57)

Since ~ ÏHÐ � á , we seefrom the foregoing that
� ± ° ¤� . From (14.15),we

have Ï s � Ï Ð ù á (14.58)

for Í m � � � � 	 . Thus
�

is in thenonnegative orthantin ¯ � andhencein
° ¤� by

Lemma12.1.Now for any � � á , let
� ô[± ° ¤� suchthat� � ~ � ô � à�� � (14.59)

where
� � ~ � ô � denotestheEuclideandistancebetween

�
and

� ô , andlet

ª ô m�� � � ô â (14.60)

Sinceboth
�

and
� ô arein

° ¤� , by Lemma14.3, ªcô is alsoin
° ¤� , and� ª ~ ª ô � m � � ~ � ô � à�� â (14.61)

Therefore,ª²± ° ¤� . Hence,
° � � ° ¤� , andthetheoremis proved.

Remark 1 Han[94] hasfound that £ � is thesmallestconethat contains£ ¤� .
This resulttogetherwith Theorem14.5impliesTheorem14.6. Theorem14.6
was alsoobtainedby Goli ¡� [85], and it is a consequenceof the theoremin
Mat ¡�! " [144].

Remark 2 We have shown that the region £ ¤k completelycharacterizesall
unconstrainedinformation inequalitiesinvolving ø randomvariables. Since£ ¤� m £ � , it follows that thereexists no unconstrainedinformation inequali-
tiesinvolving threerandomvariablesotherthantheShannon-typeinequalities.
However, whetherthereexist constrainednon-Shannon-typeinequalitiesin-
volving threerandomvariablesis still unknown.
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14.2 A NON-SHANNON-TYPE UNCONSTRAINED
INEQUALITY

Wehaveprovedin Theorem14.6at theendof thelastsectionthat £ ¤� m £ � .
It is naturalto conjecturethatthis theoremcanbegeneralizedto øÅù � . If this
conjectureis true, thenit follows thatall unconstrainedinformationinequali-
ties involving a finite numberof randomvariablesareShannon-typeinequal-
ities, and they canall be proved by ITIP running on a sufficiently powerful
computer. However, it turnsout thatthis is not thecaseevenfor ø m � .We will prove in thenext theoremanunconstrainedinformationinequality
involving four randomvariables.Thenwe will show that this inequality is a
non-Shannon-typeinequality, andthat £ ¤� ÿm £ � .´µc¶¸·º¹[¶F»½¼�¾[¿$#

For anyfour randomvariables
ß � � ß  � ß � , and

ß �
,

� � v ß � � ß � ó z � v ß � � ß  ó � � v ß � � ß � � ß � ó� � � v ß�� � ß�� Ò ß�� ó � � v ß�� � ß�� Ò ß  ó â (14.62)

Towardproving this theorem,we introducetwo auxiliary randomvariables%ß��
and

%ß  jointly distributedwith
ß�� � ß  � ß�� , and

ß��
suchthat

%&��Um'&��
and%&  m(&  . To simplify notation,we will use� �  ���*)�+) v�� � � �  � � � � � � � %� � � %�  ó to

denote� Ö � Ö ×�Ö Ê Ö-, )Ö � )Ö × v�� � � �  � � � � � � � %� � � %�  ó , etc. The joint distribution for

thesix randomvariables
ß�� � ß  � ß�� � ß�� � %ß�� , and

%ß  is definedby

� �  ���*)�+) v�� � � �  � � � � � � � %� � � %�  ó m.(/ � × Ê , æ10 � ç 0 ×tç 0 Ê ç 0 , í / � × Ê , æ )0 � ç )0 ×tç 0 Ê ç 0 , í/ Ê , æ20 Ê ç 0 , í if � ��� v�� � � � � ó � áá if � ��� v�� � � � � ó m á . (14.63)

å ¶F»4»�æ¬¼�¾[¿�3
v ß�� � ß  ó4� v ß�� � ß�� ó4� v %ß�� � %ß  ó (14.64)

forms a Markov chain. Moreover, v ß � � ß  � ß � � ß � ó and v %ß � � %ß  � ß � � ß � ó
havethesamemarginal distribution.

Proof TheMarkov chainin (14.64)is readilyseenby invokingProposition2.5.
The secondpart of the lemmais readily seento be true by noting in (14.63)
that � �  ���*)�+) is symmetricalin

ß��
and

%ß��
andin

ß  and
%ß  .

Fromtheabove lemma,we seethat thepair of auxiliary randomvariablesv %ß�� � %ß  ó correspondsto the pair of randomvariables v ß�� � ß  ó in the sense
that v %ß�� � %ß  � ß�� � ß�� ó havethesamemarginaldistributionas v ß�� � ß  � ß�� � ß�� ó .
Weneedto prove two inequalitiesregardingthesesix randomvariablesbefore
we prove Theorem14.7.
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For anyfour randomvariables

ß�� � ß  � ß�� , and
ß��

andauxil-
iary randomvariables

%ß �
and

%ß  asdefinedin (14.63),

� v ß � � ß � ó ~ � v ß � � ß � Ò ß � ó ~ � v ß � � ß � Ò ß  ó z � v ß � � %ß  ó â (14.65)

Proof Consider

� v ß�� � ß�� ó ~ � v ß�� � ß�� Ò ß�� ó ~ � v ß�� � ß�� Ò ß  ó6 ím 7 � v ß�� � ß�� ó ~ � v ß�� � ß�� Ò ß�� ó98 ~ � v ß�� � ß�� Ò %ß  ó (14.66)m � v ß � � ß � � ß � ó ~ � v ß � � ß � Ò %ß  ó (14.67)m 7 � v ß�� � ß�� � ß�� � %ß  ó � � v ß�� � ß�� � ß�� Ò %ß  ó98 ~ � v ß�� � ß�� Ò %ß  ó (14.68)m � v ß � � ß � � ß � � %ß  ó ~ 7 � v ß � � ß � Ò %ß  ó ~ � v ß � � ß � � ß � Ò %ß  ó98 (14.69)m � v ß�� � ß�� � ß�� � %ß  ó ~ � v ß�� � ß�� Ò ß�� � %ß  ó (14.70)m 7 � v ß�� � ß�� � %ß  ó ~ � v ß�� � ß�� � %ß  Ò ß�� ó98 ~ � v ß�� � ß�� Ò ß�� � %ß  ó (14.71)m 7 � v ß�� � %ß  ó ~ � v ß�� � %ß  Ò ß�� ó98 ~ 7 � v ß�� � %ß  Ò ß�� ó~ � v ß�� � %ß  Ò ß�� � ß�� ó98 ~ � v ß�� � ß�� Ò ß�� � %ß  ó (14.72): ím � v ß � � %ß  ó ~ � v ß � � %ß  Ò ß � ó ~ � v ß � � %ß  Ò ß � ó~ � v ß�� � ß�� Ò ß�� � %ß  ó (14.73)z � v ß�� � %ß  ó � (14.74)

wherea) follows becausewe seefrom Lemma14.8 that v ß  � ß�� � ß�� ó andv %ß  � ß�� � ß�� ó have thesamemarginal distribution,andb) follows because

� v ß�� � %ß  Ò ß�� � ß�� ó m á (14.75)

from theMarkov chainin (14.64).Thelemmais proved.

å ¶F»4»�æ¬¼�¾[¿�¼<;
For anyfour randomvariables

ß�� � ß  � ß�� , and
ß��

andaux-
iliary randomvariables

%ß �
and

%ß  asdefinedin (14.63),

� v ß�� � ß�� ó ~ � � v ß�� � ß�� Ò ß�� ó z � v ß�� � %ß�� ó â (14.76)

Proof Noticethat(14.76)canbeobtainedfrom (14.65)by replacing
ß  by

ß��
and

%ß  by
%ß��

in (14.65). The inequality(14.76)canbeproved by replacingß  by
ß �

and
%ß  by

%ß �
in (14.66)through(14.74)in the proof of the last

lemma.Thedetailsareomitted.
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Proof of Theorem 14.7 By adding(14.65)and(14.76),we have

� � v ß�� � ß�� ó ~ � � v ß�� � ß�� Ò ß�� ó ~ � v ß�� � ß�� Ò ß  óz � v ß�� � %ß  ó � � v ß�� � %ß�� ó (14.77)m � v ß�� � %ß  ó � 7 � v ß�� � %ß�� Ò %ß  ó � � v ß�� � %ß�� � %ß  ó98 (14.78)m 7 � v ß � � %ß  ó � � v ß � � %ß � Ò %ß  ó98 � � v ß � � %ß � � %ß  ó (14.79)m � v ß�� � %ß�� � %ß  ó � � v ß�� � %ß�� � %ß  ó (14.80)m � v ß�� � %ß�� � %ß  ó � 7 � v %ß�� � %ß  ó ~ � v %ß�� � %ß  Ò ß�� ó98 (14.81)z � v ß�� � %ß�� � %ß  ó � � v %ß�� � %ß  ó (14.82)6 íz � v ß�� � ß�� � ß�� ó � � v %ß�� � %ß  ó (14.83): ím � v ß�� � ß�� � ß�� ó � � v ß�� � ß  ó � (14.84)

wherea) follows from the Markov chain in (14.64),andb) follows because
weseefrom Lemma14.8that v %ß�� � %ß  ó and v ß�� � ß  ó have thesamemarginal
distribution. Notethattheauxiliary randomvariables

%ß �
and

%ß  disappearin
(14.84)afterthesequenceof manipulations.Thetheoremis proved.

´µc¶¸·º¹[¶F»½¼�¾[¿�¼Z¼
The inequality (14.62) is a non-Shannon-typeinequality,

and £ ¤� ÿm £ � .
Proof Considerfor any p � á thepoint

%¨ v p ó ±D¦ � , where%à � v p ó m %à  v p ó m %à � v p ó m %à � v p ó m � p �%à �  v p ó m � p � %à �Æ� v p ó m %à �-� v p ó m � p �%à  � v p ó m %à  � v p ó m %à ��� v p ó m � p �%à �  � v p ó m %à �  � v p ó m %à �Æ��� v p ó m %à  ��� v p ó m %à �  ��� v p ó m � p â (14.85)

Theset-theoreticstructureof
%¨ v p ó is illustratedby theinformationdiagramin

Figure14.4. Thereadershouldcheckthat this informationdiagramcorrectly
represents

%¨ v p ó asdefined.It is alsoeasyto checkfrom thisdiagramthat
%¨ v p ó

satisfiesall theelementalinequalitiesfor four randomvariables,andtherefore%¨ v p ó ±Ô£ � . However, uponsubstitutingthe correspondingvaluesin (14.62)
for

%¨ v p ó with thehelpof Figure14.4,we have

� p zÕá � p � á � á m p � (14.86)

which is a contradictionbecausep � á . In otherwords,
%¨ v p ó doesnot satisfy

(14.62).Equivalently,%¨ v p ó ÿ± ÿ ¨²±D¦ �{³ ¨ satisfies(14.62)��â (14.87)
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Figure 14.4. Theset-theoreticstructureof >? > Ç A .
Since

%¨ v p ó ±D£ � , we concludethat

£ � ÿ� ÿ ¨ ±D¦ �á³ ¨ satisfies(14.62)� � (14.88)

i.e., (14.62)is not implied by thebasicinequalitiesfor four randomvariables.
Hence,(14.62)is anon-Shannon-typeinequality.

Since(14.62)is satisfiedby all entropy functionsfor four randomvariables,
wehave £ ¤� � ÿ ¨ ±D¦ � ³ ¨ satisfies(14.62)� � (14.89)

andupontakingclosureonbothsides,we have

£ ¤�@� ÿ ¨ ±D¦ �á³ ¨ satisfies(14.62)��â (14.90)

Then(14.87)implies
%¨ v p ó ÿ± £ ¤� . Since

%¨ v p ó ±Ñ£ � and
%¨ v p ó ÿ± £ ¤� , we con-

cludethat £ ¤� ÿm £ � . Thetheoremis proved.

Remark We have shown in the proof of Theorem14.11that the inequality
(14.62)cannotbe proved by invoking the basicinequalitiesfor four random
variables.However, (14.62)canbe proved by invoking thebasicinequalities
for thesix randomvariables

ß�� � ß  � ß�� � ß�� � %ß�� , and
%ß  with thejoint prob-

ability distribution � �  ��� )� ) asconstructedin (14.63).

The inequality (14.62)remainsvalid when the indices1, 2, 3, and 4 are
permuted.Since(14.62) is symmetricalin

ß��
and

ß��
, �BA Ü���A m yR� distinct

versionsof (14.62)can be obtainedby permutingthe indices,and all these
twelve inequalitiesaresimultaneouslysatisfiedby theentropy functionof any
set of randomvariables

ß�� � ß  � ß�� , and
ß��

. We will denotethesetwelve
inequalitiescollectively by <14.62>.Now definetheregion%£ �`m ÿ ¨²±(£ �á³ ¨ satisfies<14.62>��â (14.91)
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Evidently, £ ¤� � %£ � � £ � â (14.92)

Sinceboth
%£ � and £ � areclosed,upontakingclosure,we alsohave

£ ¤� � %£ � � £ � â (14.93)

Since<14.62>arenon-Shannon-typeinequalitiesaswehaveprovedin thelast
theorem,

%£ � is apropersubsetof £ � andhenceatighterouterboundon £ ¤� and£ ¤� than £ � .
In thecourseof proving that(14.62)is of non-Shannon-type,it wasshown

in theproofof Theorem14.11thatthereexists
%¨ v p ó ±&£ � asdefinedin (14.85)

which doesnot satisfy(14.62). By investigatingthe geometricalrelationbe-
tween

%¨ v p ó and £ � , we prove in thenext theoremthat (14.62)in fact induces
a classof � �-� ~ y non-Shannon-typeconstrainedinequalities.Applicationsof
someof theseinequalitieswill bediscussedin Section14.4.´µc¶¸·º¹[¶F»½¼�¾[¿�¼NÁ

The inequality (14.62) is a non-Shannon-typeinequality
conditioningon settingany nonemptysubsetof the following 14 Shannon’s
informationmeasuresto zero:

� v ß � � ß  ó � � v ß � � ß  Ò ß � ó � � v ß � � ß  Ò ß � ó � � v ß � � ß � Ò ß � ó �� v ß�� � ß�� Ò ß�� ó � � v ß  � ß�� Ò ß�� ó � � v ß  � ß�� Ò ß�� ó � � v ß�� � ß�� Ò ß�� ó �� v ß�� � ß�� Ò ß  ó � � v ß�� � ß�� Ò ß�� � ß  ó � twv ß�� Ò ß  � ß�� � ß�� ó �t v ß  Ò ß�� � ß�� � ß�� ó � twv ß�� Ò ß�� � ß  � ß�� ó � twv ß�� Ò ß�� � ß  � ß�� ó â (14.94)

Proof It is easyto verify from Figure14.4 that
%¨ v p ó lies in exactly 14 hy-

perplanesin ¦ � (i.e., â � � ) definingthe boundaryof £ � which correspondto
settingthe 14 Shannon’s measuresin (14.94) to zero. Therefore,

%¨ v p ó forp ù á defineanextremedirectionof £ � .
Now for any linear subspaceC of ¦ � containing

%¨ v p ó , where p � á , we
have %¨ v p ó ±&£ �ED C (14.95)

and
%¨ v p ó doesnot satisfy(14.62).Therefore,

v £ �ED C ó ÿ� ÿ ¨²±&¦ �á³ ¨ satisfies(14.62)��â (14.96)

This meansthat(14.62)is a non-Shannon-typeinequalityundertheconstraintC . From theabove, we seethat C canbe taken to be the intersectionof any
nonemptysubsetof the 14 hyperplanescontaining

%¨ v p ó . Thus (14.62) is a
non-Shannon-typeinequalityconditioningon any nonemptysubsetof the14
Shannon’s measuresin (14.94)beingequalto zero. Hence,(14.62)inducesa
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classof � �-� ~ y non-Shannon-typeconstrainedinequalities. The theoremis
proved.

Remark It is not truethattheinequality(14.62)is of non-Shannon-typeunder
any constraint.Supposewe imposetheconstraint

� v ß�� � ß�� ó m á^â (14.97)

Then the left handsideof (14.62)becomeszero, and the inequality is triv-
ially implied by thebasicinequalitiesbecauseonly mutualinformationswith
positive coefficientsappearon the right handside. Then(14.62)becomesa
Shannon-typeinequalityundertheconstraintin (14.97).

14.3 A NON-SHANNON-TYPE CONSTRAINED
INEQUALITY

In thelastsection,we provedanon-Shannon-typeunconstrainedinequality
for four randomvariableswhich implies £ ¤� ÿm £ � . This inequality induces
a region

%£ � which is a tighter outerboundon £ ¤� and £ ¤� then £ � . We fur-
thershowed that this inequalityinducesa classof � �-� ~ y non-Shannon-type
constrainedinequalitiesfor four randomvariables.

In thissection,weproveanon-Shannon-typeconstrainedinequalityfor four
randomvariables.Unlike thenon-Shannon-typeunconstrainedinequalitywe
proved in the last section,this constrainedinequalityis not strongenoughto
imply that £ ¤� ÿm £ � . However, thelatteris not implied by theformer.

å ¶F»4»�æ¬¼�¾[¿�¼gç
Let � v�� � � �  � � � � � � ó beanyprobability distribution. Then%� v�� � � �  � � � � � � ó m .(/ æ20 � ç 0 Ê ç 0 , í / æ20 × ç 0 Ê ç 0 , í/ æ10 Ê ç 0 , í if � v�� � � � � ó � áá if � v�� � � � � ó m á (14.98)

is alsoa probabilitydistribution. Moreover,%� v�� � � � � � � � ó m � v�� � � � � � � � ó (14.99)

and %� v��  � � � � � � ó m � v��  � � � � � � ó (14.100)

for all � � � �  � � � , and � � .
Proof Theproof for thefirst part of the lemmais straightforward (seeProb-
lem4 in Chapter2). Thedetailsareomittedhere.

To prove the secondpart of the lemma,it suffices to prove (14.99)for all� � � � � , and � � because
%� v�� � � �  � � � � � � ó is symmetricalin � � and �  . We first
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consider� � , � � , and � � suchthat � v�� � � � � ó � á . From(14.98),we have%� v�� � � � � � � � ó m ä 0 × %� v�� � � �  � � � � � � ó (14.101)

m ä 0 × � v�� � � � � � � � ó � v��  � � � � � � ó� v�� � � � � ó (14.102)

m � v�� � � � � � � � ó� v�� � � � � ó ä 0 × � v��  � � � � � � ó (14.103)

m F/� v�� � � � � � � � ó� v�� � � � � óHG � v�� � � � � ó (14.104)m � v�� � � � � � � � ó â (14.105)

For � � � � � , and � � suchthat � v�� � � � � ó m á , wehaveábz � v�� � � � � � � � ó z�� v�� � � � � ó m á � (14.106)

which implies � v�� � � � � � � � ó m á^â (14.107)

Therefore,from (14.98),wehave%� v�� � � � � � � � ó m ä 0 × %� v�� � � �  � � � � � � ó (14.108)

m ä 0 × á (14.109)

m á (14.110)m � v�� � � � � � � � ó â (14.111)

Thuswe have proved(14.99)for all � � � � � , and � � , andthe lemmais proved.

´µc¶¸·º¹[¶F»½¼�¾[¿�¼�¾
For anyfour randomvariables

ß�� � ß  � ß�� , and
ß��

, if� v ß � � ß  ó m�� v ß � � ß  Ò ß � ó m á � (14.112)

then � v ß�� � ß�� ó z � v ß�� � ß�� Ò ß�� ó � � v ß�� � ß�� Ò ß  ó â (14.113)

Proof Consider� v ß�� � ß�� ó ~ � v ß�� � ß�� Ò ß�� ó ~ � v ß�� � ß�� Ò ß  óm äI � � I × � I Ê � I ,KJLKMNI � � I × � I Ê � I ,PORQTS / æ10 � ç 0 ×tç 0 Ê ç 0 , íVUXWZY LKMXI Ê � I ,ZO LVMNI � � I Ê O LKMNI � � I ,ZO LVMNI × � I Ê O LKMNI × � I ,ZOLKMXI Ê O LVMNI ,+O LVMNI � O LVMNI ×PO LVMNI � � I Ê � I ,ZO LVMNI × � I Ê � I ,ZO
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m l / ÜEÝ�Þ � v ß�� � ß�� ó � v ß�� � ß�� ó � v ß�� � ß�� ó � v ß  � ß�� ó � v ß  � ß�� ó� v ß�� ó � v ß�� ó � v ß�� ó � v ß  ó � v ß�� � ß�� � ß�� ó � v ß  � ß�� � ß�� ó �
(14.114)

wherewehaveused
l / to denoteexpectationwith respectto � v�� � � �  � � � � � � ó .

Weclaim thattheabove expectationis equalto

l )/ ÜEÝ�Þ � v ß�� � ß�� ó � v ß�� � ß�� ó � v ß�� � ß�� ó � v ß  � ß�� ó � v ß  � ß�� ó� v ß � ó � v ß � ó � v ß � ó � v ß  ó � v ß � � ß � � ß � ó � v ß  � ß � � ß � ó �
(14.115)

where
%� v�� � � �  � � � � � � ó is definedin (14.98).

Towardproving that theclaim is correct,we notethat (14.115)is the sum
of a numberof expectationswith respectto

%� . Let us consideroneof these
expectations,say

l )/ ÜEÝ�Þ�� v ß�� � ß�� ó m äI � � I × � I Ê � I ,VJ[LKMXI � � I × � I Ê � I ,+ORQTS %� v�� � � �  � � � � � � ó Ü@Ý�Þc� v�� � � � � ó â (14.116)

Notethatin theabove summation,if
%� v�� � � �  � � � � � � ó � á , thenfrom (14.98),

weseethat � v�� � � � � � � � ó � á � (14.117)

andhence � v�� � � � � ó � á^â (14.118)

Therefore,the summationin (14.116)is alwayswell-defined. Further, it can
bewritten asä0 � ç 0 Ê ç 0 , ÜEÝ�Þc� v�� � � � � ó ä0 ×+\ )/ æ10 � ç 0 ×tç 0 Ê ç 0 , í^] ð %� v�� � � �  � � � � � � óm ä0 � ç 0 Ê ç 0 , %� v�� � � � � � � � ó ÜEÝ�Þc� v�� � � � � ó â (14.119)

Thus
l )/ ÜEÝ�Þ[� v ß � � ß � ó dependson

%� v�� � � �  � � � � � � ó only through
%� v�� � � � � � � � ó ,

whichby Lemma14.13is equalto � v�� � � � � � � � ó . It thenfollows thatl )/ ÜEÝ�Þc� v ß � � ß � óm ä0 � ç 0 Ê ç 0 , %� v�� � � � � � � � ó ÜEÝ�Þ�� v�� � � � � ó (14.120)

m ä0 � ç 0 Ê ç 0 , � v�� � � � � � � � ó ÜEÝ�Þ�� v�� � � � � ó (14.121)

m l / ÜEÝ�Þ[� v ß�� � ß�� ó â (14.122)
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In other words, the expectationon ÜEÝ�Þc� v ß�� � ß�� ó canbe taken with respect
to either

%� v�� � � �  � � � � � � ó or � v�� � � �  � � � � � � ó without affecting its value. By
observingthatall themarginalsof � in thelogarithmin (14.115)involve only
subsetsof either

ÿ ß�� � ß�� � ß�� � or
ÿ ß  � ß�� � ß�� � , we seethat similar conclu-

sionscanbe drawn for all the otherexpectationsin (14.115),andhencethe
claim is proved.

Thustheclaim impliesthat� v ß�� � ß�� ó ~ � v ß�� � ß�� Ò ß�� ó ~ � v ß�� � ß�� Ò ß  óm l )/ ÜEÝ�Þ � v ß�� � ß�� ó � v ß�� � ß�� ó � v ß�� � ß�� ó � v ß  � ß�� ó � v ß  � ß�� ó� v ß � ó � v ß � ó � v ß � ó � v ß  ó � v ß � � ß � � ß � ó � v ß  � ß � � ß � óm äI � � I × � I Ê � I ,KJ[LKMNI � � I × � I Ê � I ,PORQTS )/ æ20 � ç 0 × ç 0 Ê ç 0 , íVUXWZY LKMXI Ê � I ,ZO LVMNI � � I Ê O LKMNI � � I ,ZO LVMNI × � I Ê O LKMNI × � I ,ZOLKMXI Ê O LVMNI ,+O LVMNI � O LVMNI ×PO LVMNI � � I Ê � I ,ZO LVMNI × � I Ê � I ,ZO
m ~ äI � � I × � I Ê � I ,KJ[LVMNI � � I × � I Ê � I ,ZO$QTS %� v�� � � �  � � � � � � ó ÜEÝ�Þ

%� v�� � � �  � � � � � � óú� v�� � � �  � � � � � � ó � (14.123)

whereú� v�� � � �  � � � � � � ó m.(/ æ20 � ç 0 Ê í / æ20 � ç 0 , í / æ10 × ç 0 Ê í / æ20 × ç 0 , í/ æ20 � í / æ10 × í / æ10 Ê í / æ10 , í if � v�� � ó � � v��  ó � � v�� � ó � � v�� � ó � áá otherwise.

(14.124)

Theequalityin (14.123)is justifiedby observingthatif � � � �  � � � , and � � are
suchthat

%� v�� � � �  � � � � � � ó � á , then

� v�� � � � � ó � � v�� � � � � ó � � v��  � � � ó � � v��  � � � ó � � v�� � ó � � v��  ó � � v�� � ó � � v�� � ó
(14.125)

areall strictly positive,andwe seefrom (14.124)that ú� v�� � � �  � � � � � � ó � á .
Tocompletetheproof,weonly needto show that ú� v�� � � �  � � � � � � ó is aprob-

ability distribution. Oncethis is proven,theconclusionof thetheoremfollows
immediatelybecausethe summationin (14.123),which is identified as the
divergencebetween

%� v�� � � �  � � � � � � ó and ú� v�� � � �  � � � � � � ó , is alwaysnonneg-
ativeby thedivergenceinequality(Theorem2.30).Towardthisend,wenotice
thatfor � � � �  , and � � suchthat � v�� � ó � á ,

� v�� � � �  � � � ó m¬� v�� � � � � ó � v��  � � � ó� v�� � ó (14.126)

by theassumption � v ß�� � ß  Ò ß�� ó m á � (14.127)
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andfor all � � and �  , � v�� � � �  ó m � v�� � ó � v��  ó (14.128)

by theassumption � v ß�� � ß  ó m á^â (14.129)

Thenä0 � ç 0 ×tç 0 Ê ç 0 , ú� v�� � � �  � � � � � � óm äI � � I × � I Ê � I ,_J`LVMNI � � I × � I Ê � I ,ZO$QTS ú� v�� � � �  � � � � � � ó (14.130)

m äI � � I × � I Ê � I ,_JLVMNI � O � LKMXI ×PO � LVMNI Ê O � LVMNI ,ZO$QTS � v��
� � � � ó � v�� � � � � ó � v��  � � � ó � v��  � � � ó� v�� � ó � v��  ó � v�� � ó � v�� � ó (14.131)6 ím äI � � I × � I Ê � I ,_JLVMNI � O � LKMXI ×PO � LVMNI Ê O � LVMNI ,ZO$QTS � v��
� � �  � � � ó � v�� � � � � ó � v��  � � � ó� v�� � ó � v��  ó � v�� � ó (14.132): ím äI � � I × � I Ê � I ,_JLVMNI � O � LKMXI ×PO � LVMNI Ê O � LVMNI ,ZO$QTS � v��
� � �  � � � ó � v�� � � � � ó � v��  � � � ó� v�� � � �  ó � v�� � ó (14.133)

m äI � � I × � I ,VJLVMNI � O � LKMXI ×PO � LVMNI ,+ORQaS � v�� � � � � ó � v��  � � � ó� v�� � ó ä0 Ê \ / æ10 Ê íb] ð � v�� � Ò � � � �  ó (14.134)

m äI � � I × � I ,VJLVMNI � O � LKMXI ×PO � LVMNI ,+ORQaS � v�� � � � � ó � v��  � � � ó� v�� � ó (14.135)

m äI × � I ,VJLVMNI ×PO � LKMXI ,ZORQTS � v��  � � � ó ä0 � \ / æ20 � íb] ð � v�� � Ò � � ó (14.136)

� ím äI × � I ,VJLVMNI ×PO � LKMXI ,ZORQTS � v��  � � � ó (14.137)c ím y � (14.138)

wherea)andb) followsfrom (14.126)and(14.128),respectively. Theequality
in c) is justifiedasfollows. For � � suchthat � v�� � ó m á ,

� v�� � Ò � � ó m � v�� � ó � v�� � Ò � � ó� v�� � ó
m á^â (14.139)

Therefore ä0 � \ / æ10 � íb] ð � v�� � Ò � � ó m ä 0 � � v�� � Ò � � ó m y�â (14.140)
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Finally, theequalityin d) is justifiedasfollows. For �  and � � suchthat � v��  ó
or � v�� � ó vanishes,� v��  � � � ó mustvanishbecauseá�z � v��  � � � ó z � v��  ó (14.141)

and ábz � v��  � � � ó z � v�� � ó â (14.142)

Therefore, äI × � I ,_JLVMNI ×PO � LKMNI ,PORQTS � v��  � � � ó m ä0 ×tç 0 , � v��  � � � ó m y�â (14.143)

Thetheoremis proved.´µc¶¸·º¹[¶F»½¼�¾[¿�¼Nò
The constrained inequality in Theorem 14.14 is a non-

Shannon-typeinequality.

Proof The theoremcanbe proved by consideringthe point
%¨ v p ó ±
¦ � forp � á asin theproof of Theorem14.11.Thedetailsareleft asanexercise.

Theconstrainedinequalityin Theorem14.14hasthefollowing geometrical
interpretation. The constraintsin (14.112)correspondto the intersectionof
two hyperplanesin ¦ � which definethe boundaryof £ � . Thenthe inequal-
ity (14.62)saysthat a certainregion on the boundaryof £ � is not in £ ¤� . It
canfurtherbeprovedby computation1 that theconstrainedinequalityin The-
orem14.14is not implied by thetwelve distinctversionsof theunconstrained
inequalityin Theorem14.7(i.e.,<14.62>)togetherwith thebasicinequalities.

We have proved in the last sectionthat the non-Shannon-typeinequality
(14.62)impliesa classof � �-� ~ y constrainednon-Shannon-typeinequalities.
Weendthis sectionby proving a similar resultfor thenon-Shannon-typecon-
strainedinequalityin Theorem14.14.´µc¶¸·º¹[¶F»½¼�¾[¿�¼<�

Theinequality� v ß�� � ß�� ó z � v ß�� � ß�� Ò ß�� ó � � v ß�� � ß�� Ò ß  ó (14.144)

is a non-Shannon-typeinequalityconditioningon settingboth
� v ß�� � ß  ó and� v ß � � ß  Ò ß � ó andanysubsetof thefollowing12Shannon’s informationmea-

suresto zero:

� v ß � � ß  Ò ß � ó � � v ß � � ß � Ò ß � ó � � v ß � � ß � Ò ß � ó �� v ß  � ß�� Ò ß�� ó � � v ß  � ß�� Ò ß�� ó � � v ß�� � ß�� Ò ß�� ó �� v ß�� � ß�� Ò ß  ó � � v ß�� � ß�� Ò ß�� � ß  ó � twv ß�� Ò ß  � ß�� � ß�� ó �t v ß  Ò ß�� � ß�� � ß�� ó � twv ß�� Ò ß�� � ß  � ß�� ó � twv ß�� Ò ß�� � ß  � ß�� ó â (14.145)

1Ying-OnYan,privatecommunication.
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Proof Theproofof this theoremis verysimilar to theproofof Theorem14.12.
Wefirstnotethat

� v ß � � ß  ó and
� v ß � � ß  Ò ß � ó togetherwith the12Shannon’s

information measuresin (14.145)are exactly the 14 Shannon’s information
measuresin (14.94). We have alreadyshown in the proof of Theorem14.12
that

%¨ v p ó (cf. Figure14.4)lies in exactly14hyperplanesdefiningtheboundary
of £ � whichcorrespondto settingthese14Shannon’s informationmeasuresto
zero. We alsohave shown that

%¨ v p ó for p ù á defineanextremedirectionof£ � .
Denoteby C ð the intersectionof the two hyperplanesin ¦ � which corre-

spondto setting
� v ß�� � ß  ó and

� v ß�� � ß  Ò ß�� ó to zero. Since
%¨ v p ó for anyp � á satisfies � v ß�� � ß  ó m�� v ß�� � ß  Ò ß�� ó m á � (14.146)%¨ v p ó is in C ð . Now for any linearsubspaceC of ¦ � containing
%¨ v p ó suchthatC � C ð , we have %¨ v p ó ±&£ �ED CÂâ (14.147)

Uponsubstitutingthecorrespondingvaluesin (14.113)for
%¨ v p ó with thehelp

of Figure14.4,we have p zÕá � á m á � (14.148)

which is a contradictionbecausep � á . Therefore,
%¨ v p ó doesnot satisfy

(14.113).Therefore,

v £ �ED C ó ÿ� ÿ ¨ ±D¦ �á³ ¨ satisfies(14.113)��â (14.149)

Thismeansthat(14.113)is anon-Shannon-typeinequalityundertheconstraintC . Fromtheabove,weseethat C canbetakento betheintersectionof C ð and
any subsetof the12hyperplaneswhichcorrespondto settingthe12Shannon’s
informationmeasuresin (14.145)to zero.Hence,(14.113)is a non-Shannon-
type inequalityconditioningon

� v ß�� � ß  ó , � v ß�� � ß  Ò ß�� ó , andany subsetof
the 12 Shannon’s informationmeasuresin (14.145)beingequalto zero. In
otherwords,theconstrainedinequalityin Theorem14.14in factinducesaclass
of � �  constrainednon-Shannon-typeinequalities.Thetheoremis proved.

14.4 APPLICATIONS
As we have mentionedin Chapter12, informationinequalitiesarethelaws

of informationtheory. In this section,we give severalapplicationsof thenon-
Shannon-typeinequalitieswehaveprovedin thischapterin probabilitytheory
andinformationtheory. An applicationof theunconstrainedinequalityproved
in Section14.2in grouptheorywill bediscussedin Chapter16.dfe æº»hgFêN¶Ñ¼�¾[¿/¼�#

For theconstrainedinequalityin Theorem14.14,if wefur-
ther imposetheconstraints� v ß�� � ß�� Ò ß�� ó m�� v ß�� � ß�� Ò ß  ó m á � (14.150)
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thentheright handsideof (14.113)becomeszero. Thisimplies� v ß�� � ß�� ó m á (14.151)

because
� v ß�� � ß�� ó is nonnegative. Thismeansthatß�� � ß ß�� � ß  Ò ß��ß�� � ß�� Ò ß��ß ��� ß � Ò ß 

i jjkjjl � ß�� � ß�� â (14.152)

We leaveit asan exercisefor the readerto showthat this implicationcannot
bededucedfromthebasicinequalities.dfe æº»hgFêN¶Ñ¼�¾[¿/¼<3

If weimposetheconstraints� v ß�� � ß  ó m�� v ß�� � ß�� � ß�� ó m�� v ß�� � ß�� Ò ß�� ó m�� v ß�� � ß�� Ò ß  ó m á �
(14.153)

thentheright handsideof (14.62)becomeszero, which implies� v ß�� � ß�� ó m á^â (14.154)

Thismeansthat ß �"� ß ß�� � v ß�� � ß�� óß ��� ß � Ò ß �ß�� � ß�� Ò ß 
i jjkjjl � ß�� � ß�� â (14.155)

Notethat (14.152)and(14.155)differ only in thesecondconstraint. Again,we
leaveit as an exercisefor the readerto showthat this implication cannotbe
deducedfromthebasicinequalities.dfe æº»hgFêN¶Ñ¼�¾[¿/¼<5

Considera fault-tolerant datastorage systemconsistingof
randomvariables

ß�� � ß  � ß�� � ß�� such that any threerandomvariablescan
recover theremainingone, i.e.,

t v ß s Ò ßnm �+ó ÿm Í ó m á � y{zÑÍ �+ó zÑ�Íâ (14.156)

Weare interestedin thesetof all entropyfunctionssubjectto theseconstraints,
denotedby o , which characterizestheamountof joint informationwhich can
possiblybestoredin such a datastorage system.LetC m¬ÿ ¨ ±D¦ �{³ ¨ satisfies(14.156)��â (14.157)

Thentheset o is equalto theintersectionbetween£ ¤� and C , i.e., £ ¤� D C .
Sinceeach constraint in (14.156)is oneof the 14 constraints specifiedin

Theorem 14.12,we seethat (14.62) is a non-Shannon-type inequalityunder
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theconstraints in (14.156).Then
%£ �ED C (cf. (14.91))is a tighter outerbound

on o than £ �ED C .dfe æº»hgFêN¶Ñ¼�¾[¿ØÁ�;
Considerfour randomvariables

ß � � ß  � ß � , and
ß �

such
that

ß�� � v ß�� � ß  óp� ß��
formsa Markov chain. ThisMarkov conditionis

equivalentto � v ß�� � ß�� Ò ß�� � ß  ó m á^â (14.158)

It canbeprovedby invokingthebasicinequalities(usingITIP) that

� vrq � � q � ó z � vrq � � q � Ò q � ó � � vrq � � q � Ò q  ó �ts�u � � vrq � � q  ó
� q � vrq � � q � � q � ó � v y ~ q ó � vrq  � q � � q � ó � (14.159)

where
s�u ����z q z s�u Ó�� , andthis is thebestpossible.

Nowobservethat theMarkov condition(14.158)is oneof the14constraints
specifiedin Theorem14.12.Therefore, (14.62)is a non-Shannon-type inequal-
ity under this Markov condition. By replacing q � and q  by each other in
(14.62),weobtain

� � vrq � � q � ó z � vrq � � q  ó � � vrq  � q � � q � ó
� � � vrq � � q � Ò q  ó � � vrq � � q � Ò q � ó u (14.160)

Uponadding(14.62)and(14.160)anddividing by4, weobtain

� vrq � � q � ó z � vrq � � q � Ò q � ó � � vrq � � q � Ò q  ó �ts�u � � vrq � � q  ó
�vs�u ��� � vrq � � q � � q � ó �ws�u ��� � vrq  � q � � q � ó u (14.161)

Comparingthe last two termsin (14.159)and the last two termsin (14.161),
weseethat (14.161)is a sharperupperboundthan(14.159).

TheMarkov chain q � � vrq � � q  óv� q � arisesin manycommunication
situations.Asanexample, considerapersonlisteningtoanaudiosource. Then
the situationcan be modeledby this Markov chain with q � beingthe sound
wavegeneratedat thesource, q � and q  beingthesoundwavesreceivedat
thetwoeardrums,and q � beingthenerveimpulseswhich eventuallyarrive at
thebrain. Theinequality(14.161)givesan upperboundon

� vrq � � q � ó which
is tighter thanwhatcanbeimpliedby thebasicinequalities.

There is someresemblancebetweentheconstrainedinequality(14.161)and
thedataprocessingtheorem,but there doesnot seemto beanydirect relation
betweenthem.
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PROBLEMS
1. Verify by ITIP thattheunconstrainedinformationinequalityin Theorem14.7

is of non-Shannon-type.

2. Verify by ITIP andprove analyticallythat theconstrainedinformationin-
equalityin Theorem14.14is of non-Shannon-type.

3. UseITIP toverify theunconstrainedinformationinequalityin Theorem14.7.
Hint: Createtwoauxiliaryrandomvariablesasin theproofof Theorem14.7
andimposeappropriateconstraintson therandomvariables.

4. Verify by ITIP that the implicationsin Examples14.17and14.18cannot
bededucedfrom thebasicinequalities.

5. Canyou show thatthesetsof constraintsin Examples14.17and14.18are
in factdifferent?

6. Let q s � Í m y � � �jijijiÿ� ø , õ , and x bediscreterandomvariables.

a) Prove that

ø � v õ � x ó ~
käm ï � � v õ � x=Ò q m ó ~ ø � v õ � x=Ò q s ó

z � vrq s�� õ � x ó � käm ï � t vrq m ó ~ twvrq � � q  �jijiji�� q k ó u
Hint: When ø m � , this inequalityreducesto theunconstrainednon-
Shannon-typeinequalityin Theorem14.7.

b) Prove that

ø � v õ � x ó ~ �
käm ï � � v õ � x=Ò q m ó

z yø
kä s ï � � vrq s�� õ � x ó � käm ï � twvrq m ó ~ twvrq � � q  �jijiji�� q k ó u

( ZhangandYeung[239].)

7. Let � v�� � � �  � � � � � � ó bethejoint distribution for randomvariablesq � , q  ,q � , and q � suchthat
� vrq � � q  Ò q � ó m � vrq  � q � Ò q � ó m s

, andlet
%� be

definedin (14.98).

a) Show that � v�� � � �  � � � � � � óm . q i / æ10 � ç 0 × ç 0 Ê í / æ20 � ç 0 , í / æ20 × ç 0 , í/ æ20 � ç 0 × í / æ20 , í if � v�� � � �  ó � � v�� � ó � ss
otherwise
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definesaprobabilitydistribution for anappropriateq ù y .b) Prove that
%� v�� � � �  � � � ó m � v�� � � �  � � � ó for all � � , �  , and � � .

c) By consideringy v %� �  � ó ù s , prove that

t vrq �Æ� ó � t vrq �-� ó � t vrq  � ó � t vrq  � ó � t vrq ��� óù t vrq � ó � t vrq � ó � t vrq �  ó � t vrq �Æ��� ó � t vrq  ��� ó �
wheretwvrq �Æ��� ó denotest vrq � � q � � q � ó , etc.

d) Prove thatundertheconstraintsin (14.112),theinequalityin (14.113)
is equivalentto theinequalityin c).

The inequalityin c) is referredto asthe Ingletoninequalityfor entropy in
the literature. For the origin of the Ingletoninequality, seeProblem9 in
Chapter16. (Mat ¡�! " [146].)

HISTORICAL NOTES
In 1986,Pippenger[165] asked whetherthereexist constraintson the en-

tropy function other than the polymatroidalaxioms,which areequivalent to
the basicinequalities. He called the constraintson the entropy function the
lawsof informationtheory. Theproblemhadbeenopensincethenuntil Zhang
and Yeung discovered for four randomvariablesfirst the constrainednon-
Shannon-typeinequalityin Theorem14.14[238] andthenthe unconstrained
non-Shannon-typeinequalityin Theorem14.7[239].

YeungandZhang[237] have subsequentlyshown thateachof theinequali-
tiesreportedin [238] and[239] impliesa classof non-Shannon-typeinequal-
ities, andthey have appliedsomeof theseinequalitiesin informationtheory
problems. The existenceof theseinequalitiesimplies that thereare laws in
informationtheorybeyondthoselaid down by Shannon[184].

Meanwhile,Mat ¡�z " andStuden¡¢ [144][147][145]hadbeenstudyingthestruc-
ture of conditionalindependence(which subsumesthe implication problem)
of randomvariables.Mat ¡�z " [146] finally settledtheproblemfor four random
variablesby meansof a constrainednon-Shannon-typeinequalitywhich is a
variationof theinequalityreportedin [238].

Thenon-Shannon-typeinequalitiesthathave beendiscoveredinduceouter
boundson theregion £ ¤� which aretighter than £ � . Mat ¡�! " andStuden¡¢ [147]
showed that an entropy function in £ � is entropicif it satisfiesthe Ingleton
inequality(seeProblem9 in Chapter16). This givesan inner boundon £º¤� .
A moreexplicit proof of this inner boundcanbe found in ZhangandYeung
[239], wherethey showedthatthisboundis not tight.

Along a relateddirection, Hammeret al. [90] have shown that all linear
inequalitieswhich alwayshold for Kolmogorov complexity alsoalwayshold
for entropy, andviceversa.





Chapter15

MULTI-SOURCE NETWORK CODING

In Chapter11,wehavediscussedthesingle-sourcenetwork codingproblem
in whichaninformationsourceis multicastin apoint-to-pointcommunication
network. Themaximumrateat which informationcanbemulticasthasasim-
ple characterizationin termsof themaximumflows in thegraphrepresenting
the network. In this chapter, we considerthe moregeneralmulti-sourcenet-
work codingproblemin which morethanonemutuallyindependentinforma-
tion sourcesaregeneratedatpossiblydifferentnodes,andeachof theinforma-
tion sourcesis multicastto a specificsetof nodes.Wecontinueto assumethat
thepoint-to-pointcommunicationchannelsin thenetwork arefreeof error.

The achievableinformationrate region for a multi-sourcenetwork coding
problem,which will be formally definedin Section15.3, refersto the setof
all possibleratesat which multiple informationsourcescanbe multicastsi-
multaneouslyon a network. In a single-sourcenetwork codingproblem,we
areinterestedin characterizingthemaximumrateatwhich informationcanbe
multicastfrom thesourcenodeto all thesinknodes.In amulti-sourcenetwork
codingproblem,weareinterestedin characterizingtheachievableinformation
rateregion.

Multi-sourcenetwork codingturnsoutnottobeasimpleextensionof single-
sourcenetwork coding. This will becomeclearafter we have discussedtwo
characteristicsof multi-sourcenetwork coding in the next section. Unlike
thesingle-sourcenetwork codingproblemwhich hasanexplicit solution,the
multi-sourcenetwork codingproblemhasnot beencompletelysolved. The
bestcharacterizationsof the achievable information rate region of the latter
problem(for acyclic networks) which have beenobtainedso far make use
of the tools we have developedfor informationinequalitiesin Chapter12 to
Chapter14. Thiswill beexplainedin thesubsequentsections.

327
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Figure 15.1. A network whichachievesthemax-flow bound.

15.1 TWO CHARACTERISTICS
In this section,we discusstwo characteristicsof multi-sourcenetworking

codingwhich differentiateit from single-sourcenetwork coding. In the fol-
lowing discussion,theunit of informationis thebit.

15.1.1 THE MAX-FLO W BOUNDS
Themax-flow bound,which fully characterizesthemaximumrateat which

informationcanbemulticast,playsacentralrolein single-sourcenetwork cod-
ing. Wenow revisit thisboundin thecontext of multi-sourcenetwork coding.

Considerthe graphin Figure15.1(a). The capacityof eachedgeis equal
to 1. Two independentinformationsourcesq � and q  with rates� � and �  ,
respectively are generatedat node1. Supposewe want to multicast q � to
nodes2 and4 andmulticastq  to nodes3 and4. In thefigure,aninformation
sourcein squarebracketsis onewhich is to bereceivedat thatnode.

It is easyto seethat thevaluesof a max-flow from node1 to node2, from
node1 to node3, andfrom node1 to node4 arerespectively 1, 1, and2. At
node2 andnode3, information is received at rates � � and �  , respectively.
At node4, information is received at rate � � � �  becauseq � and q  are
independent.Applying themax-flow boundatnodes2, 3, and4, we have� � z y (15.1)�  z y (15.2)

and � � � �  z}� � (15.3)

respectively. We referto (15.1)to (15.3)asthemax-flow bounds.Figure15.2
is an illustrationof all v � � � �  ó which satisfythesebounds,where � � and � 
areobviously nonnegative.
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�
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�

Figure 15.2. Themax-flow boundsfor thenetwork in Figure15.1.

Wenow show thattheratepair v y � y ó is achievable.Let ö�� beabit generated
by q � and öK� be a bit generatedby q � . In the schemein Figure15.1(b), ö �
is receivedat node2, öK� is receivedat node3, andboth ö � and öK� arereceived
at node4. Thusthemulticastrequirementsaresatisfied,andthe information
ratepair v y � y ó is achievable. This implies that all v � � � ��� ó which satisfythe
max-flow boundsare achievable becausethey are all inferior to v y � y ó (see
Figure.15.2).In thissense,wesaythatthemax-flow boundsareachievable.

Supposewenow wantto multicastq � to nodes2, 3, and4 andmulticastq �
to node4 asillustratedin Figure15.3.Applying themax-flow boundat either
node2 or node3 gives � � z�y � (15.4)

andapplyingthemax-flow boundat node4 gives����w� � z�� u (15.5)

2 3

1

4
�[X1] [X1]

[X1X2]

X1X2

Figure 15.3. A network whichdoesnotachieve themax-flow bounds.
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Figure 15.4. Themax-flow boundsfor thenetwork in Figure15.3.

Figure15.4is anillustrationof all �r� �*� ��� ó whichsatisfythesebounds.
Wenow show thattheinformationratepair �P� � � ó is notachievable.Suppose

we needto senda bit ö � generatedby q � to nodes2, 3, and4 andsenda bitöV� generatedby q � to node4. Since ö � hasto berecoveredat node2, thebit
sentto node2 mustbeaninvertibletransformationof ö�� . This impliesthatthe
bit sentto node2 cannotnot dependon �K� . Similarly, the bit sentto node3
alsocannotdependon �K� . Therefore,it is impossiblefor node4 to recover �K�
becauseboththebits receivedat nodes2 and3 do not dependon �V� . Thusthe
informationratepair �P� � ��� is not achievable,which impliesthatthemax-flow
bounds(15.4)and(15.5)arenotachievable.

Fromthelastexample,weseethatthemax-flow boundsdonotalwaysfully
characterizethe achievable information rate region. Nevertheless,the max-
flow boundsalwaysgive an outer boundon the achievable information rate
region.

15.1.2 SUPERPOSITION CODING
Considera point-to-pointcommunicationsystemrepresentedby thegraph

in Figure15.5(a),wherenode1 is thetransmittingpoint andnode2 is there-
ceiving point. Thecapacityof channel(1,2) is equalto 1. Let two independent
informationsources� � and ��� , whoseratesare � � and ��� , respectively, be
generatedatnode1. It is requiredthatboth � � and ��� arereceivedatnode2.

We first considercodingthe informationsources� � and ��� individually.
We will refer to sucha codingmethodassuperpositioncoding. To do so,we
decomposethegraphin Figure15.5(a)into thetwo graphsin Figures15.5(b)
and(c). In Figure15.5(b), � � is generatedat node1 andreceived at node2.
In Figure15.5(c),��� is generatedatnode1 andreceivedatnode2. Let ���1�1�� � be
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Figure 15.5. A network for whichsuperpositioncodingis optimal.

thebit rateon channel(1,2) for transmitting� � , � �¡� � � . Then� � � �� �£¢ � � (15.6)

and � � � �� ��¢ � � � (15.7)

which imply � � � �� � �t� � � �� ��¢ � � �w����¤ (15.8)

On theotherhand,from therateconstraintfor edge(1,2),we have� � � �� � �w� � � �� ��¥ �a¤ (15.9)

From(15.8)and(15.9),we obtain� � �w��� ¥ �a¤ (15.10)

Next, we considercodingthe informationsources� � and ��� jointly. To
thisend,since�¦� and � � areindependent,thetotal rateatwhich information
is receivedat node2 is equalto � � �t��� . Fromtherateconstraintfor channel
(1,2), we againobtain (15.10). Therefore,we concludethat when � � and��� areindependent,superpositioncodingis alwaysoptimal. The achievable
informationrateregion is illustratedin Figure15.6.

The above example is a degenerateexampleof multi-sourcenetworking
codingbecausethereareonly two nodesin the network. Nevertheless,one
may hopethat superpositioncoding is optimal for all multi-sourcenetwork-
ing codingproblems,sothatany multi-sourcenetwork codingproblemcanbe
decomposedinto single-sourcenetwork codingproblemswhichcanbesolved
individually. Unfortunately, this is not thecase,aswe now explain.

Considerthegraphin Figure15.7.Thecapacitiesof all theedgesareequal
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Figure 15.6. Theachievableinformationrateregion for thenetwork in Figure15.5(a).

to 1. We want to multicast � � to nodes2, 5, 6, and7, andmulticast ��� to
nodes5, 6, and7.

Wefirst considercoding � � and ��� individually. Let� ���2��©¨ ¢�ª (15.11)

bethebit rateon edge �P� �9« � for thetransmissionof � � , where« �¬� �_��Z® and� �¡� � � . Thentherateconstraintson edges�P� � �<� , �P� �_ � , and �P� �Z® � imply� � � �� � �¯� � � �� � ¥ � (15.12)� � � ��9° �¯� � � ��9° ¥ � (15.13)� � � ��²± �¯� � � ��²± ¥ �a¤ (15.14)
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Figure 15.7. A network for whichsuperpositioncodingis notoptimal.
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Figure 15.8. Theindividual multicastrequirementsfor thenetwork in Figure15.7.

Togetherwith (15.11),we seethatªÄ¥ ���1�1��©¨ ¥ � (15.15)

for all « �Å� �_��Z® and � �¡� � � .
We now decomposethe graphin Figure15.7 into the two graphsin Fig-

ures15.8(a)and(b) which show theindividual multicastrequirementsfor � �
and ��� , respectively. In thesetwo graphs,theedges(1,2),(1,3),and(1,4)are
labeledby thebit ratesfor transmittingthecorrespondinginformationsource.

We now show by contradictionthat the information rate pair (1,1) is not
achievableby coding� � and��� individually. Assumethatthecontraryis true,
i.e., the informationratepair (1,1) is achievable. Referringto Figure15.8(a),
sincenode2 receives �¦Æ at rate1, � � Æ �Æ9Ç ¢ �a¤ (15.16)

At node7, since� Æ is receivedvia nodes3 and4,� � Æ �Æ9°ÉÈ � � Æ �Æ²± ¢ �a¤ (15.17)

Similar considerationsatnodes5 and6 in Figure15.8(b)give� � Ç �Æ9Ç È � � Ç �Æ9°£¢ � (15.18)

and � � Ç �Æ9ÇÉÈ � � Ç �Æ²± ¢ �a¤ (15.19)

Now (15.16)and(15.15)implies ��� Æ �Æ9Ç �Ê�a¤ (15.20)
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Figure15.9. A codingschemefor thenetwork in Figure15.7.

With (15.12)and(15.15),this implies� � Ç �Æ9Ç � ª ¤ (15.21)

From(15.21),(15.18),and(15.15),we have� � Ç �Æ9° �Ê�a¤ (15.22)

With (15.13)and(15.15),this implies��� Æ �Æ9° � ª ¤ (15.23)

It thenfollows from (15.23),(15.17),and(15.15)that� � Æ �Æ²± �Ê�a¤ (15.24)

Togetherwith (15.14)and(15.15),this implies� � Ç �Æ²± � ª ¤ (15.25)

However, uponadding(15.21)and(15.25),we obtain� � Ç �Æ9ÇÉÈ � � Ç �Æ²± � ª � (15.26)

which is a contradictionto (15.19).Thuswe have shown that theinformation
ratepair (1,1)cannotbeachievedby coding � Æ and � Ç individually.

However, theinformationratepair (1,1)canactuallybeachievedby coding�¦Æ and ��Ç jointly. Figure15.9shows sucha scheme,where ��Æ is a bit gen-
eratedby � Æ and � Ç is a bit generatedby � Ç . Notethatat node4, thebits � Æ
and � Ç , which aregeneratedby two different informationsources,arejointly
coded.

Hence,we concludethatsuperpositioncodingis not necessarilyoptimal in
multi-sourcenetwork coding. In otherwords,in certainproblems,optimality
canbeachievedonly by codingtheinformationsourcesjointly.
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Figure 15.10. A 3-level diversitycodingsystem.

15.2 EXAMPLES OF APPLICATION
Multi-sourcenetwork codingis averyrich modelwhichencompassesmany

communicationsituationsarisingfrom fault-tolerantnetwork communication,
disk array, satellitecommunication,etc. In this section,we discusssomeap-
plicationsof themodel.

15.2.1 MULTILEVEL DIVERSITY CODING
Let �¦Æ � ��Ç �ÑÐÑÐÑÐÒ� �ÔÓ be Õ informationsourcesin decreasingorderof im-

portance.Theseinformationsourcesareencodedinto piecesof information.
Therearea numberof users,eachof themhaving accessto a certainsubsetof
theinformationpieces.Eachuserbelongsto a levelbetween1 and Õ , wherea
Level Ö usercandecode� Æ�� � Ça�ÑÐÑÐÑÐ�� ��× . Thismodel,calledmultilevel diver-
sity coding,finds applicationsin fault-tolerantnetwork communication,disk
array, anddistributeddataretrieval.

Figure15.10shows agraphwhich representsa3-level diversitycodingsys-
tem. The graphconsistsof threelayersof nodes. The top layer consistsof
a nodeat which informationsources� Æ , � Ç , and � ° aregenerated.These
informationsourcesareencodedinto threepieces,eachof which is storedin
a distinct nodein the middle layer. The nodesin the bottomlayer represent
theusers,eachof thembelongingto oneof thethreelevels. Eachof thethree
Level 1 usershasaccessto adistinctnodein themiddlelayeranddecodes� Æ .
Eachof thethreeLevel 2 usershasaccessto a distinctsetof two nodesin the
middlelayeranddecodes�¦Æ and ��Ç . Thereis only oneLevel 3 user, whohas
accessto all thethreenodesin themiddlelayeranddecodes� Æ , � Ç , and � ° .
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Themodelrepresentedby thegraphin Figure15.10is calledsymmetrical3-
level diversitycodingbecausethemodelis unchangedby permutingthenodes
in the middle layer. By degeneratinginformation sources� Æ and � ° , the
modelis reducedto thediversitycodingmodeldiscussedin Section11.2.

In the following, we describetwo applicationsof symmetricalmultilevel
diversitycoding:

Fault-Tolerant Network Communication In a computernetwork, a data
packet canbelostdueto buffer overflow, falserouting,breakdown of commu-
nicationlinks, etc. Supposethepacket carriesÕ messages,� Æ�� � Ça�ÑÐÑÐÑÐ�� � Ó ,
in decreasingorderof importance.For improved reliability, thepacket is en-
codedinto Õ sub-packets,eachof which is sentover a differentchannel. If
any Ö sub-packetsarereceived, thenthemessages� ÆÑ� � Ça�ÑÐÑÐÑÐ�� ��× canbere-
covered.

Disk Array Considera disk arraywhich consistsof Õ disks. The datato
bestoredin thedisk arrayaresegmentedinto Õ pieces,� Æ�� � Ça�ÑÐÑÐÑÐ�� � Ó , in
decreasingorderof importance.Then � Æ�� � Ça�ÑÐÑÐÑÐ�� � Ó areencodedinto Õ
pieces,eachof which is storedon a separatedisk. Whenany Ö out of the Õ
disksarefunctioning,thedata� Æ�� � Ça�ÑÐÑÐÑÐ�� ��× canberecovered.

15.2.2 SATELLITE COMMUNICA TION NETWORK

In a satellitecommunicationnetwork, a useris at any time coveredby one
or moresatellites.A usercanbea transmitter, a receiver, or both.Throughthe
satellitenetwork, eachinformationsourcegeneratedat a transmitteris multi-
castto a certainsetof receivers.A transmittercantransmitto all thesatellites
within the line of sight, while a receiver can receive from all the satellites
within the line of sight. Neighboringsatellitesmay alsocommunicatewith
eachother. Figure15.11is an illustration of a satellitecommunicationnet-
work.

Thesatellitecommunicationnetwork in Figure15.11canberepresentedby
thegraphin Figure15.12whichconsistsof threelayersof nodes.Thetoplayer
representsthe transmitters,the middle layer representsthe satellites,andthe
bottomlayerrepresentsthereceivers.If asatelliteis within theline-of-sightof
a transmitter, thenthecorrespondingpairof nodesareconnectedby adirected
edge.Likewise, if a receiver is within the line-of-sightof a satellite,thenthe
correspondingpairnodesareconnectedby adirectededge.Theedgesbetween
two nodesin themiddle layerrepresentthecommunicationlinks betweenthe
two neighboringsatellitescorrespondingto the two nodes.Eachinformation
sourceis multicastto aspecifiedsetof receiving nodesasshown.
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transmitter
Ø
receiverÙ

Figure 15.11. A satellitecommunicationnetwork.

15.3 A NETWORK CODE FOR ACYCLIC NETWORKS
Considera network representedby anacyclicdirectedgraph ÚÛ�Ü�²Ý �+Þ � ,

where ßXÝàß�á�â . Without lossof generality, assumethatÝ¬�äãå� �_æ��ÑÐÑÐÑÐÒ� ßXÝ¦ßèç � (15.27)

andthenodesareindexedsuchthatif �ré �9« �ëê Þ , then éEá « . Suchanindexing
of the nodesis possibleby Theorem11.5. Let ìhí ¨ be the rateconstrainton
channel�ré �9« � , andlet î �¡ï ì�í ¨@ð �ré �9« �ëê Þòñ (15.28)

betherateconstraintsfor graph Ú .
A setof multicastrequirementson Ú consistsof thefollowing elements:
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Figure 15.12. A graphrepresentinga satellitecommunicationnetwork.
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Figure 15.13. Theacyclic graphfor Example15.1.

1) � , thesetof informationsources;

2) � ð ��� Ý , which specifiesthe nodeat which an informationsourceis
generated;

3) � ð Ý�� æ�� , which specifiesthe setof informationsourcesreceived at
eachnode.

Theinformationsource	 is generatedatnode �Ô�
	�� . For all éEê Ý , let� �ré � �¬ã�	 ê� ð ���
	a���é+ç (15.29)

be thesetof informationsourcesgeneratedat node é . Thesetof information
sources�Ô�ré � is receivedatnodeé .������������������� �

Thenodesin thegraphin Figure15.13areindexedsuch that
if �ré �9« � ê Þ , then éÄá « . Thesetof multicastrequirementsas illustrated is
specifiedby � �¬ãå� �_æ��_ ç � (15.30)���P����Ê� � �Ô� æ � � æ�� �Ô�  � � æ�� (15.31)

and �Ô�P����!�Ô� æ � �"�Ô� ® �E�!# � (15.32)�Ô�  � �äãå��ç � �Ô�
$<�E�äãå� �_ ç � �Ô�
%<� �¬ã æ ç<¤ (15.33)

Weconsiderablockcodewith block length & whichis similar to the ' -code
we definedin Section11.5.1for acyclic single-sourcenetworks. An informa-
tion source	 is representedby a randomvariable�)( which takesvaluesin the
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set * (E�äãå� �_æ��ÑÐÑÐÑÐÒ��+bæ-,-.0/21 ç (15.34)

accordingto theuniformdistribution. Therateof informationsource	 is 34( . It
is assumedthat �)( � 	nê5� aremutuallyindependently.

Unlike the ' -codewe definedfor acyclic single-sourcenetworks which is
zero-error, the codewe now defineallows an arbitrarily small probability of
error. Let 6 �¬ã�épê Ý ð �Ô�ré �87�9#�ç (15.35)

bethesetof nodeswhich receive at leastoneinformationsource.An�:& � �:;Tí ¨òð �ré �9« � ê Þ � � � 34( ð 	nê<��Z� (15.36)

codeongraphÚ (with respectto asetof multicastrequirements)is definedby

1) for all �ré �9« �ëê Þ , anencodingfunction= í ¨vð?>(A@CB � í � * (ED >íGFIH � íGFKJ í � @-L ã ª � � �ÑÐÑÐÑÐa� ; íGF1í çM� ã ª � � �ÑÐÑÐÑÐÒ� ;Tí ¨ ç (15.37)

(if both
� �ré � and ã�éON ð �réON � é �fê Þ ç areempty, we adopttheconventionthat= í ¨ is anarbitraryconstanttakenfrom ã ª � � �ÑÐÑÐÑÐ�� ;Tí ¨ ç );

2) for all é ê 6
, adecodingfunctionP í ð >íGFIH � íGFKJ í � @-L ã ª � � ÐÑÐÑÐa� ; íGF1í çM� >(A@RQ � í � * (*¤ (15.38)

In theabove,
= í ¨ is theencodingfunction for edge �ré �9« � . For évê 6

, P í is the
decodingfunctionfor node é . In a codingsession,

= í ¨ is appliedbefore
= íSF ¨ F ifé á�é N , and

= í ¨ is appliedbefore
= í ¨ F if « á « N . This definestheorderin which

theencodingfunctionsareapplied.SinceéON á é if �réON � é �fê Þ , anodedoesnot
encodeuntil all thenecessaryinformationis receivedon theinputchannels.

For all é ê 6
, defineT í �9UWV ãYXP íZ�r�)( ð 	 ê5��M7�¡�r�)( ð 	 êZ�Ô�ré �Z�_ç � (15.39)

where XP íP�r�)( ð 	òê<�� denotesthevalueof P í asafunctionof �r�)( ð 	nê5� � . T í
is theprobabilitythatthesetof informationsources�Ô�ré � is decodedincorrectly
atnodeé .

Throughoutthischapter, all thelogarithmsarein thebase2 unlessotherwise
specified.[ ��\^]K_`]Kab] c`_9�����ed

For a graph Ú with rate constraints
î

, an information
ratetuple f �¡�r�g( ð 	 ê5�� � (15.40)



340 A FIRSTCOURSEIN INFORMATIONTHEORY

where
f ¢'ª (componentwise),is asymptoticallyachievableif for any hji ª ,

there existsfor sufficiently large & an�:& � �:;Tí ¨òð �ré �9« �fê Þ � � � 34( ð 	nê<��Z� (15.41)

codeon Ú such that &gk Æ�lnm�o ;Tí ¨ ¥ ì�í ¨ È h (15.42)

for all �ré �9« ��ê Þ , where & k Æ lnm�o ;Tí ¨ is the average bit rate of the codeon
channel �ré �9« � , 34( ¢ �g(qprh (15.43)

for all 	 ê5� , and T í ¥ h (15.44)

for all épê 6
. For brevity, an asymptoticallyachievableinformationratetuple

will bereferredto asanachievableinformationratetuple.[ ��\^]K_`]Kab] c`_9�����ns
Theachievableinformationrateregion, denotedby t , is

is thesetof all achievableinformationratetuples
f

.

Remark It follows from thedefinitionof theachievability of an information
ratevectorthat if

f
is achievable,then

f N is achievablefor all ªÉ¥ f N ¥ f
.

Also, if
f � × � , Ö ¢vu areachievable,thenit canbeprovedby techniquessimilar

to thosein theproof of Theorem9.12thatf � lIwIx×zy8{ f � × � (15.45)

is alsoachievable,i.e., t is closed.Thedetailsareomittedhere.

In therestof thechapter, wewill proveinnerandouterboundsontheachiev-
ableinformationrateregion t .

15.4 AN INNER BOUND
In this section,we first statean innerbound tàí , on t in termsof a setof

auxiliary randomvariables.Subsequently, we will castthis innerboundin the
framework of informationinequalitiesdevelopedin Chapter12.[ ��\^]K_`]Kab] c`_9�����G|

Let t N bethesetof all informationratetuples
f

such that
there exist auxiliary randomvariables } (z~ 	wê�� and � í ¨ ~�� é ~ « � ê Þ which
satisfythefollowingconditions: � � }�( ð 	 ê5�� � �(�@ � � � }b(V� (15.46)� � ��í ¨ ß � }b( ð 	nê � � é �Z� ~�� � í F í�ð � é N ~ é � ê Þ �Z� � ª (15.47)� � }�( ð 	 ê�� � é �Ñß�� íSF1í-ð � é N ~ é �ëê Þ � � ª (15.48)ì í ¨ i � � � í ¨�� (15.49)� � }b(V��i �g(*¤ (15.50)
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Notethat for éj7ê 6
, theconstraint(15.48)in theabove definitionis degen-

eratebecause� � é � is empty.[ ��\^]K_`]Kab] c`_9�����e�
Let tÔí , � � mC� � t N � , theconvex closure of t N .�j� ��c������������G� tÔí ,�� t .

In thedefinition of t N , } ( is an auxiliary randomvariableassociatedwith
informationsource	 , and ��í ¨ is anauxiliary randomvariableassociatedwith
thecodeword senton channel� é ~ « � . The interpretationsof (15.46)to (15.50)
areasfollows. Theequalityin (15.46)saysthat }�( ~ 	àê�� aremutually inde-
pendent,which correspondsto theassumptionthatall theinformationsources
aremutuallyindependent.Theequalityin (15.47)saysthat � í ¨ is a functionof� }�( ð 	Äê � � é �Z� and � � íGF2í ð � éON ~ é �hê Þ � , which correspondsto therequirement
thatthecodewordreceivedfrom channel� é ~ « � dependsonly ontheinformation
sourcesgeneratedat node é andthecodewordsreceived from the input chan-
nelsatnodeé . Theequalityin (15.48)saysthat � }�( ð 	nê� � é �Z� is a functionof� � íGF2í ð � éON ~ é �fê Þ � , which correspondsto therequirementthattheinformation
sourcesto bereceivedat node é canbedecodedfrom thecodewordsreceived
from the input channelsat node é . The inequalityin (15.49)saysthat theen-
tropy of ��í ¨ is strictly lessthan ìhí ¨ , therateconstraintfor channel� é ~ « � . The
inequalityin (15.50)saysthat theentropy of }b( is strictly greaterthan ��( , the
rateof informationsource	 .

The proof of Theorem15.6 is very tediousandwill be postponedto Sec-
tion 15.7. We note that the sameinner boundhasbeenproved in [198] for
variablelengthzero-error network codes.

In therestof thesection,we casttheregion tàí , in theframework of infor-
mationinequalitieswe developedin Chapter12. Thenotationwe will useis a
slight modificationof thenotationin Chapter12. Let� �¬ã�}b( ð 	 ê5������í ¨òð � é ~ « �ëê Þ ç (15.51)

beacollectionof discreterandomvariableswhosejoint distribution is unspec-
ified, andlet � � � �� æ���� ã�#�ç<¤ (15.52)

Then ß�� � � �Ñßå� æ^� � � p u ¤ (15.53)

Let � � be the ß�� � � �Ñß -dimensionalEuclideanspacewith thecoordinatesla-
beledby  �¡ ~�¢ ê£� � � � . Wewill referto � � astheentropy spacefor theset
of randomvariables

�
. A vector¤ � �  �¡ ð ¢ ê5� � � �Z� (15.54)
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is saidto beentropic if thereexistsa joint distribution for �O¥ ð ¥ ê � � such
that � � � ð � ê ¢ �4�! �¡ (15.55)

for all ¢ ê5� � � � . We thendefine¦�§� �¬ã ¤ êZ� � ð ¤ is entropicç<¤ (15.56)

To simplify notationin the sequel,for any nonempty¢j~�¢ N@ê¨� � � � , we
define   ¡ � ¡�F �!  ¡�¡ F pr  ¡ F ~ (15.57)

whereweusejuxtapositionto denotetheunionof two sets.In usingtheabove
notation,wedonotdistinguishelementsandsingletonsof

�
, i.e.,for arandom

variable ¥ ê �
,  �© is thesameas  �ª ©�« .

To describetàí , in termsof
¦ §� , we observe that theconstraints(15.46)to

(15.50)in thedefinitionof t N correspondto thefollowing constraintsin � � ,
respectively:   �S¬ / H (�@ � � � �(�@ �   ¬ / (15.58) �¯® ° � �S¬ / H (A@CB � í �R� J �  ® F ® H � íGFeJ í � @-L � � ª (15.59)  �G¬ / H (A@RQ � í �R� � �  ® F ® H � íGFeJ í � @-L � � ª (15.60)ì í ¨ i   ¯® ° (15.61)  ¬ / i ��(�¤ (15.62)

Thenwe have thefollowing alternative definitionof t N .[ ��\^]K_`]Kab] c`_9�����e±
Let t N be the set of all information rate tuples

f
such

that there exists
¤ ê ¦ §� which satisfies(15.58)to (15.62)for all 	 ê²� and� é ~ « �fê Þ .

Although the original definition of t N asgiven in Definition 15.4 is more
intuitive, theregionsodefinedappearsto betotally differentfrom caseto case.
On theotherhand,thealternative definitionof t N above enablestheregion to
bedescribedon thesamefooting for all cases.Moreover, if X¦ � is anexplicit
innerboundon

¦ §� , uponreplacing
¦ §� by X¦ � in theabove definitionof t N ,

we immediatelyobtainanexplicit inner boundon t í , for all cases.We will
seefurtheradvantageof thisalternative definitionwhenwe discussanexplicit
outerboundon t in Section15.6.

15.5 AN OUTER BOUND
In this section,we prove anouterboundt�³µ´4¶ on t . This outerboundis in

termsof
¦ §� , theclosureof

¦ §� .
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Let t ³µ´4¶ be thesetof all informationrate tuples

f
such

that there exists
¤ ê ¦ §� which satisfiesthefollowingconstraintsfor all 	 ê5�

and � é ~ « �ëê Þ :   �S¬ / H (�@ � � � �(�@ �   ¬ / (15.63) �¯® ° � �G¬ / H (A@CB � í �R� J �  ® F ® H � íGFeJ í � @-L � � ª (15.64)  �G¬ / H (A@RQ � í �R� � �  ® F ® H � íGFeJ í � @-L � � ª (15.65)ì�í ¨ ¢   ¯® ° (15.66)  ¬ / ¢ � ( ¤ (15.67)

Thedefinitionof t ³µ´4¶ is thesameasthealternative definitionof t)N (Defi-
nition 15.7)exceptthat

1.
¦ §� is replacedby

¦ §� .

2. The inequalitiesin (15.61)and(15.62)arestrict, while the inequalitiesin
(15.66)and(15.67)arenonstrict.

Fromthedefinitionof t N and t�³µ´4¶ , it is clearthatt N � t ³µ´4¶ ¤ (15.68)

It is easyto verify that theconvexity of
¦ §� (Theorem14.5) implies thecon-

vexity of t ³µ´4¶ . Also, it is readilyseenthat t ³µ´4¶ is closed.Thenupontaking
convex closurein (15.68),we seethattÔí , � � mC� � t N � � � mC� � t ³µ´4¶ ��9t ³µ´4¶ ¤ (15.69)

However, it is not apparentthat thetwo regionscoincidein general.This will
befurtherdiscussedin thenext section.�j� ��c������������G¸ t � t¹³µ´4¶ .
Proof Let

f
be an achievable informationratetuple and & be a sufficiently

largeinteger. Thenfor any hEi ª , thereexistsan� & ~�� ;Tí ¨òð � é ~ « � ê Þ � ~�� 34( ð 	nê<��Z� (15.70)

codeon Ú suchthat & k Æ lnm�o ;Tí ¨ ¥ ì�í ¨ È h (15.71)

for all � é ~ « �ëê Þ , 34( ¢ �g(qprh (15.72)

for all 	 ê5� , and T í ¥ h (15.73)
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for all éEê 6
.

Weconsidersuchacodefor afixed h andasufficiently large & . For � é ~ « �fêÞ , let ��í ¨ � X= í ¨ � �)( ð 	òê5� � (15.74)

be the codeword senton channel � é ~ « � . Since ��í ¨ is a function of the infor-
mationsourcesgeneratedat node é andthe codewordsreceived on the input
channelsatnodeé ,� � ��í ¨ ß � �)( ð 	nê � � é �Z� ~�� � í F í�ð � é N ~ é � ê Þ �Z�� ª ¤ (15.75)

For é ê 6
, by Fano’s inequality(Corollary2.48),we have� � �)( ð 	 ê�� � é �Ñß�� íGF1í ð � é N ~ é �fê Þ �¥ u È T í lIm�o<º» >(�@-Q � í � ß * (�ß ¼½ (15.76)� u È T í � � �)( ð 	nê�� � é �Z� (15.77)¥ u È h � � �)( ð 	 ê�� � é �Z� ~ (15.78)

where(15.77)follows because�)( distributesuniformly on
* ( and �)( , 	 ê£�

aremutuallyindependent,and(15.78)follows from (15.73).Then� � �)( ð 	nê� � é �Z�� ¾ �A� �)( ð 	 ê�� � é �Z�¿� � � íSF í�ð � é N ~ é �ëê Þ �Z�È � � �)( ð 	 ê�� � é �Ñß�� íGF1í ð � é N ~ é �ëê Þ � (15.79)À �¥ ¾ �A� �)( ð 	 ê�� � é �Z�¿� � � í F í�ð � é N ~ é �ëê Þ �Z�È u È h � � � ( ð 	 ê�� � é �Z� (15.80)¥ � � � íGFèí-ð � é N ~ é �fê Þ � È u È h � � �)( ð 	 ê�� � éP�Z� (15.81)Á �¥ º» �� íGFeJ í � @RL lnm�o ; íGF1í ¼½ È u È h � � �)( ð 	 ê�� � é �Z� (15.82)Â �¥ º» �� íGFeJ í � @RL & � ì í F í È hV� ¼½ È u È h � � �)( ð 	 ê�� � é �Z� ~ (15.83)

where

a) follows from (15.78);

b) follows from Theorem2.43;

c) follows from (15.71).
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Rearrangingthetermsin (15.83),we obtain� � � ( ð 	nê�� � é �Z�¥ &u prh º» �� íGFKJ í � @-L � ì í F í È hK� È u& ¼½ (15.84)á æ & �� í F J í � @-L � ì íGF2í È hK� (15.85)

for sufficiently small h andsufficiently large & . Substituting(15.85)into (15.78),
wehave � � �)( ð 	nêZ� � é �Ñß�� í F í-ð � é N ~ é �ëê Þ �á & º» u& È æ hÃ�� í F J í � @-L � ì íGF1í È hK�Ä¼½ (15.86)� &gÅÒí � & ~ hV� ~ (15.87)

where ÅÒí � & ~ hK�4� º»ju& È æ hÆ�� í F J í � @-L � ì íGF2í È hV�Ä¼½ � ª (15.88)

as &5� â andthen hÇ� ª . From(15.71),for all � é ~ « �fê Þ ,& � ì�í ¨ È æ hK� ¢ lnm�o � ;Tí ¨ È u �� lnm�o ß���í ¨ ß ¢ � � ��í ¨ �V¤ (15.89)

For all 	nê<� , from (15.72),� � �)(*�4� lnm�o ß * (ÒßT� lnm�o +bæ ,�. /21 ¢ &�34( ¢ & � ��(ÈprhV�V¤ (15.90)

Thusfor this code,we have � � �)( ð 	 ê5�� � �(�@ � � � �)(*� (15.91)� � ��í ¨ ß � �)( ð 	 ê � � é �Z� ~�� � íGF í ð � é N ~ é � ê Þ �Z� � ª (15.92)� � � ( ð 	nê� � é �Ñß�� í F í�ð � é N ~ é � ê Þ �Z� ¥ &gÅ íµ� & ~ hK� (15.93)& � ì�í ¨ È æ hK� ¢ � � ��í ¨ � (15.94)� � �)(*� ¢ & � �g(qprhK�V¤ (15.95)

Wenotetheone-to-onecorrespondencebetween(15.91)to (15.95)and(15.63)
to (15.67).By letting }b(f� �)( for all 	ÄêÉ� , we seethat thereexists

¤ ê ¦ §�suchthat   �S¬ / H (�@ � � � �(�@ �   ¬ / (15.96)



346 A FIRSTCOURSEIN INFORMATIONTHEORY  ¯® ° � �S¬ / H (A@CB � í �R� J �  ® F ® H � íGFKJ í � @-L � � ª (15.97)  �G¬ / H (A@RQ � í �R� � �  ® F ® H � í F J í � @-L � ¥ &gÅ íA� & ~ hV� (15.98)& � ì�í ¨ È æ hK� ¢   ¯® ° (15.99)  ¬ / ¢ & � ��(WprhV�V¤ (15.100)

By Theorem14.5,
¦ §� is a convex cone.Therefore,if

¤ ê ¦ §� , then & k Æ ¤ ê¦ §� . Dividing (15.96)through(15.100)by & andreplacing& k Æ ¤ by
¤

, wesee
thatthereexists

¤ ê ¦ §� suchthat  �G¬ / H (A@ � � � �(A@ �   ¬ / (15.101)  ¯® ° � �S¬ / H (�@�B � í �©� J �  ® F ® H � íGFeJ í � @RL � � ª (15.102)  �S¬ / H (�@-Q � í �©� � �  ® F ® H � íGFeJ í � @RL � ¥ Å íA� & ~ hV� (15.103)ìhí ¨ È æ h ¢   ¯® ° (15.104)  ¬ / ¢ � ( prh�¤ (15.105)

Wethenlet &5� â andthen hÇ� ª to concludethatthereexists
¤ ê ¦ §� which

satisfies(15.63)to (15.67).Hence,t � t ³µ´4¶ , andthetheoremis proved.

15.6 THE LP BOUND AND ITS TIGHTNESS
In Section15.4,we statedthe inner bound t í , on t in termsof

¦ §� (the
proof is deferredto Section15.7), and in Section15.5, we proved the outer
bound t ³Ä´�¶ on t in termsof

¦ §� . Sofar, thereexistsno full characterization
oneither

¦ §� or
¦ §� . Therefore,theseboundscannotbeevaluatedexplicitly. In

this section,we give a geometricalinterpretationof theseboundswhich leads
to anexplicit outerboundon t calledtheLP bound(LP for linear program-
ming).

Let ¢ beasubsetof � � � � . For avector
¤ êÊ� � , let¤ ¡ � �  �© ð ¥ ê ¢ �V¤ (15.106)

For asubsetË of � � , letÌ V m-Í ¡ � Ë � �¬ã ¤ ¡ ð ¤ ê�Ëfç (15.107)

betheprojectionof theset Ë on thecoordinates �© ~¿¥ ê ¢ . For asubsetË of� � , defineÎ � Ëë��¬ã ¤ êZ� � ð ª�¥ ¤ á ¤ N for some
¤ N ê�Ë ç (15.108)

and ÏÎ � Ëë�4�¬ã ¤ êZ� � ð ªÄ¥ ¤ ¥ ¤ N for some
¤ N ê�Ëëç<¤ (15.109)
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A vector
¤ ¢ ª is in

Î � Ëë� if andonly if it is strictly inferior to somevector
¤ N

in Ë , andis in

Î � Ë � if andonly if it is inferior to somevector
¤ N in Ë .

Definethefollowing subsetsof � � :Ð Æ � Ñ ¤ ê�� � ð   �S¬ / H (�@ � � �Ò�(�@ �   ¬ /CÓ (15.110)Ð Ç � Ô ¤ êZ� � ð   C® ° � �G¬ / H (�@�B � í �R� J �  ® F ® H � íGFIJ í � @RL � � ª for all � é ~ « � ê Þ¹Õ
(15.111)Ð ° � Ô ¤ êZ� � ð   �S¬ / H (�@-Q � í �©� � �  ® F ® H � íSFeJ í � @-L � � ª for all épê 6 Õ (15.112)Ð ± � Ô ¤ êZ� � ð ì�í ¨ i²  C® ° for all � é ~ « �ëê ÞÊÕ ¤ (15.113)

Theset
Ð Æ is a hyperplanein � � . Eachof thesets

Ð Ç and
Ð ° is the intersec-

tion of a collectionof hyperplanesin � � . Theset
Ð ± is the intersectionof a

collectionof openhalf-spacesin � � . Thenfrom thealternative definitionoft N (Definition 15.7),we seethatt N � Î � Ì V m-Í �G¬ / H (�@ � � � ¦ §��Ö Ð Æ Ö Ð Ç Ö Ð ° Ö Ð ± �Z�V¤ (15.114)

and tÔí , � � mC� � Î � Ì V m-Í �S¬ / H (A@ � � � ¦ §� Ö Ð Æ Ö Ð Ç Ö Ð ° Ö Ð ± �Z�Z�V¤ (15.115)

Similarly, weseethatt ³µ´4¶ � ÏÎ � Ì V m-Í �G¬ / H (A@ � � � ¦ §�×Ö Ð Æ Ö Ð Ç Ö Ð ° Ö Ð ± �Z�V¤ (15.116)

It canbeshown thatif
¦ §� Ö � Ð Æ Ö Ð Ç Ö Ð ° � is densein

¦ §� Ö � Ð Æ Ö Ð Ç Ö Ð ° � ,
i.e., ¦ §� Ö � Ð Æ Ö Ð Ç Ö Ð ° �4� ¦ §� Ö � Ð Æ Ö Ð Ç Ö Ð ° � ~ (15.117)

then t ³µ´4¶ � t N � � mC� � t N �4�"tàí , ~ (15.118)

which implies tÔí , �"t ³µ´4¶ ¤ (15.119)

Notethat � Ð Æ Ö Ð Ç Ö Ð ° � is aclosedsubsetof � � . However, while¦ §� Ö Ð � ¦ §�ØÖ Ð
(15.120)

for any closedsubset
Ð

of � � , it is not in generaltruethat¦ §� Ö Ð � ¦ §� Ö Ð ¤ (15.121)
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As acounterexample,aswe have shown in theproof of Theorem14.2,
¦ §° Ö XÐ

is apropersubsetof
¦ §° Ö XÐ , whereXÐ �¬ã ¤ ê ¦�§° ð é ÆAÙ Ç ��é Ç2Ù ° ��é ÆAÙ ° � ª ç ~ (15.122)

andwe have usedé ¨4Ù × to denote  ¨ pÉ  ¨ � × .
To facilitateourdiscussion,we furtherdefineé ¡ Ù ¡�F �! �¡5pØ  ¡ � ¡�F (15.123)

and é ¡ Ù ¡�F � ¡�F F �!  ¡ � ¡�F F pr  ¡ � ¡�FS¡�F F (15.124)

for ¢j~�¢�N ~�¢EN N êr� � � � . Let
¦ � bethesetof

¤ ê£� � suchthat
¤

satisfiesall
thebasicinequalitiesinvolving someor all of therandomvariablesin

�
, i.e.,

for all ¢Ú~�¢EN ~�¢�N N ê� � � � ,  �¡ ¢ ª (15.125)  ¡ � ¡�F ¢ ª (15.126)é ¡ Ù ¡�F ¢ ª (15.127)é ¡ Ù ¡ F � ¡ F F ¢ ª ¤ (15.128)

We know from Section13.2that
¦ §� � ¦ � . Thenuponreplacing

¦ §� by
¦ �

in thedefinitionof t ³µ´4¶ , we immediatelyobtainanouterboundon t ³µ´4¶ . This
is called the LP bound,which is denotedby t�ÛÝÜ . In otherwords, t¹Û�Ü is
obtainedby replacing

¦ §� by
¦ � on theright handsideof (15.116),i.e.,t ÛÝÜ � ÏÎ � Ì V m-Í �G¬ / H (A@ � � � ¦ � Ö Ð Æ Ö Ð Ç Ö Ð ° Ö Ð ±��Z�V¤ (15.129)

Sinceall the constraintsdefining t¹Û�Ü arelinear, t¹Û�Ü canbe evaluatedex-
plicitly.

We now show that the outer bound t�ÛÝÜ is tight for the specialcaseof
single-sourcenetwork coding.Without lossof generality, let� �äã u ç<¤ (15.130)

Thentheinformationsourcerepresentedby � Æ is generatedatnode � � u � , and
for all éEê 6

, � � é ��?� �¬ã u ç<¤ (15.131)

Considerany � Æ ê?t ³µ´4¶ . Following the proof that t ³Ä´�¶ is an outerbound
on t in the last section(Theorem15.9), we seethat for any h�i ª and a
sufficiently large & , thereexist randomvariables��í ¨ ~�� é ~ « �vê Þ which satisfy



Multi-SourceNetworkCoding 349

the constraintsin (15.92) to (15.94). Upon specializingfor a singlesource,
theseconstraintsbecome� � �qÞ � Æ � J ¨ ß �¦ÆK� � ª for «Ôð � � � u � ~ « � ê Þ (15.132)� � ��í ¨ ß�� íGF2í�ð � é N ~ é � ê Þ � � ª for � é ~ « �ëê Þ (15.133)� � �¦Æ�ß�� í ¶ ð � é ~Aß � ê Þ � ¥ &gÅ-¶ � & ~ hV� for ß ê 6

(15.134)& � ì�í ¨ È æ hV� ¢ � � ��í ¨ � for � é ~ « �ëê Þ , (15.135)

where Å ¶ � & ~ hV�� ª as h5� ª and &à� â . Moreover, upon specializing
(15.95)for asinglesource,we alsohave� � � Æ � ¢ & � � Æ prhK�V¤ (15.136)

Now fix asink nodeß ê 6
andconsiderany cut á betweennode � � u � and

nodeß , i.e., � � u � ê5á and ß 7ê5á , andletÞ�â �¬ã � é ~ « � ê Þ ð éEêá and « 7êá ç (15.137)

bethesetof edgesacrossthecut á . Then�� í:J ¨ � @RL�ã & � ì�í ¨ È æ hV�À �¢ �� í:J ¨ � @-L�ã � � ��í ¨ � (15.138)¢ � � ��í ¨òð � é ~ « � ê Þ â � (15.139)Á �� � � ��í ¨òð � é ~ « � ê Þ â or both é ~ « 7ê<áä� (15.140)¢ � � ��í ¶4ð � é ~Aß � ê Þ � (15.141)� � � ��í ¶4ð � é ~Aß � ê Þ ß � Æ � È ¾ � ��í ¶4ð � é ~Aß � ê Þ �Z� Æ � (15.142)� ¾ � ��í ¶4ð � é ~Aß � ê Þ �Z� Æ � (15.143)� � � �¦ÆK��p � � �¦Æ�ß�� í ¶ ð � é ~Aß �ëê Þ � (15.144)Â �¢ � � � Æ ��pä&gÅ ¶ � & ~ hK� (15.145)å �¢ & � � ÆÈprhV��pä&gÅ-¶ � & ~ hV� (15.146)� & � � Æ prhÈp×Å ¶ � & ~ hV�Z� ~ (15.147)

where

a) follows from (15.135);

b) follows because� í ¨ , whereboth é ~ « 7ê9á , arefunctionsof � í:J ¨ ~�� é ~ « � êÞ â by virtue of (15.133)andtheacyclicity of thegraph Ú ;
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c) follows from (15.134);

d) follows from (15.136).

Dividing by & andletting h�� ª and &5� â in (15.147),we obtain�� í:J ¨ � @-L�ã ì�í ¨ ¢ � Æ ¤ (15.148)

In otherwords, if � Æ ê¨t ³µ´4¶ , then � Æ satisfiesthe above inequality for ev-
erycut á betweennode � � u � andany sinknodeß ê 6

, which is preciselythe
max-flow boundfor single-sourcenetwork coding.Sinceweknow from Chap-
ter 11 that this boundis bothnecessaryandsufficient, we concludethat t ³Ä´�¶
is tight for single-sourcenetwork coding.However, wenotethatthemax-flow
boundwasdiscussedin Chapter11 in themoregeneralcontext that thegraphÚ maybecyclic.

In fact, it hasbeenproved in [236] that t¹Û�Ü is tight for all otherspecial
casesof multi-sourcenetwork codingfor which theachievableinformationre-
gion is known. In additionto single-sourcenetwork coding,thesealsoinclude
themodelsdescribedin [98], [230], [175], [235], and[236]. Since t�ÛÝÜ en-
compassesall Shannon-typeinformationinequalitiesandtheconverseproofs
of theachievableinformationrateregion for all thesespecialcasesdo not in-
volve non-Shannon-typeinequalities,the tightnessof t�ÛÝÜ for all thesecases
is expected.

15.7 ACHIEVABILITY OF æ í ,
In this section,we prove the achievability of tÔí , , namelyTheorem15.6.

To facilitateour discussion,we first introducea few functionsregardingthe
auxiliary randomvariablesin thedefinitionof t)N in Definition 15.4.

From(15.47),since ��í ¨ is a functionof � }b( ð 	 ê � � é �Z� and � � íSF2íð � é N:~ éP� êÞ �Z� , we write��í ¨ �9ç í ¨ �A� }b( ð 	 ê � � é �Z� ~�� � íGF í�ð � é N ~ é � ê Þ �Z�V¤ (15.149)

Sincethegraph Ú is acyclic, we seeinductively thatall theauxiliary random
variables� í ¨ ~�� é ~ « � ê Þ arefunctionsof theauxiliaryrandomvariables} (z~ 	 ê� . Thuswe alsowrite ��í ¨ �èXç í ¨ � }�( ð 	òê5� �V¤ (15.150)

Equating(15.149)and(15.150),we obtainç í ¨ �A� } ( ð 	 ê � � é �Z� ~�� � íSF�í ð � é N ~ é �fê Þ �Z��éXç í ¨ � } ( ð 	 ê5��V¤ (15.151)

For 	 êê� � é � , since }b( is a functionof � � íSF1ívð � é N ~ é �Äê Þ � from (15.48),we
write }b(E�9ë � í �( � � íGF1í ð � é N ~ éP� ê Þ �V¤ (15.152)
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Substituting(15.150)into (15.152),we obtain}�(p�"ë � í �( � Xç íSF2í � } (0F ð 	 N ê<�� ð � é N ~ é � ê Þ �V¤ (15.153)

Theserelationswill beusefulin theproof of Theorem15.6.
Beforewe prove Theorem15.6,we first prove in thefollowing lemmathat

strongtypicality is preservedwhena functionis appliedto avector.ìÈ���M�E�¨�����:�Cí
Let }Ê� = � �äî . Ifï � �:ð Æ ~Að Ç ~ ÐÑÐÑÐ ~Að , îpêÊñ ,ò óÇô�õ ~ (15.154)

then = � ï î4� � ë Æ ~ ë Ç ~ ÐÑÐÑÐ ~ ë , îpêÊñ ,ò ¬ ô�õ ~ (15.155)

where ëTí � = �:ð íOî for uò¥ é ¥ & .

Proof Considerï êÊñ ,ò óWô�õ , i.e.,�¿öé÷÷÷÷ u& � �:ð � ï îqpÊø �:ð î�÷÷÷÷ á²ù�¤ (15.156)

Since} � = � �äî , ø � ëYî4� �ö @�ú-ûÝü �þýK� ø �:ð î (15.157)

for all ë¦ê�ÿ . On theotherhand,� � ë�� = � ï îAîE� �ö @Rú û�ü �þý*� � �:ð � ï î (15.158)

for all ë¦ê�ÿ . Then� ý ÷÷÷÷ u& � � ë�� = � ï îAîqpÊø � ë�î�÷÷÷÷� � ý ÷÷÷÷÷÷ �ö @Rú-ûÝü �þý*��� u& � �:ð � ï îqpÊø �:ð î�� ÷÷÷÷÷÷ (15.159)

¥ � ý �ö @RúRû�ü �SýK� ÷÷÷÷ u& � �:ð � ï îqpZø �:ð î ÷÷÷÷ (15.160)

� � ö ÷÷÷÷ u& � �:ð � ï îgpÊø �:ð î ÷÷÷÷ (15.161)á ù�¤ (15.162)

Therefore,
= � ï îpêZñ ,ò ¬ ô�õ , proving thelemma.
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Proof of Theorem 15.6 Consideraninformationratetuplef � � ��( ð 	 ê�Èî (15.163)

in t N , i.e., thereexist auxiliary randomvariables}b( ~ 	 ê� and ��í ¨ ~�� é ~ « î ê Þ
which satisfy (15.46) to (15.50). We first imposethe constraintthat all the
auxiliary randomvariableshavefinite alphabets.Thepurposeof imposingthis
additionalconstraintis to enabletheuseof strongtypicality whichappliesonly
to randomvariableswith finite alphabets.Thisconstraintwill beremovedlater.

Considerany fixed hEi ª . Wenow constructan� & ~�� ;Tí ¨nð � é ~ « îëê Þ î ~�� ��(Çprh ð 	 ê5�ÈîAî (15.164)

randomcodeon graph Ú for sufficiently large & suchthat& k Æ lnm�o ;Tí ¨ ¥ ì�í ¨ È h (15.165)

for all � é ~ « îfê Þ , and T í ¥ h (15.166)

for all éEê 6
. Let ù and ù4N besmallpositive quantitiessuchthatù N á²ù�¤ (15.167)

The actualvaluesof ù and ù N will be specifiedlater. The codingschemeis
describedin thefollowing steps,where & is assumedto bea sufficiently large
integer.

1. For 	 ê5� , by thestrongAEP(Theorem5.2),� (����
	� ß ñ ,ò ¬ / ô�õ F ß ¢ � u pÉù N î æ-, ���ë�G¬ / � k� / � ~ (15.168)

where � ( � ª as ù N � ª . By letting ù N besufficiently small,by virtue of
(15.50),we have � � }�(2î�p��^(Ei ��( ~ (15.169)

and � u prù N î æ-, ���f�S¬ / � k� / � i��R( ~ (15.170)

where � ( � +bæ-, ��� / k�� � 1 �¡ß * ( ß2¤ (15.171)

Thenit follows from (15.168)and(15.170)that� ( i��R(Ñ¤ (15.172)

Denotethevectorsin ñ ,ò ¬ / ô�õ F by � ( � Ö�î ~ un¥ Ö ¥ � ( .
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2. Arbitrarily partition ñ ,ò ¬ / ô�õ F into subsets¢ Æ � 	Rî ~�¢ Ç � 	-î ~ ÐÑÐÑÐ ~�¢�� / � 	Rî almost

uniformly, suchthat the sizeof eachsubsetis eitherequalto ��� k Æ( � (�� or+ � k Æ( � ( 1 . Definea randommapping� ( ð ã u ~ æ ~ ÐÑÐÑÐ ~ �R(*çM� ã u ~ æ ~ ÐÑÐÑÐ ~ � (*ç (15.173)

by letting � ( � �
î be an index randomlychosenin ¢ � / � 	-î accordingto the
uniform distribution for un¥ � ( ¥ � ( .

3. For � é ~ « îëê Þ , denotethevectorsin ñ ,ò C® ° ô�õ by  í ¨ � Ö�î , uò¥ Ö ¥ � í ¨ , where� í ¨ � ß ñE,ò C® ° ô�õ ß2¤ (15.174)

By thestrongAEP, � í ¨�� ß ñ ,ò ¯® ° ô�õ ß ¥ æ-, ���ë� C® ° �"!  ® ° � ~ (15.175)

where��í ¨ � ª as ùj� ª . Thenby letting ù besufficiently small,by virtue
of (15.49),we have � � � í ¨-î È � í ¨ ¥ ì í ¨ È h (15.176)

andhence æ , ���f� ¯® ° �#!  ® ° � ¥ æ , ��$ ® ° ! � � ¤ (15.177)

Thenwe canchooseaninteger ;Tí ¨ suchthatæ , ���f� ¯® ° �"!  ® ° � ¥ ;Tí ¨ ¥ æ , ��$ ® ° ! � � ¤ (15.178)

Theupperboundabove ensuresthat ;Tí ¨ satisfies(15.165).

4. Definetheencodingfunction= í ¨ ð >(�@�B � í � * ( D >íGFKH � íGFIJ í � @RL ã ª ~ u ~ ÐÑÐÑÐ ~ ; íSF1í ç�� ã ª ~ u ~ ÐÑÐÑÐ ~ ; í ¨Tç (15.179)

asfollows. Let ð ( betheoutcomeof �)( . If% � � ( � � ( �:ð (¿îAî ð 	òê � � éµîAî ~��  íSF1í � X= íSF2í �:ð ( ð 	 ê5�Èî ð � é N ~ éµî ê Þ îAî'&êÊñ ò �G¬ / H (A@CB � í �R� J �  ® F ® H � íGFKJ í � @-L � ô�õ ~ (15.180)

where X= íGFèí �:ð ( ð 	 êØ�Èî denotesthevalueof
= íGFèí asa functionof �:ð ( ð 	àê�Wî , thenby Lemma15.10,ç!í ¨ % � � ( � � ( �:ð (¿îAî ð 	 ê � � éµîAî ~��  í F í � X= íGF2í �:ð ( ð 	 ê5�Èî ð � é N ~ é î ê Þ îAî &

(15.181)
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is in ñ ,ò ¯® ° ô�õ (cf. (15.149)for thedefinitionof ç!í ¨ ). Thenlet= í ¨ % � � ( �:ð (¿î ð 	òê � � éµîAî ~�� X= í F í �:ð ( ð 	òê5�Wî ð � é N ~ éµîëê Þ î'& (15.182)

betheindex ofç í ¨ % � � ( � � (��:ð�( îAî ð 	nê � � éµîAî ~��  í ¨ � X= íGFèí �:ð�( ð 	nê<�Èî ð � é N ~ éµî ê Þ îAî'&
(15.183)

in ñ ,ò C® ° ô�õ (which is greaterthanor equalto 1), i.e., í ¨ � X= í ¨ �:ð ( ð 	 ê5�ÈîAî �ç í ¨ % � � ( � � ( �:ð (¿îAî ð 	nê � � éµîAî ~��  í ¨ � X= íGFèí �:ð ( ð 	nê<�Èî ð � é N ~ éµî ê Þ îAî'&@¤
(15.184)

If (15.180)is not satisfied,thenlet= í ¨ % � � ( �:ð (2î ð 	òê � � éµîAî ~�� X= í F í �:ð ( ð 	òê5�Èî ð � é N ~ éµîëê Þ î & � ª ¤ (15.185)

Note that the lower boundon ;Tí ¨ in (15.178)ensuresthat
= í ¨ is properly

definedbecausefrom (15.175),wehave; í ¨ ¢ æ , ���f� ¯® ° �#!  ® ° � ¢ ß ñE,ò C® ° ô�õ ßT� � í ¨T¤ (15.186)

5. For éEê 6
, definethedecodingfunctionP í ð >íGFeH � íGFeJ í � @-L ã ª ~ u ÐÑÐÑÐ ~ ; íSF1í çM� >(�@-Q � í � * ( (15.187)

asfollows. If X= íGF2í �:ð ( ð 	 ê5�ÈîM7� ª (15.188)

for all � é N ~ éµî ê Þ , andif for all 	 ê�� � éµî thereexists uò¥ � ( ¥ � ( suchthatë � í �( %  íGFèí � X= íGF2í �:ð�( ð 	 ê�ÈîAî ð � é N ~ éµîëê Þ & �(� ( � � (�� � ( îAî (15.189)

(cf. thedefinitionof ë � í �( in (15.152)andnotethat ë � í �( is appliedto avector
asin Lemma15.10),thenletP í % X= íSF2í �:ð ( ð 	 ê5�Èî ð � é N ~ éµîëê Þ)& � � �K( ð 	òê� � éµîAîV¤ (15.190)

Notethatif an �K( asspecifiedabove exists,thenit mustbeuniquebecause� ( � � ( � �
îAî 7�(� ( � � ( � � N îAî (15.191)
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if � 7� �:N . For all othercases,letP í % X= íGF2í �:ðb( ð 	 ê5�Èî ð � é N ~ é î ê Þ &Ô� � u ~ u ~ ÐÑÐÑÐ ~ u* +-, .� Q � í � � î ~ (15.192)

aconstantvectorin / (�@-Q � í � * ( .
Wenow analyzetheperformanceof this randomcode.Specifically, wewill

show that(15.166)is satisfiedfor all é ê 6
. Weclaim thatfor any ù i ª , if� � ( � � ( �:ð (2îAî ð 	 ê5�Èî êÊñ ,ò ¬ / H (A@ � ô�õ ~ (15.193)

thenthefollowing aretrue:

i) (15.180)holdsfor all é ê Ý ;

ii) X= í ¨ �:ð ( ð 	nê5�Wî�7� ª for all � é ~ « îëê Þ ;

iii)  í ¨ � X= í ¨ �:ð ( ð 	nê<�ÈîAî�èXç!í ¨ � � ( � � ( �:ð (�îAî ð 	 ê5�Èî for all � é ~ « îëê Þ .

Wewill provetheclaimby inductionon é , theindex of anode.Wefirst consider
node1, which is thefirst nodeto encode.It is evidentthatã�é N ê Ý ð � é N ~ u îfê Þ ç (15.194)

is empty. Since � }�( ð 	�ê � � u îAî is a function of � }�( ð 	�ê �Èî , (15.180)
follows from (15.193)via anapplicationof Lemma15.10.This provesi), and
ii) follows by thedefinitionof theencodingfunction

= í ¨ . For all � u ~ « îÄê Þ ,
consider Æ©¨ � X= Æ©¨ �:ð ( ð 	 ê5�ÈîAî � ç Æ©¨ � � ( � � ( �:ð (¿îAî ð 	òê � � u îAî (15.195)� Xç Æ©¨ � � ( � � (��:ð�( îAî ð 	òê5�Wî ~ (15.196)

wherethe first and the secondequality follow from (15.184)and (15.151),
respectively. Thelattercanbeseenby replacingtherandomvariable}�( by the
vector � ( � � ( �:ð (¿îAî in (15.151).This provesiii). Now assumethat theclaim is
truefor all node« ¥ éqp u for someæ ¥ é ¥ ßXÝàß , andwe will prove that the
claim is truefor nodeé . For all � é N:~ é î ê Þ , íGF1í � X= íGF2í �:ð ( ð 	 ê5�ÈîAî�éXç íGFèí � � ( � � ( �:ð (¿îAî ð 	 ê5�Èî (15.197)

by iii) of theinductionhypothesis.Since �A� }b( ð 	 ê � � é îAî ~�� � íGF í-ð � é N ~ éµîfê Þ îAî
is a function of � } ( ð 	�êv�Èî (cf. (15.150)),(15.180)follows from (15.193)
via anapplicationof Lemma15.10,proving i). Again, ii) follows immediately
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from i). For all � é ~ « îëê Þ , it follows from (15.184)and(15.151)that í ¨ � X= í ¨ �:ð�( ð 	nê<�ÈîAî� ç í ¨ % � � ( � � ( �:ð (2îAî ð 	 ê � � éµîAî ~��  íGFèí � X= íGFèí �:ð ( ð 	 ê5�Èî ð � é N ~ éµîëê Þ îAî'&
(15.198)� Xç í ¨ � � ( � � ( �:ð (2îAî ð 	 ê5�Èî ~ (15.199)

wherethelastequalityis obtainedby replacingtherandomvariable }�( by the
vector � ( � � ( �:ð (¿îAî andtherandomvariable � íSF2í by thevector  íGFèí � X= íGFèí �:ð ( ð 	nê�Èî in (15.151).Thisprovesiii). Thustheclaim is proved.

If (15.193)holds,for 	 êØ� � éµî , it follows from iii) of theabove claim and
(15.153)thatë � í �( �  íGF2í � X= íGFèí �:ð (OF ð 	 N ê5�ÈîAî ð � é N ~ é îëê Þ î� ë � í �( � Xç íGF2í � � (0F � � (0F �:ð (OF îAî ð 	 N ê5�Wî ð � é N ~ éµî ê Þ î (15.200)� � ( � � ( �:ð (2îAî ~ (15.201)

wherethelastequalityisobtainedby replacing} (0F by � (0F � � (0F �:ð (OF îAî in (15.153).
Thenby thedefinitionof thedecodingfunction P í , we haveP í % X= í F í �:ð ( ð 	nê�Èî ð � é N ~ éµî ê Þ)& � �:ð ( ð 	 êZ� � éµîAîV¤ (15.202)

Hence,ð ( ~ 	 êZ� � éµî canbedecodedcorrectly.
Therefore,it sufficesto considertheprobabilitythat(15.193)doesnothold,

sincethis is theonly casefor a decodingerror to occur. For 	 ê�� , consider
any u@¥ Ö ( ¥ � ( , whereÖ ( ê ¢ � / � 	Rî for some u@¥ � ( ¥ � ( . ThenUÈV�ã � ( � �)(2î�ÅÖ�(*ç� UWV*ã � (-� � ( î�'Ö (z~ � ( � � ( ç (15.203)� UWV*ã � ( � �)(¿î�'Ö¯(Òß �)(p� �K(Ñç�UÈVÑã��)( � �:(*ç (15.204)� ß ¢ � / � 	-îÑß k Æ � k Æ( ¤ (15.205)

Since ß ¢ � / � 	RîÑß is equalto either ��� k Æ( � (0� or + � k Æ( � ( 1 , we haveß ¢ � / � 	RîÑß ¢ ��� k Æ( � ( � ¢ � k Æ( � ( p u ¤ (15.206)

Therefore,UÈVÑã � ( � �)(�î4�ÅÖ¯(Ñç ¥ u� � k Æ( � (Èp u î'�R( � u� ( p1� ( ¤ (15.207)

Since � (32 æ , � / and
� (32 æ , �f�S¬ / � , where� � }b(¿î�i ��( (15.208)
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from (15.50), �-( is negligible comparedwith
� ( when & is large. Thenby the

strongAEP, thereexists � N( � ù N î i ª suchthat� u prù N î æ , ���ë�G¬ / � k� F/V� õ F �R� ¥ � (Èp1�R(fá � ( ¥ æ , ���f�S¬ / �"!  F/V� õ F �©� ~ (15.209)

where��N( � ù�NKîÈ� ª as ù�N�� ª . Therefore,UÈV*ã � ( � �)(�î4�ÅÖ¯(Ñç ¥ � u pØù N î k Æ æ k , ���f�S¬ / � k� F/ � õ F �©� ¤ (15.210)

Notethatthis lower bounddoesnotdependon thevalueof Ö�( . It thenfollows
that UÈV*ã � ( � �)(2î�ÅÖ¯( ð 	òê<�Eç¥ � u pØù N î k`� � �A> ( æ k , ���f�S¬ / � k� F/ � õ F �©� (15.211)� � u pØù N î k`� � � æ k ,54 / ���ë�G¬ / � k� F/ � õ F �R� (15.212)� � u pØù N î k`� � � æ k , � 4 / �f�S¬ / � k64 /  F/ � õ F � î (15.213)� � u pØù N î k`� � � æ k , ���f�S¬ / H (�@ � � k� F � õ F �R� ~ (15.214)

wherethelastequalityfollows from (15.46)with� N � ù N î4�v� ( � N( � ù N î (15.215)

whichtendsto0as ù�N�� ª . In otherwords,for every ��7 ( ð 	 ê5�Èîpê / ( ñ ,ò ¬ / ô�õ F ,UÈVÑã8� ( � � (�� � ( îAî� 7`( ð 	 ê5�Eç ¥ � u p8ù N î k`� � � æ k , �9�ë�G¬ / H (�@ � � k� F � õ F �©� ¤ (15.216)

Let :�( denote& i.i.d. copiesof the randomvariable }�( . For every 7 ( êñ ,ò ¬ / ô�õ F , by thestrongAEP,UWVÑã;:�(E� 7 (Ñç ¢ æ�k , ò �ë�G¬ / �#!6< / � õ F � ô ~ (15.217)

where=Y( � ù4NKîÈ� ª as ù4N�� ª . Thenfor every ��7 ( ð 	nê5�Èî ê / ( ñ ,ò ¬ / ô�õ F ,UÈV*ã;:�( � 7 ( ð 	 ê5�Eç ¢ > ( æ k , ò �ë�G¬ / �"!6< / � õ F � ô (15.218)� æ k , � 4 / �ë�G¬ / �#! 4 / < / � õ F � î (15.219)� æ k , ���ë�G¬ / H (A@ � �"!6<a� õ F �©� ~ (15.220)

where = � ù N î4�v� ( =�( � ù N îq� ª (15.221)
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as ù�N�� ª .
For every ��7 ( ð 	nê<�Èî ê>/ ( ñ ,ò ¬ / ô�õ F , from (15.216)and(15.220),wehaveUWV*ã8� ( � � ( � �)(2îAî� 7 ( ð 	òê5�pç¥ � u prù N î k`� � � æ-, �  F � õ F �#!6<a� õ F �©� æ k , ���f�S¬ / H (�@ � �#!6<a� õ F �R� (15.222)¥ � u prù N î k`� � � æ , �  F � õ F �#!6<a� õ F �©� UÈV�ã;: ( � 7`( ð 	nê5�pç (15.223)� � u prù N î k`� � � æ ,8? � õ F � UWV*ã;: ( � 7`( ð 	òê<�Eç ~ (15.224)

where @ � ù N î4�A� N � ù N î È = � ù N îV¤ (15.225)

Since UWV*ã8� ( � � ( � �)(�îAî� 7 ( ð 	òê5�Eç@� ª (15.226)

for all ��7 ( ð 	 ê<�Wî 7êB/ ( ñ ,ò ¬ / ô�õ F , (15.224)is in facttruefor all ��7 ( ð 	 ê£�Èîëê� ÿ ,( ð 	nê<�Èî . By Theorem5.3,UÈV�ã � : ( ð 	 ê5�ÈîM7êÊñ ,ò ¬ / H (A@ � ô�õ ç ¥ æ k ,DC � õ � ~ (15.227)

where E � ùRî i ª and E � ùRîW� ª as ù�� ª . Thenby summingover all ��7 ( ð 	nê�Èî�7ê¹ñ ,ò ¬ / H (�@ � ô�õ in (15.224),we haveUÈVÑã � � ( � � ( � �)(2îAî ð 	nê5�WîM7êÊñE,ò ¬ / H (�@ � ô�õ ç¥ � u pØù N î k`� � � æ ,F? � õ F � UÈVÑã � : ( ð 	nê<�ÈîM7êÊñE,ò ¬ / H (�@ � ô�õ ç (15.228)¥ � u pØù N î k`� � � æ k , � C � õ � k ? � õ F �R� ¤ (15.229)

Since ù N á²ù (cf. (15.167)),we canlet ù N besufficiently smallsothatE � ù-îÈp @ � ù N î i ª (15.230)

and the upperboundin (15.229)tendsto 0 as & � â . Thus, when & is
sufficiently large,for all éEê 6

,T í ¥ UÈV�Ô � � ( � � ( � �)(¿îAî ð 	 ê�Èî�7êZñ ,ò ¬ / H (�@ � ô�õ Õ ¥ hÑ¤ (15.231)

Hence,we have constructeda desiredrandomcodewith theextraneouscon-
straintthattheall theauxiliary randomvariableshave finite alphabets.

We now show that when someof the auxiliary randomvariablesdo not
have finite supports1, they canbe approximatedby oneswith finite supports
while all the independenceand functional dependenceconstraintsrequired

1Theserandomvariablesneverthelessareassumedto have finite entropies.
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continueto hold. Supposesomeof theauxiliary randomvariables}�( ~ 	 ê²�
and � í ¨ ~�� é ~ « îvê Þ do not have finite supports.Without lossof generality, as-
sumethat }b( takesvaluesin thesetof positive integers.For all 	nê� , definea
randomvariable} N( ��G î which takesvaluesinHJI �¬ã u ~ æ ~ ÐÑÐÑÐ ~-G ç (15.232)

suchthat UÈVÑã�} N( ��G î4�ÅÖ!çv� UWV*ã�} ( �ÅÖ!çUWVÑã�}�( ê HJI ç (15.233)

for all Ö ê HJI , i.e., } N( ��G î is a truncationof }�( up to G . It is intuitively clear
that

� � } N( ��G îAîÇ� � � } ( î as G � â . Theproof is givenin Appendix15.A.
Let }ÚN( ��G î ~ 	nê5� bemutuallyindependentsothatthey satisfy(15.46)with

all the randomvariablesin (15.46)primed. Now constructrandomvariables��Ní ¨ ��G î inductively by letting� Ní ¨ ��G î4�"ç!í ¨ �A� } N( ��G î ð 	 ê � � éµîAî ~�� � NíSF í ��G î ð � é N ~ éµîëê Þ îAî (15.234)

for all � é ~ « î ê Þ (cf. (15.149)). Then } N( ��G î ~ 	 ê � and � Ní ¨ ��G î ~�� é ~ « î�êÞ satisfy (15.47) and (15.48) with all the randomvariablesin (15.47) and
(15.48)primed. Usingtheexactly thesameargumentfor } N( ��G î , we seethat� � � Ní ¨ ��G îAîÈ� � � � í ¨�î as G � â .

If }�( ~ 	nê5� and ��í ¨ ~�� é ~ « î ê Þ satisfy(15.49)and(15.50),thenthereexistsK i ª suchthat ì�í ¨ i � � ��í ¨ î È K (15.235)

and � � }b(¿îqp K i �g(Ñ¤ (15.236)

Thenfor sufficiently large G , wehaveìhí ¨ i � � ��í ¨ î È K i � � � Ní ¨ ��G îAî (15.237)

and � � } N( ��G îAî i � � }�(2î�p K i ��(*¤ (15.238)

In other words, } N( ��G î ~ 	�ê � and � Ní ¨ ��G î ~�� é ~ « î�ê Þ , whosesupportsare
finite, satisfy(15.49)and(15.50)with all therandomvariablesin (15.49)and
(15.50)primed.

Therefore,we have proved that all information rate tuples
f

in t N are
achievable. By meansof a time-sharingargumentsimilar to theonewe used
in theproofof Theorem9.12,weseethatif

f � Æ � and
f � Ç � areachievable,then

for any rationalnumberL between0 and1,f �ML f � Æ � È � u pNL�î f � Ç � (15.239)
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is alsoachievable.As theremarkimmediatelyafterDefinition15.3assertsthat
if

f � × � , Ö ¢vu areachievable,thenf � lIwIx×zy8{ f � × � (15.240)

is also achievable, we seethat every
f

in � mC� � t N î is achievable. In other
words, tÔí , � � mC� � t N î � t ~ (15.241)

andthetheoremis proved.

APPENDIX 15.A: APPROXIMA TION OF RANDOM VARI-
ABLES WITH INFINITE ALPHABETS

In this appendix,we prove that OQP�R F/ P�SUTVT5WXOQP�R / T as SYW[Z , wherewe assumethatOQP�R / T6\]Z . For every S_^a` , definethebinaryrandomvariableb P�SUTdcfe ` if R /5g Sh
if R /5i S .

(15.A.1)

Consider OQP�R / Tjc kml� n'o üFpdq'r R / ctsDuwvyx�z pdq�r R / casFuk {�n�o l}| ü p�q'r R / ctsFuwv�x~z p�q�r R / ctsFu�� (15.A.2)

As S�WYZ , k l� n�o üFpdq�r R / casFu�v�x~z p�q'r R / ctsFu�WYOQP�R / T�� (15.A.3)

Since OQP�R / T6\]Z , k {�n�o l}| ü p�q�r R / ctsFu�vyx~z p�q'r R / ctsDu�W h (15.A.4)

as s�W�Z . Now considerOQP�R / Tc OQP�R /~� b P�SUTVT�����P�R /0� b P�SUTVT (15.A.5)c OQP�R / � b P�SUTdcB`0T p�q'r b P�SUTdcB`�u}��OQP�R / � b P�SUTdc h T� pdq'r b P�S�Tdc h u}����P�R / � b P�SUTVT (15.A.6)c OQP�R F/ P�S�TVT pdq'r b P�S�T�c�`0u���OQP�R /�� b P�S�T�c h T� pdq'r b P�S�Tdc h u}����P�R /-� b P�SUTVT�� (15.A.7)

As S�W�Z , OQP b P�SUTVT�W h
since p�q�r b P�SUT�cA`0u�W�` . This implies ��P�R / � b P�SUTVT�W h

because ��P�R /�� b P�SUTVT g OQP b P�SUTVT�� (15.A.8)
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In (15.A.7),we furtherconsiderOQP�R / � b P�S�T�c h T pdq'r b P�S�Tdc h uc k {�n�o l}| ü pdq'r R / casDuwvyx�z pdq'r R / ctsDupdq'r b P�S�T�c h u (15.A.9)

c k {�n�o l}| ü�pdq'r R / casDu�P�v�x~z p�q'r R / ctsFuk�vyx�z p�q'r b P�SUTdc h u�T (15.A.10)c k {�n�o l}| ü P p�q-r R / ctsDu�vyx�z pdq'r R / casFu~T�f� {�n�o l}| ü�pdq�r R / ctsDu-�Jvyx�z p�q�r b P�SUTdc h u (15.A.11)

c k {�n�o l}| ü P p�q-r R / ctsDu�vyx�z pdq'r R / casFu~T� p�q'r b P�SUTdc h u�vyx�z pdq'r b P�S�T�c h u�� (15.A.12)

As S�W�Z , the summationabove tendsto 0 by (15.A.4). Since p��'r b P�SUT�c h u�W h
,p��'r b P�SUTdc h u�vyx�� pd�'r b P�S�T�c h u�W h

. Therefore,OQP�R /�� b P�S�T�c h T pd��r b P�SUTdc h u�W h , (15.A.13)

andwe seefrom (15.A.7)that OQP�R F/ P�S�TVT�W OQP�R / T as S�W�Z .

PROBLEMS
1. Considerthefollowing network.

[X1X2] [X1X2] [X
¡

1X
¡

2] [X1] [X1]

X
¡

1X
¡

2
¢

1
2
£

2

2
£

1 2 1 1
2
£

1 1

a) Let ¤�í be the rateof informationsource¥Äí . Determineandillustrate
themax-flow bounds.

b) Are themax-flow boundsachievable?
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c) Is superpositioncodingalwaysoptimal?

2. RepeatProblem1 for the following network in which thecapacitiesof all
theedgesareequalto 1.

[X
¦

1X
¦

2] [X
¦

1X
¦

2
§ ][X

¦
1]

X1X2
§

[X
¦

1]

3. Considera disk array with 3 disks. Let ¥J¨ , ¥�© , and ¥�ª be 3 mutually
independentpiecesof informationto beretrieved from thedisk array, and
let ��¨ , ��© , and ��ª be the datato be storedseparatelyin the 3 disks. It is
requiredthat ¥J¨ canberetrievedfrom �6« , ¬® u ~�¯Ý~�° , ¥�© canberetrieved
from � � «Ä~ ��±-î , uU² ¬�³µ´ ² ° , and ¥ ª canberetrievedfrom �
¶5¨4~~¶�©-~~¶�ª î .
a) Prove thatfor ¬� u ~�¯Ý~�° ,� �
¶ «
î· � � ¥J¨2î}¸ � �
¶ «�¹ ¥J¨2î~º
b) Prove thatfor u»² ¬®³µ´ ² ° ,� �
¶ «0¹ ¥J¨2î}¸ � �
¶ ± ¹ ¥J¨2î�¼ � � ¥�©�î½¸ � �
¶ « ~~¶ ± ¹ ¥J¨ ~ ¥�©�î~º
c) Prove that � �
¶ ¨ ~~¶ © ~~¶ ª�¹ ¥J¨ ~ ¥�©�î· � � ¥�ª�î~º
d) Prove thatfor ¬� u ~�¯Ý~�° , � �
¶ «0î�¼ � � ¥J¨2î~º
e) Prove that� �
¶ «
î½¸ � �
¶ ± î¾¼ ¯ � � ¥J¨2î½¸ � � ¥�©�î½¸ � �
¶ « ~~¶ ± ¹ ¥J¨ ~ ¥�©�î~º
f) Prove that¯�¶ «d¸ ¶ «9¿5¨�¸ ¶ «9¿�©�¼�À � � ¥J¨�î}¸ ¯ � � ¥�©�î}¸ � � ¥�ª�î ~
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where¬� u ~�¯Ý~�° and¬}Á�´Â e ¬}¸�´ if ¬�¸�´ ² °¬}¸�´»Ã ° if ¬�¸�´�Ä °
for uÅ² ¬ ~ ´ ² ° .

g) Prove that� �
¶ ¨¿î½¸ � �
¶ ©4î½¸ � �
¶ ª4î¾¼ ° � � ¥J¨2î½¸ °¯ � � ¥�©�î½¸ � � ¥�ª�î~º
Partsd) to g) give constraintson

� �
¶ ¨2î , � �
¶ ©4î , and

� �
¶ ª4î in termsof� � ¥ ¨ î , � � ¥ © î , and

� � ¥ ª î . It wasshown in Rocheetal. [175] thatthese
constraintsarethetightestpossible.

4. Generalizethesetupin Problem3 to Æ disksandshow thatÇÈ «9É5¨�ÊÌË ¶6«
Í ¼�Æ ÇÈÎ É5¨ ÊÌË ¥ Î ÍÏ º
Hint: Use the inequalitiesin Problem14 in Chapter2 to prove that forÐ ÒÑ�Ó;ÔDÓ�Õ�Õ�ÕFÓ0ÆÖÃ�Ô ,ÇÈ«9É5¨ ÊfË ¶ « Í ¼ ×½Æ ØÈÎ É5¨ ÊÌË ¥ Î ÍÏ ¸ ÆÙ ÇØ'Ú ¨
ÛÜ ÈÝ½Þ�ß Ý5ß É Ø'Ú ¨ ÊÌË

¶ Ý ¹ ¥J¨;Ó-¥�©DÓ�Õ�Õ�Õ8Ó-¥ Ø ÍÐ ¸(Ô
by inductionon Ð , whereà is a subsetof áâÔDÓ ¯ Ó�Õ�Õ�ÕFÓ0ÆNã .

5. Determinetheregionsä�«æå , ä]ç�èêé , andä�ëwì for thenetwork in Figure15.13.

6. Show thatif thereexistsan

Ë ×�Ó Ë�í « ±»î Ë ¬0Óï´ ÍñðaòQÍ Ó Ëôó Ø î Ð ðõ¶·Í-Í
codewhichsatisfies(15.71)and(15.73),thentherealwaysexistsan

Ë ×�Ó Ë�í « ±»î Ë ¬0Óï´ ÍñðaòQÍ Ó Ëôó�öØ î Ð ðõ¶·Í-Í
codewhichsatisfies(15.71)and(15.73),whereó öØ ² ó Ø for all Ð ðõ¶ . Hint:
usea randomcodingargument.
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HISTORICAL NOTES
Multilevel diversity codingwas introducedby Yeung[230], whereit was

shown that superpositioncoding is not always optimal. Rocheet al. [175]
showedthatsuperpositioncodingis optimalfor symmetricalthree-level diver-
sity coding. This resultwasextendedto Æ ¼ ° levels by YeungandZhang
[235] with apainstakingproof. Hau[98] studiedall theonehundredconfigura-
tionsof a three-encoderdiversitycodingsystemsandfoundthatsuperposition
codingis optimalfor eighty-sixconfigurations.

YeungandZhang[236] introducedthedistributedsourcecodingmodeldis-
cussedin Section15.2.2which subsumesmultilevel diversitycoding.There-
gions ÷5øå and ÷½å previously introducedby Yeung[231] for studyinginforma-
tion inequalitiesenabledthemto obtaininnerandouterboundson thecoding
rateregion for avarietyof networks.

Distributedsourcecodingis equivalentto multi-sourcenetwork codingin a
two-tier acyclic network. Recently, theresultsin [236] have beengeneralized
to anarbitraryacyclic network by Songetal. [198], onwhichthediscussionin
this chapteris based.KoetterandM ùú dard[120] have developedanalgebraic
approachto network coding.



Chapter16

ENTROPY AND GROUPS

Thegroupis thefirst majormathematicalstructurein abstractalgebra,while
entropy is themostbasicmeasureof information.Grouptheoryandinforma-
tion theory are two seeminglyunrelatedsubjectswhich turn out to be inti-
matelyrelatedto eachother. This chapterexplainsthis intriguing relationbe-
tweenthesetwo fundamentalsubjects.Thosereaderswho have noknowledge
in grouptheorymayskip this introductionandgodirectly to thenext section.

Let ûJ¨ and û�© beany two randomvariables.ThenÊfË ûJ¨ Í ¸ ÊfË û�© Í ¼ ÊfË ûJ¨;Ó-û�© Í Ó (16.1)

which is equivalentto thebasicinequalityü Ë û ¨;ý û ©êÍ ¼�þ�º (16.2)

Let ÿ beany finite groupand ÿ)¨ and ÿ�© besubgroupsof ÿ . Wewill show in
Section16.4that ¹ ÿ�¹�¹ ÿ ¨ � ÿ © ¹�¼Y¹ ÿ ¨ ¹�¹ ÿ © ¹ Ó (16.3)

where ¹ ÿ�¹ denotesthe order of ÿ and ÿ ¨ � ÿ © denotesthe intersectionofÿ)¨ and ÿU© ( ÿ)¨ � ÿ�© is also a subgroupof ÿ , seeProposition16.13). By
rearrangingtheterms,theabove inequalitycanbewritten as����� ¹ ÿ�¹¹ ÿ)¨D¹ ¸ ����� ¹ ÿ�¹¹ ÿ�© ¹ ¼ ����� ¹ ÿ�¹¹ ÿ)¨ � ÿU©â¹ º (16.4)

By comparing(16.1)and(16.4),onecaneasilyidentify theone-to-onecorre-
spondencebetweenthesetwo inequalities,namelythat û�« correspondsto ÿ�« ,¬ñ ÔDÓ ¯ , and Ë ûJ¨;Ó-û�© Í correspondsto ÿ)¨ � ÿ�© . While (16.1) is true for any
pair of randomvariablesû ¨ and û © , (16.4)is truefor any finite group ÿ and
subgroupsÿ)¨ and ÿU© .

365
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Recallfrom Chapter12 that theregion ÷5øå characterizesall informationin-
equalities(involving × randomvariables). In particular, we have shown in
Section14.1thattheregion ÷ øå is sufficient for characterizingall unconstrained
informationinequalities,i.e., by knowing ÷ øå , onecandeterminewhetherany
unconstrainedinformationinequalityalwaysholds. Themainpurposeof this
chapteris to obtain a characterizationof ÷ øå in termsof finite groups. An
importantconsequenceof this resultis a one-to-onecorrespondencebetween
unconstrainedinformationinequalitiesandgroupinequalities.Specifically, for
every unconstrainedinformationinequality, thereis acorrespondinggroupin-
equality, andvice versa.A specialcaseof this correspondencehasbeengiven
in (16.1)and(16.4).

By meansof thisresult,unconstrainedinformationinequalitiescanbeproved
by techniquesin grouptheory, anda certainform of inequalitiesin groupthe-
ory canbe proved by techniquesin informationtheory. In particular, theun-
constrainednon-Shannon-typeinequalityin Theorem14.7correspondsto the
groupinequality¹ ÿ)¨ � ÿUªâ¹ ª ¹ ÿ)¨ � ÿ�� ¹ ª ¹ ÿ�ª � ÿ�� ¹ ª ¹ ÿ�© � ÿ�ªâ¹�¹ ÿU© � ÿ�� ¹² ¹ ÿ)¨F¹�¹ ÿ)¨ � ÿ�©�¹�¹ ÿ�ª ¹ © ¹ ÿ�� ¹ © ¹ ÿ)¨ � ÿ�ª � ÿ��â¹ � ¹ ÿ�© � ÿ�ª � ÿ�� ¹ Ó (16.5)

whereÿ�« aresubgroupsof afinite group ÿ , ¬� ÔDÓ ¯ Ó ° Ó-À . Themeaningof this
inequalityandits implicationsin grouptheoryareyet to beunderstood.

16.1 GROUP PRELIMIN ARIES
In this section,we presentthe definition and somebasicpropertiesof a

groupwhichareessentialfor subsequentdiscussions.	�
�����������������������
A groupis a setof objectsÿ togetherwith a binary oper-

ation on theelementsof ÿ , denotedby “ � ” unlessotherwisespecified,which
satisfythefollowing four axioms:

1. ClosureFor every � , � in ÿ , ��� � is alsoin ÿ .

2. Associativity For every � , � , ! in ÿ , �"� Ë �#� ! Í  Ë ��� � Í �$! .
3. Existenceof IdentityThereexistsanelement% in ÿ such that �&�'%�(%)�'�(� for every � in ÿ .

4. Existenceof InverseFor every � in ÿ , there existsan element� in ÿ such
that �"�*�ñ(�#� ��(% .+-,���./�102���������������43

For anygroup ÿ , theidentityelementis unique.

Proof Let % and % ö be both identity elementsin a group ÿ . Since % is an
identityelement, % ö �5%�(%�Ó (16.6)
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andsince% ö is alsoanidentityelement,% ö �*%�(% ö º (16.7)

It follows by equatingthe right handsidesof (16.6)and(16.7) that %768% ö ,which impliestheuniquenessof theidentityelementof a group.+-,���./�102���������������:9
For everyelement� in a group ÿ , its inverseis unique.

Proof Let � and � ö beinversesof anelement� , sothat�"�*�*6(�#� ��6(% (16.8)

and �"�*� ö 6(� ö � ��6(%�º (16.9)

Then �;6 �)� % (16.10)6 �)� Ë ���*� ö Í (16.11)6 Ë �)� � Í �*� ö (16.12)6 %$�5� ö (16.13)6 � ö Ó (16.14)

where(16.11) and (16.13) follow from (16.9) and (16.8), respectively, and
(16.12)is by associativity. Therefore,theinverseof � is unique.

Thus the inverseof a group element � is a function of � , and it will be
denotedby �=<?> .	�
���������������������A@

Thenumberof elementsof a group ÿ is called theorder
of ÿ , denotedby ¹ ÿ�¹ . If ¹ ÿ�¹�³CB , ÿ is calleda finite group,otherwiseit is
calledan infinite group.

There is an unlimited supply of examplesof groups. Somefamiliar ex-
amplesare: the integersunderaddition, the rationalsexcluding zero under
multiplication,andthesetof real-valued D Ü D matricesunderaddition,where
additionandmultiplication refer to the usualadditionandmultiplication for
realnumbersandmatrices.In eachof theseexamples,theoperation(addition
or multiplication)playstheroleof thebinaryoperation“ � ” in Definition16.2.

All theabove areexamplesof infinite groups.In this chapter, however, we
areconcernedwith finite groups.In thefollowing, wediscusstwo examplesof
finite groupsin details.
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L�����4MONQPL��R1SHJK�(37TUR�R1���������WV
Thetrivial groupconsistsofonly

the identity element.Thesimplestnontrivial group is the group of modulo2
addition.Theorderof thisgroupis 2, andtheelementsare áêþ�Ó;ÔFã . Thebinary
operation,denotedby “ ¸ ”, is definedby following table:

+ 0 1
0 0 1
1 1 0

Thefour axiomsof a groupsimplysaythatcertainconstraintsmusthold in the
abovetable. Wenowcheck thatall theseaxiomsaresatisfied.First,theclosure
axiomrequiresthatall theentriesin thetableareelementsin thegroup,which
is easilyseento bethecase. Second,it is requiredthat associativityholds.To
thisend,it canbecheckedin theabovetablethat for all � , � , and ! ,�U¸ Ë �·¸O! Í 6 Ë �U¸L� Í ¸O!Fº (16.15)

For example, þ�¸ Ë Ô�¸ÒÔ Í 6Òþ�¸fþX6Òþ�Ó (16.16)

while Ë þ�¸ÒÔ Í ¸ÒÔ&6�Ô®¸_Ô�6Òþ�Ó (16.17)

which is the sameas þQ¸ Ë Ô�¸ Ô Í . Third, the element0 is readily identified
astheuniqueidentity. Fourth, it is readilyseenthat an inverseexistsfor each
elementin thegroup.For example, theinverseof 1 is 1, becauseÔ3¸ÒÔ�6Òþ�º (16.18)

Thustheabovetabledefinesa groupof order2. It happensin thisexamplethat
the inverseof each elementis theelementitself, which is not true for a group
in general.

We remarkthat in thecontext of a group,theelementsin thegroupshould
be regardedstrictly assymbolsonly. In particular, oneshouldnot associate
groupelementswith magnitudesaswe do for realnumbers.For instance,in
theaboveexample,oneshouldnot think of 0 asbeinglessthan1. Theelement
0,however, is aspecialsymbolwhichplaystheroleof theidentityof thegroup.

We alsonotice that for the group in the above example, ��¸Y� is equalto�¾¸(� for all groupelements� and � . A groupwith this propertyis calleda
commutativegroupor anAbeliangroup1.E5FHG1I&.JK
L�����:�ZNQ+-
=,?I&SH�KG���[�1�]\^,_�1SH._V

Considera permutationof the
componentsof a vector ` 6 Ë a > Ó a/b Ó�Õ�Õ�Õ8Ó a=c Í (16.19)

1TheAbeliangroupis namedaftertheNorwegianmathematicianNiels HenrikAbel (1802-1829).
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givenby d)e `�f 6 Ë a_g�h >ji Ó a_g�h b i Ó�Õ�Õ�ÕêÓ a_g�h c i Í Ó (16.20)

where d î�áâÔDÓkDwÓ�Õ�Õ�ÕDÓQl ã�m áâÔDÓkDwÓ�Õ�Õ�Õ8ÓQlwã (16.21)

is a one-to-onemapping. Theone-to-onemapping
d

is calleda permutation
on áâÔDÓkDwÓ�Õ�Õ�ÕDÓQlwã , which is representedbyd 6 Ë d Ë Ô Í Ó d Ë D Í Ó�Õ�Õ�Õ�Ó d Ë l Í-Í º (16.22)

For twopermutations
d > and

d b , define
d > � d b asthecompositefunctionof

d >
and

d b . For example, for l�6ÒÀ , supposed > 6 Ë DwÓ;ÔDÓ-À�Ókn Í (16.23)

and d b 6 Ë ÔDÓ-À�ÓkDwÓkn Í º (16.24)

Then
d > � d b is givenbyd > � d b Ë Ô Í 6 d > Ë d b Ë Ô Í-Í 6 d > Ë Ô Í 6 Dd > � d b Ë D Í 6 d > Ë d b Ë D Í-Í 6 d > Ë À Í 6 nd > � d b Ë n Í 6 d > Ë d b Ë n Í-Í 6 d > Ë D Í 6 Ôd > � d b Ë À Í 6 d > Ë d b Ë À Í-Í 6 d > Ë n Í 6 À�Ó (16.25)

or d > � d b 6 Ë DwÓknwÓ;ÔDÓ-À Í º (16.26)

Thereadercaneasilycheck thatd b � d > 6 Ë À�Ó;ÔDÓkDwÓkn Í Ó (16.27)

which is different from
d > � d b . Therefore, theoperation “ � ” is not commuta-

tive.
Wenowshowthat thesetof all permutationson áâÔDÓkDwÓ�Õ�Õ�ÕDÓQl ã andtheoper-

ation “ � ” forma group,calledthepermutationgroup.First, for twopermuta-
tions

d > and
d b , sinceboth

d > and
d b are one-to-onemappings,sois

d > � d b .
Therefore, theclosure axiomis satisfied.Second,for permutations

d > , d b , andd=o
, d > � Ë d b � d o Í Ë p Í 6 d > Ë d b � d o Ë p Í-Í (16.28)6 d > Ë d b Ë d o Ë p Í-Í-Í (16.29)6 d > � d b Ë d o Ë p Í-Í (16.30)6 Ë d > � d b Í � d o Ë p Í (16.31)

for Ô ² p ² l . Therefore, associativityis satisfied.Third, it is clear that the
identity mapis the identity element.Fourth, for a permutation

d
, it is clear
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that its inverse is
d <?> , the inversemappingof

d
which is definedbecause

d
is one-to-one. Therefore, thesetof all permutationson áâÔDÓkDwÓ�Õ�Õ�ÕFÓQlwã and the
operation “ � ” forma group.Theorderof thisgroupis evidentlyequalto Ë l�q Í .	�
���������������������4r

Let ÿ bea groupwith operation “ � ”, and ¶ bea subset
of ÿ . If ¶ is a group with respectto the operation “ � ”, then ¶ is called a
subgroupof ÿ .	�
���������������������:s

Let ¶ bea subgroupof a group ÿ and � bean elementofÿ . Theleft cosetof ¶ with respectto � is theset �X� ¶ 6�á2��� Ð î Ð ð_¶ ã .
Similarly, theright cosetof ¶ with respectto � is theset ¶ �K�U6�á Ð �K�Jî Ð ðB¶ ã .

In the sequel,only the left cosetwill be used. However, any resultwhich
appliesto the left cosetalso appliesto the right coset,and vice versa. For
simplicity, �"� ¶ will bedenotedby � ¶ .+-,���./�102���������������:t

For � > and � b in ÿ , � > ¶ and � b ¶ areeitheridenticalor
disjoint. Further, � > ¶ and � b ¶ are identical if andonly if � > and � b belongto
thesameleft cosetof ¶ .

Proof Suppose� > ¶ and � b ¶ arenot disjoint. Thenthereexistsanelement�
in � > ¶ � � b ¶ suchthat �*6�� > � Ð > 6�� b � Ð2b Ó (16.32)

for someÐ2u in ¶ ,
p 6�ÔDÓkD . Then� > 6 Ë � b � Ðvb Í � Ð <?>> 6�� b � Ë Ðvb � Ð <?>> Í 6�� b �xw�Ó (16.33)

where wy6 Ð b � Ð <?>> is in ¶ . We now show that � > ¶{z � b ¶ . For anelement� > � Ð in � > ¶ , where Ð ðB¶ ,� > � Ð 6 Ë � b � w Í � Ð 6�� b � Ë w�� Ð Í 6�� b �$|5Ó (16.34)

where |}6(w�� Ð is in ¶ . This impliesthat � > � Ð is in � b ¶ . Thus, � > ¶~z � b ¶ .
By symmetry, � b ¶�z � > ¶ . Therefore,� > ¶ 6�� b ¶ . Hence,if � > ¶ and � b ¶
arenot disjoint, thenthey areidentical. Equivalently, � > ¶ and � b ¶ areeither
identicalor disjoint. Thisprovesthefirst partof theproposition.

We now prove the secondpart of the proposition. Since ¶ is a group, it
contains% , the identity element.Thenfor any groupelement� , ��6��U�&% is
in � ¶ because% is in ¶ . If � > ¶ and � b ¶ are identical, then � > ð � > ¶ and� b ð � b ¶ 6�� > ¶ . Therefore,� > and � b belongto thesameleft cosetof ¶ .

To prove the converse,assume� > and � b belongto the sameleft cosetof¶ . Fromthefirst partof theproposition,we seethata groupelementbelongs
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to oneandonly oneleft cosetof ¶ . Since � > is in � > ¶ and � b is in � b ¶ , and� > and � b belongto the sameleft cosetof ¶ , we seethat � > ¶ and � b ¶ are
identical.Thepropositionis proved.+-,���./�102�������������������

Let ¶ bea subgroupof a group ÿ and � beanelement
of ÿ . Then ¹ � ¶ ¹�6[¹ ¶ ¹ , i.e., thenumbers of elementsin all theleft cosetsof ¶
are thesame, andthey are equalto theorderof ¶ .

Proof Considertwo elements��� Ð > and ��� Ðvb in ��� ¶ , where Ð > and Ð2b are
in ¶ suchthat �y� Ð > 6���� Ð2b º (16.35)

Then � <?> � Ë ��� Ð > Í 6 � <?> � Ë ��� Ð2b Í (16.36)Ë � <?> �*� Í � Ð > 6 Ë � <?> �$� Í � Ð2b (16.37)%x� Ð > 6 %$� Ð2b (16.38)Ð > 6 Ðvb º (16.39)

Thuseachelementin ¶ correspondsto a uniqueelementin � ¶ . Therefore,¹ � ¶ ¹�6 ¹ ¶ ¹ for all � ð ÿ .

We arejust onestepaway from obtainingthecelebratedLagrange’s Theo-
remstatedbelow.��� 
=�1,?
I������[����NQ�#GH�W,�G����W
H�:0 ��� 
=�1,?
I"V

If ¶ is a subgroupof ÿ , then¹ ¶ ¹ divides ¹ ÿ�¹ .
Proof Since � ð � ¶ for every � ð ÿ , every elementof ÿ belongsto a left
cosetof ¶ . Thenfrom Proposition16.9,we seethat thedistinct left cosetsof¶ partition ÿ . Therefore¹ ÿ�¹ , thetotalnumberof elementsin ÿ , is equalto the
numberof distinct cosetsof ¶ multiplied by thenumberof elementsin each
left coset,which is equalto ¹ ¶ ¹ by Proposition16.10. This implies that ¹ ¶ ¹
divides ¹ ÿ�¹ , proving thetheorem.

The following corollary is immediatefrom the proof of Lagrange’s Theo-
rem.� �1,_�1J�J�G�,K�������[�K3

Let ¶ bea subgroup of a group ÿ . Thenumberof dis-
tinct left cosetsof ¶ is equalto

ß ��ßß �dß .
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16.2 GROUP-CHARACTERIZABLE ENTROPY
FUNCTIONS

Recallfrom Chapter12 that theregion ÷5øå consistsof all theentropy func-
tions in the entropy space��å for × randomvariables. As a first step to-
wardestablishingtherelationbetweenentropy andgroups,we discussin this
sectionentropy functionsin ÷ øå which canbe describedby a finite group ÿ
andsubgroupsÿ > Ó~ÿ b Ó�Õ�Õ�Õ;Ó~ÿ å . Suchentropy functionsaresaidto begroup-
characterizable. The significanceof this classof entropy functionswill be-
comeclearin thenext section.

In thesequel,wewill makeuseof theintersectionsof subgroupsextensively.
Wefirst prove thattheintersectionof two subgroupsis alsoasubgroup.+-,���./�102������������������9

Let ÿ > and ÿ b besubgroupsof a group ÿ . Then ÿ > �ÿ b is alsoa subgroupof ÿ .

Proof It sufficestoshow that ÿ > � ÿ b togetherwith theoperation“ � ” satisfyall
theaxiomsof a group.First, considertwo elements� and � of ÿ in ÿ > � ÿ b .
Sinceboth � and � are in ÿ > , Ë ����� Í is in ÿ > . Likewise, Ë ����� Í is in ÿ b .
Therefore,�^�y� is in ÿ > � ÿ b . Thusthe closureaxiom holdsfor ÿ > � ÿ b .
Second,associativity for ÿ > � ÿ b inherits from ÿ . Third, ÿ > and ÿ b both
containthe identity elementbecausethey aregroups.Therefore,the identity
elementis in ÿ > � ÿ b . Fourth,for anelement� ð ÿ u , sinceÿ u is agroup, �=<?>
is in ÿ u , p 6 ÔDÓkD . Thusfor anelement� ð ÿ > � ÿ b , � <?> is alsoin ÿ > � ÿ b .
Therefore,ÿ > � ÿ b is agroupandhenceasubgroupof ÿ .� �1,_�1J�J�G�,K�������[��@

Let ÿ > Ó~ÿ b Ó�Õ�Õ�Õ;Ó~ÿ�å be subgroupsof a group ÿ . Then� åu É > ÿ u is alsoa subgroupof ÿ .

In therestof thechapter, we let �Jå�6�áâÔDÓkDwÓ�Õ�Õ�ÕDÓ-×�ã anddenote
� u�� Î ÿ u byÿ Î , where Ï is anonemptysubsetof �Jå .�)
I�I-G������[�KM

Let ÿ u be subgroupsof a group ÿ and � u be elementsof ÿ ,p ð Ï . Then � � u�� Î � u ÿ u � 6 � � ÿ Î � if � u�� Î � u ÿ u*�6(�þ otherwise.
(16.40)

Proof For the specialcasewhen Ï is a singleton,i.e., Ï 6 á p ã for somep ð �Jå , (16.40)reducesto � � u ÿ u � 6 � ÿ u � Ó (16.41)

whichhasalreadybeenprovedin Proposition16.10.
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Figure 16.1. Themembershiptablefor a finite group   andsubgroups  ü and  #¡ .
Let Ï be any nonemptysubsetof �Jå . If � u[� Î � u ÿ u 6¢� , then(16.40)is

obviously true. If � u[� Î � u ÿ u��6£� , thenthereexists a ð � u�� Î � u ÿ u suchthat
for all

p ð Ï , a 6�� u � Ð2u Ó (16.42)

where Ð¤u ð ÿ u . For any
p ð Ï andfor any ¥ ð ÿ Î , considera �x¥^6 Ë � u � Ð¤u Í �$¥^6�� u � Ë Ð2u � ¥ Í§¦ (16.43)

Sinceboth Ð2u and ¥ arein ÿ u , Ð2u �y¥ is in ÿ u . Thus a �y¥ is in � u ÿ u for allp ð Ï , or a �*¥ is in � u�� Î � u ÿ u . Moreover, for ¥6ÓQ¥ ö ð ÿ Î , if a �-¥}6 a �5¥ ö ,then ¥}6¨¥ ö . Therefore,eachelementin ÿ Î correspondsto a uniqueelement
in � u[� Î � u ÿ u . Hence, � � u[� Î � u ÿ u � 6 � ÿ Î � Ó (16.44)

proving thelemma.

The relationbetweena finite group ÿ andsubgroupsÿ > and ÿ b is illus-
tratedby themembership table in Figure16.1. In this table,anelementof ÿ
is representedby a dot. Thefirst columnrepresentsthesubgroupÿ > , with the
dotsin thefirst columnbeingtheelementsin ÿ > . Theothercolumnsrepresent
the left cosetsof ÿ > . By Proposition16.10,all the columnshave the same
numberof dots. Similarly, the first row representsthe subgroupÿ b andthe
otherrows representthe left cosetsof ÿ b . Again, all the rows have thesame
numberof dots.

Theupperleft entryin thetablerepresentsthesubgroupÿ > � ÿ b . Thereare� ÿ > � ÿ b � dotsin thisentry, with oneof themrepresentingtheidentityelement.
Any otherentryrepresentstheintersectionbetweenaleft cosetof ÿ > andaleft
cosetof ÿ b , andby Lemma16.15,thenumberof dotsin eachof theseentries
is eitherequalto

� ÿ > � ÿ b � or zero.
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Figure 16.2. A two-dimensionalstrongtypicality array.

Sinceall thecolumnhave thesamenumbersof dotsandall the rows have
thesamenumberof dots,we saythatthetablein Figure16.1exhibitsaquasi-
uniform structure.We have alreadyseena similar structurein Figure5.1 for
thetwo-dimensionalstrongjoint typicality array, which we reproducein Fig-
ure16.2.In thisarray, when × is large,all thecolumnshaveapproximatelythe
samenumberof dotsandall therows have approximatelythesamenumberof
dots. For this reason,we saythat the two-dimensionalstrongtypicality array
exhibits an asymptoticquasi-uniformstructure. In a strongtypicality array,
however, eachentry cancontainonly onedot, while in a membershiptable,
eachentrycancontainmultiple dots.

Onecanmake a similar comparisonbetweena strongjoint typicality array
for any ×�®CD randomvariablesandthe membershiptablefor a finite group
with × subgroups.Thedetailsareomittedhere.��� 
=�1,?
I������[���

Let ÿ u Ó p ð �Jå besubgroupsof a group ÿ . Then ¯ ð ��å
definedby ° Î 6 ����� � ÿ �� ÿ Î � (16.45)

for all nonemptysubsetÏ of �Jå is entropic, i.e., ¯ ð ÷5øå .
Proof It suffices to show that thereexists a collection of randomvariablesû > Ó-û b Ó�Õ�Õ�Õ;Ó-û å suchthat

ÊÌË û Î Í 6 �:��� � ÿ �� ÿ Î � (16.46)

for all nonemptysubsetÏ of �Jå . Wefirst introduceauniformrandomvariable±
definedon thesamplespaceÿ with probabilitymassfunction²'³ á ± 6(�dãy6 Ô� ÿ � (16.47)
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for all � ð ÿ . For any
p ð �Jå , let randomvariableû u bea functionof

±
such

that û u 6���ÿ u if
± 6�� .

Let Ï bea nonemptysubsetof �Jå . Since û u 6�� u ÿ u for all
p ð Ï if and

only if
±

is equalto some� ð � u�� Î � u ÿ u ,²)³ á;û u 6�� u ÿ u î p ð Ï ã 6 � � u[� Î � u ÿ u �� ÿ � (16.48)

6 ´ ß �_µ�ßß ��ß if � u[� Î � u ÿ u �6Y�þ otherwise
(16.49)

by Lemma16.15. In other words, Ë û u Ó p ð Ï Í distributesuniformly on its
supportwhosecardinality is

ß ��ßß �_µ�ß . Then(16.46)follows and the theoremis
proved.	�
�����������������������Kr

Let ÿ beafinitegroupand ÿ > Ó~ÿ b Ó�Õ�Õ�ÕêÓ~ÿ å besubgroups
of ÿ . Let ¯ bea vectorin ��å . If

° Î 6 �:��� ß ��ßß � µ ß for all nonemptysubsetsÏ of�Jå , then Ë ÿÂÓ~ÿ > Ó�Õ�Õ�Õ8Ó~ÿ�å Í is a groupcharacterizationof ¯ .

Theorem16.16assertsthat certainentropy functionsin ÷�øå have a group
characterization.Theseare called group-characterizable entropy functions,
which will be usedin the next sectionto obtaina groupcharacterizationof
theregion ÷ øå . We endthis sectionby giving a few examplesof suchentropy
functions.E5FHG1I&.JK
L��������s

Fix any subset¶ of � o 6 áâÔDÓkDwÓkn ã and definea vector¯ ð � o by ° Î 6 � �:��� D if Ï � ¶ �6(�þ otherwise.
(16.50)

We now showthat ¯ has a group characterization. Let ÿ·6 áêþ�Ó;ÔFã be the
groupof modulo2 additionin Example16.5,andfor

p 6�ÔDÓkDwÓkn , letÿ u 6 � áêþwã if
p ð ¶ÿ otherwise.

(16.51)

Thenfor a nonemptysubsetÏ of � o , if Ï � ¶ �6¨� , there existsan
p

in Ï such
that

p
is alsoin ¶ , andhencebydefinition ÿ u 6�áêþwã . Thus,ÿ Î 6¹¸u[� Î ÿ u 6Yáêþwã ¦ (16.52)

Therefore, �:��� � ÿ �� ÿ Î � 6 �:��� � ÿ �� áêþwã � 6 �:��� D Ô 6 �:��� D ¦ (16.53)
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If Ï � ¶�6Y� , then ÿ u 6Mÿ for all
p ð Ï , andÿ Î 6 ¸u[� Î ÿ u 6Mÿ ¦ (16.54)

Therefore, ����� � ÿ �� ÿ Î � 6 ����� � ÿ �� ÿ � 6 �:��� Ô-6Òþ ¦ (16.55)

Thenweseefrom(16.50),(16.53),and(16.55)that° Î 6 ����� � ÿ �� ÿ Î � (16.56)

for all nonemptysubsetÏ of � o . Hence, Ë ÿÂÓ~ÿ > Ó~ÿ b Ó~ÿ o Í is a groupcharac-
terizationof ¯ .E5FHG1I&.JK
L��������t

This is a generalization of the last example. Fix anynon-
emptysubset¶ of �Jå anddefinea vector ¯ ð ��å by° Î 6 � �:��� D if Ï � ¶ �6(�þ otherwise.

(16.57)

Then Ë ÿQÓ~ÿ > Ó~ÿ b Ó�Õ�Õ�ÕêÓ~ÿ�å Í is a group characterizationof ¯ , where ÿ is the
groupof modulo2 addition,andÿ u 6 � áêþwã if

p ð ¶ÿ otherwise.
(16.58)

By letting ¶�6{� , ¯º6�þ . Thusweseethat Ë ÿÂÓ~ÿ > Ó~ÿ b Ó�Õ�Õ�Õ;Ó~ÿ�å Í is a group
characterizationof theorigin of ��å , with ÿ�6Mÿ > 6 ÿ b 6�Õ�Õ�Õ»6Mÿ�å .E5FHG1I&.JK
L�����43»�

Definea vector ¯ ð � o asfollows:° Î 6(¼^½�¾ Ë � Ï � ÓkD Í§¦ (16.59)

Let ¿ bethegroupof modulo2 addition, ÿ�6�¿ Ü ¿ , andÿ > 6 á Ë þ�Ó0þ Í Ó Ë ÔDÓ0þ Í ã (16.60)ÿ b 6 á Ë þ�Ó0þ Í Ó Ë þ�Ó;Ô Í ã (16.61)ÿ o 6 á Ë þ�Ó0þ Í Ó Ë ÔDÓ;Ô Í ã ¦ (16.62)

Then Ë ÿQÓ~ÿ > Ó~ÿ b Ó~ÿ o Í is a groupcharacterizationof ¯ .
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16.3 A GROUP CHARACTERIZA TION OF À øå
We have introducedin the lastsectiontheclassof entropy functionsin ÷ øå

which have a groupcharacterization.However, an entropy function ¯ ð ÷ øå
maynot have a groupcharacterizationdueto thefollowing observation. Sup-
posē ð ÷ øå . Thenthereexistsa collectionof randomvariablesû > Ó-û b Ó�Õ�Õ�ÕêÓû�å suchthat ° Î 6 ÊÌË û Î Í (16.63)

for all nonemptysubsetÏ of �Jå . If Ë ÿÂÓ~ÿ > Ó�Õ�Õ�Õ8Ó~ÿ�å Í is a groupcharacteriza-
tion of ¯ , then ÊÌË û Î Í 6 �:��� � ÿ �� ÿ Î � (16.64)

for all nonemptysubsetof � å . Sinceboth
� ÿ � and

� ÿ Î � areintegers, ÊfË û Î Ímustbe the logarithmof a rationalnumber. However, the joint entropy of a
setof randomvariablesin generalis notnecessarilythelogarithmof a rational
number(seeCorollary2.44). Therefore,it is possibleto constructanentropy
function ¯ ð ÷ øå whichhasno groupcharacterization.

Although ¯ ð ÷ øå doesnot imply ¯ hasagroupcharacterization,it turnsout
that thesetof all ¯ ð ÷5øå which have a groupcharacterizationis almostgood
enoughto characterizetheregion ÷ øå , aswewill seenext.	�
���������������������43/�

Definethefollowing region in ��å :Á å�6Yáv¯ ð ��å�îK¯ hasagroupcharacterizationã ¦ (16.65)

By Theorem16.16,if ¯ ð ��å hasa groupcharacterization,then ¯ ð ÷�øå .
Therefore,

Á å z ÷ øå . We will prove asa corollary of the next theoremthat!ÃÂF× Ë Á å Í , theconvex closureof
Á å , is in factequalto ÷ øå , theclosureof ÷5øå .��� 
=�1,?
I�������3�3

For any ¯ ð ÷ øå , there existsa sequenceá2Ä h c i ã in
Á å such

that
� ½�¼ cQÅ�Æ >c Ä h c iW6(¯ .

We needthe following lemmato prove this theorem. The proof of this
lemmaresemblestheproof of Theorem5.9. Nevertheless,we give a sketchof
theproof for thesake of completeness.�)
I�I-G�������3»9

Let û be a randomvariable such that
�ÈÇ7�XÉ B and the

distribution áQÊ Ë a Í ã is rational, i.e., Ê Ë a Í is a rational numberfor all a ð Ç .
Without lossof generality, assumeÊ Ë a Í is a rationalnumberwith denominatorË for all a ð Ç . Thenfor l�6 Ë ÓkD Ë Ókn Ë Ó�Õ�Õ�Õ ,� ½�¼cÌÅ�Æ Ôl �:��� l»qÍ�Î Ë lÃÊ Ë a Í-Í q 6 ÊfË û Í§¦ (16.66)
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Proof Applying Lemma5.10,we canobtainÔl � ¾ l�qÍ^Î Ë lÃÊ Ë a Í-Í qÏ Ð È Î Ê Ë a Í � ¾WÊ Ë a ÍHÑ l Ñ Ôl � ¾ Ë l Ñ Ô Í Ð � ¾ l (16.67)6 Ê^ÒêË û Í�Ñ Ôl � ¾ l ÑÔÓ Ô Ñ Ôl?Õ � ¾ Ó Ô Ñ Ôl�Õ ¦ (16.68)

Thisupperboundtendsto Ê^Ò8Ë û Í as l�m·B . Ontheotherhand,wecanobtainÔl � ¾ l�qÍ^Î Ë lÃÊ Ë a Í-Í q® Ð È Î Ó Ê Ë a ÍHÑ Ôl Õ � ¾ Ó Ê Ë a ÍHÑ Ôl Õ Ð � ¾ ll ¦ (16.69)

This lowerboundalsotendsto Ê^Ò8Ë û Í as l�m·B . Thentheproof is completed
by changingthebaseof thelogarithmif necessary.

Proof of Theorem 16.22 For any ¯ ð ÷�øå , thereexistsacollectionof random
variablesû > Ó-û b Ó�Õ�Õ�Õ8Ó-û�å suchthat° Î 6 ÊÌË û Î Í (16.70)

for all nonemptysubset Ï of �Jå . We first considerthe specialcasethat�ÈÇ u �)É B for all
p ð � å andthe joint distribution of û > Ó-û b Ó�Õ�Õ�Õ;Ó-û å is ra-

tional. We want to show that thereexists a sequenceá2Ä h c i�ã in
Á å suchthat� ½�¼ cÌÅ�Æ >c Ä h c i 6(¯ .

Denote
Í u[� Î Ç u by

Ç Î . For any nonemptysubsetÏ of �Jå , let Ö Î be the
marginal distribution of û Î . Assumewithout lossof generalitythat for any
nonemptysubsetÏ of � å andfor all � ð Ç Î , Ö Î Ë � Í is a rationalnumberwith
denominatorË .

For eachl�6 Ë ÓkD Ë Ókn Ë Ó�Õ�Õ�Õ , fix asequence`×$Ø 6 Ë a ×$Ø�Ù > Ó a ×$Ø�Ù b Ó�Õ�Õ�Õ a ×xØ�Ù c Í
where for all Ú�6 ÔDÓkDwÓ�Õ�Õ�Õ8ÓQlFÓ a ×xØ�Ù Û 6 Ë a=u Ù Û î p ð �Jå ÍAð Ç ×$Ø

, such
that Ü Ë � � ` × Ø Í , the numberof occurrencesof � in sequencè

× Ø
, is equal

to l�Ö × Ø Ë � Í for all � ð Ç × Ø
. The existenceof sucha sequenceis guaran-

teedby that all the valuesof the joint distribution of û ×$Ø arerationalnum-
berswith denominatorË . Also, we denotethesequenceof l elementsof

Ç Î ,Ë a Î Ù > Ó a Î Ù b Ó�Õ�Õ�Õ a Î Ù c Í , where a Î Ù Û 6 Ë a/u Ù Û î p ð Ï Í , by
` Î . Let � ð Ç Î . It is

easyto checkthat Ü Ë � � ` Î Í , thenumberof occurrencesof � in thesequence` Î , is equalto l�Ö Î Ë � Í for all � ð Ç Î .
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Let ÿ bethegroupof permutationson áâÔDÓkDwÓ�Õ�Õ�Õ8ÓQlwã . ThegroupG depends
on l , but for simplicity, we do not statethis dependency explicitly. For anyp ð �Jå , define ÿ u 6�á d ð ÿ�î d)e ` u f 6 ` u ã�Ó
where d)e ` u f 6 Ë a u Ù g�h >ji Ó a u Ù g�h b i Ó�Õ�Õ�Õ8Ó a u Ù g�h c i Í§¦ (16.71)

It is easyto checkthat ÿ u is asubgroupof ÿ .
Let Ï beanonemptysubsetof �Jå . Thenÿ Î 6 ¸u[� Î ÿ u (16.72)6 ¸u[� Î á d ð ÿ î d)e ` u f 6 ` u ã (16.73)6 á d ð ÿ î d)e ` u f 6 ` u for all

p ð Ï ã (16.74)6 á d ð ÿ î d)e ` Î f 6 ` Î ã�Ó (16.75)

where d)e ` Î f 6 Ë a Î Ù g�h >ji Ó a Î Ù g�h b i Ó�Õ�Õ�Õ8Ó a Î Ù g�h c i Í§¦ (16.76)

For any � ð Ç Î Ó definethesetÝ)Þ µ Ë � Í 6Yá§Ú ð áâÔDÓkDwÓ�Õ�Õ�ÕDÓQlwãÅî a Î Ù Û 6(�dã ¦ (16.77)Ý)Þ µ Ë � Í containsthe “locations” of � in
` Î . Then

d)e ` Î f 6 ` Î if andonly if
for all � ð Ç Î , Ú ð Ý)Þ µ Ë � Í implies

d Ë Ú Íñð Ý)Þ µ Ë � Í . Since� Ý)Þ µ Ë � Í � 6(Ü Ë � � ` Î Í 6ßl�Ö Î Ë � Í Ó (16.78)� ÿ Î � 6 àá ��â µ Ë l�Ö Î Ë � Í-Í q (16.79)

andtherefore � ÿ �� ÿ Î � 6 l�qÍ á ��â µ Ë l�Ö Î Ë � Í-Í q ¦ (16.80)

By Lemma16.23, � ½�¼cÌÅ�Æ Ôl ����� � ÿ �� ÿ Î � 6 ÊÌË û Î Í 6 ° Î ¦ (16.81)

Recallthat ÿ andhenceall its subgroupsdependon l . Define Ä h c i byã h c iÎ 6 �:��� � ÿ �� ÿ Î � (16.82)



380 A FIRSTCOURSEIN INFORMATIONTHEORY

for all nonemptysubsetÏ of �Jå . Then Ä h c i3ð Á å and� ½�¼cÌÅ�Æ Ôl Ä h c i 6(¯ ¦ (16.83)

Wehavealreadyprovedthetheoremfor thespecialcasethat ¯ is theentropy
functionof acollectionof randomvariablesû > Ó-û b Ó�Õ�Õ�Õ;Ó-û�å with finite alpha-
betsanda rationaljoint distribution. To completetheproof, we only have to
notethat for any ¯ ð ÷5øå , it is alwayspossibleto constructa sequenceáv¯ håä i�ã
in ÷ øå suchthat

� ½�¼ ä Å�Æ ¯ håä i 6æ¯ , where ¯ håä i is the entropy function of a

collectionof randomvariablesû hAä i> Ó-û hAä ib Ó�Õ�Õ�ÕêÓ-û håä iå with finite alphabetsand
a rationaljoint distribution. This canbeprovedby techniquessimilar to those
usedin Appendix15.A togetherwith the continuity of the entropy function.
Thedetailsareomittedhere.� �1,_�1J�J�G�,K��������3K@ !çÂ8× Ë Á å�Í 6 ÷ øå .
Proof First of all,

Á å z ÷ øå . By takingconvex closure,we have !çÂF× Ë Á å Íyz!ÃÂF× Ë ÷�øå Í . By Theorem14.5, ÷ øå is convex. Therefore,!çÂF× Ë ÷5øå Í 6 ÷ øå , andwe
have !çÂF× Ë Á å Íèz ÷ øå . On the otherhand,we have shown in Example16.19
that the origin of � å hasa groupcharacterizationandthereforeis in

Á å . It
thenfollows from Theorem16.22that ÷ øå z !ÃÂF× Ë Á å Í . Hence,we conclude
that ÷ øå 6 !çÂF× Ë Á å Í , completingtheproof.

16.4 INFORMA TION INEQUALITIES AND GROUP
INEQUALITIES

Wehaveprovedin Section14.1thatanunconstrainedinformationinequalityéëê ¯ì® þ (16.84)

alwaysholdsif andonly if÷ øå z áv¯ ð ��å�î é ê ¯ì®�þwã ¦ (16.85)

In otherwords,all unconstrainedinformationinequalitiesarefully character-
izedby ÷ øå . Wealsohave provedat theendof thelastsectionthat !çÂF× Ë Á å Í 6÷ øå . Since

Á å z ÷ øå z ÷ øå , if (16.85)holds,thenÁ å z áv¯ ð ��å�î éWê ¯º®�þwã ¦ (16.86)

On theotherhand,if (16.86)holds,since áv¯ ð ��åJî é ê ¯L®_þwã is closedand
convex, by takingconvex closurein (16.86),we obtain÷ øå 6 !ÃÂF× Ë Á å Í z áv¯ ð ��å�î é ê ¯º®�þwã ¦ (16.87)

Therefore,(16.85)and(16.86)areequivalent.



EntropyandGroups 381

Now (16.86)is equivalenttoé ê ¯�®�þ for all ¯ ð Á å . (16.88)

Sincē ð Á å if andonly if ° Î 6 ����� � ÿ �� ÿ Î � (16.89)

for all nonemptysubsetÏ of �Jå for somefinite group ÿ andsubgroupsÿ > Óÿ b Ó�Õ�Õ�Õ;Ó~ÿ�å , we seethat the inequality(16.84)holdsfor all randomvariablesû > Ó û b Ó�Õ�Õ�Õ;Ó û�å if andonly if theinequalityobtainedfrom (16.84)by replacing° Î by
�:��� ß ��ßß � µ ß for all nonemptysubsetÏ of �Jå holdsfor all finite group ÿ

andsubgroupsÿ > Ó~ÿ b Ó�Õ�Õ�ÕêÓ~ÿ�å . In otherwords,for every unconstrainedinfor-
mation inequality, thereis a correspondinggroup inequality, andvice versa.
Therefore,inequalitiesin information theory can be proved by methodsin
grouptheory, and inequalitiesin group theorycanbe proved by methodsin
informationtheory.

In the restof the section,we explore this one-to-onecorrespondencebe-
tweeninformation theoryandgroup theory. We first give a group-theoretic
proofof thebasicinequalitiesin informationtheory. At theendof thesection,
wewill giveaninformation-theoreticproof for thegroupinequalityin (16.5).	�
���������������������43�M

Let ÿ > and ÿ b besubgroupsof a finite group ÿ . Defineÿ > � ÿ b 6�á2�"� ��î�� ð ÿ > and � ð ÿ b ã ¦ (16.90)ÿ > ��ÿ b is in generalnot a subgroupof ÿ . However, it canbeshown thatÿ > � ÿ b is asubgroupof ÿ if ÿ is Abelian(seeProblem1).+-,���./�102���������������43»�
Let ÿ > and ÿ b besubgroupsof a finitegroup ÿ . Then� ÿ > �ñÿ b � 6 � ÿ > �:� ÿ b �� ÿ > � ÿ b � ¦ (16.91)

Proof Fix Ë � > ÓÌ� b Í]ð ÿ > Ü ÿ b , Then � > �"� b is in ÿ > �Åÿ b . ConsideranyË � > Ók� b Í¾ð ÿ > Ü ÿ b suchthat� > �*� b 6(� > � � b ¦ (16.92)

Wewill determinethenumberof Ë � > Ók� b Í in ÿ > Ü ÿ b whichsatisfiesthis rela-
tion. From(16.92),we have� <?>> � Ë � > �*� b Í 6 � <?>> � Ë � > �$� b Í (16.93)Ë � <?>> �*� > Í � � b 6 � <?>> � � > � � b (16.94)� b 6 � <?>> � � > � � b ¦ (16.95)
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Then � b � � <?>b 6(� <?>> � � > � Ë � b � � <?>b Í 6(� <?>> � � > ¦ (16.96)

Let í bethiscommonelementin ÿ , i.e.,í^6(� b � � <?>b 6Y� <?>> �$� > ¦ (16.97)

Since � <?>> �*� > ð ÿ > and � b � � <?>b ð ÿ b , í is in ÿ > � ÿ b . In otherwords,for
given Ë � > ÓÌ� b Í¾ð ÿ > Ü ÿ b , if Ë � > Ók� b Íñð ÿ > Ü ÿ b satisfies(16.92),then Ë � > Ók� b Ísatisfies(16.97)for someí ð ÿ > � ÿ b . Ontheotherhand,if Ë � > Ók� b Íñð ÿ > Ü ÿ bsatisfies(16.97)for someí ð ÿ > � ÿ b , then(16.96)is satisfied,which implies
(16.92).Therefore,for given Ë � > ÓÌ� b Í�ð ÿ > Ü ÿ b , Ë � > Ók� b Í¾ð ÿ > Ü ÿ b satisfies
(16.92)if andonly if Ë � > Ók� b Í satisfies(16.97)for someí ð ÿ > � ÿ b .

Now from (16.97),weobtain� > Ë í Í 6 Ë í�� � <?>> Í <?> (16.98)

and � b Ë í Í 6�í�� � b Ó (16.99)

wherewe have written � > and � b as � > Ë í Í and � b Ë í Í to emphasizetheir depen-
denceon í . Now considerí6Ókí ö ð ÿ > � ÿ b suchthat

Ë � > Ë í Í Ók� b Ë í Í-Í 6 Ë � > Ë í ö Í Ók� b Ë í ö Í-Í§¦ (16.100)

Since � > Ë í Í 6Y� > Ë í ö Í , from (16.98),we have

Ë í�� � <?>> Í <?> 6 Ë í ö � � <?>> Í <?> Ó (16.101)

which implies í^6(í ö ¦ (16.102)

Therefore,eachí ð ÿ > � ÿ b correspondsto auniquepair Ë � > Ók� b Í¾ð ÿ > Ü ÿ bwhichsatisfies(16.92).Therefore,weseethatthenumberof distinctelements
in ÿ > �ñÿ b is givenby� ÿ > �ñÿ b � 6 � ÿ > Ü ÿ b �� ÿ > � ÿ b � 6 � ÿ > �:� ÿ b �� ÿ > � ÿ b � Ó (16.103)

completingtheproof.��� 
=�1,?
I�������3�r
Let ÿ > Ó~ÿ b , and ÿ o besubgroupsof a finitegroup ÿ . Then� ÿ o �:� ÿ > b o � ® � ÿ > o �:� ÿ b o � ¦ (16.104)
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Proof Firstof all,ÿ > o � ÿ b o 6 Ë ÿ > � ÿ o Í � Ë ÿ b � ÿ o Í 6 ÿ > � ÿ b � ÿ o 6Mÿ > b o ¦ (16.105)

By Proposition16.26,wehave� ÿ > o �ñÿ b o � 6 � ÿ > o �:� ÿ b o �� ÿ > b o � ¦ (16.106)

It is readilyseenthat ÿ > o � ÿ b o is asubsetof ÿ o , Therefore,� ÿ > o � ÿ b o � 6 � ÿ > o �:� ÿ b o �� ÿ > b o � Ï � ÿ o � ¦ (16.107)

Thetheoremis proved.� �1,_�1J�J�G�,K��������3»s
For randomvariables û > Ó-û b , and û o ,ü Ë û > ý û b � û o Í ®�þ ¦ (16.108)

Proof Let ÿ > Ó~ÿ b , and ÿ o besubgroupsof afinite group ÿ . Then� ÿ o �:� ÿ > b o � ® � ÿ > o �:� ÿ b o � (16.109)

by Theorem16.27,or � ÿ � b� ÿ > o �:� ÿ b o � ® � ÿ � b� ÿ o �:� ÿ > b o � ¦ (16.110)

This is equivalentto�:��� � ÿ �� ÿ > o � Ñ �:��� � ÿ �� ÿ b o � ® �:��� � ÿ �� ÿ o � Ñ �:��� � ÿ �� ÿ > b o � ¦ (16.111)

Thisgroupinequalitycorrespondsto theinformationinequality

ÊÌË û > Ó-û o Í?Ñ ÊÌË û b Ó-û o Í ® ÊÌË û o ÍHÑ ÊÌË û > Ó-û b Ó-û o Í Ó (16.112)

which is equivalentto ü Ë û > ý û b � û o Í ®�þ ¦ (16.113)

Theabove corollaryshows thatall thebasicinequalitiesin informationthe-
ory hasa group-theoreticproof. Of course,Theorem16.27is alsoimplied by
the basicinequalities. As a remark,the inequality in (16.3) is seento be a
specialcaseof Theorem16.27by letting ÿ o 6Mÿ .
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Wearenow readytoprovethegroupinequalityin (16.5).Thenon-Shannon-
typeinequalitywehaveprovedin Theorem14.7canbeexpressedin canonical
form as ÊÌË û > Í?Ñ ÊfË û > Ó-û b Í�Ñ D ÊfË û o Í�Ñ D ÊfË û�� ÍÑ�î ÊÌË û > Ó-û o Ó-û �8ÍHÑ ÊÌË û b Ó-û o Ó-û �8ÍÏ n ÊÌË û > Ó-û o ÍHÑ n ÊÌË û > Ó-û�� ÍHÑ n ÊÌË û o Ó-û�� ÍÑ ÊÌË û b Ó-û o ÍHÑ ÊÌË û b Ó-û�� Í Ó (16.114)

whichcorrespondsto thegroupinequality�:��� � ÿ �� ÿ > � Ñ �:��� � ÿ �� ÿ > b � Ñ D �:��� � ÿ �� ÿ o � Ñ D �:��� � ÿ �� ÿy� �Ñ�î �:��� � ÿ �� ÿ > o � � Ñ �:��� � ÿ �� ÿ b o � �Ï n �:��� � ÿ �� ÿ > o � Ñ n �:��� � ÿ �� ÿ > � � Ñ n ����� � ÿ �� ÿ o � � Ñ �:��� � ÿ �� ÿ b o �Ñ �:��� � ÿ �� ÿ b � � ¦ (16.115)

Uponrearrangingtheterms,weobtain� ÿ > � ÿ o � o � ÿ > � ÿ�� � o � ÿ o � ÿ�� � o � ÿ b � ÿ o �:� ÿ b � ÿ�� �Ï � ÿ > �:� ÿ > � ÿ b �:� ÿ o � b � ÿ�� � b � ÿ > � ÿ o � ÿ�� � � � ÿ b � ÿ o � ÿ�� � Ó (16.116)

which is thegroupinequalityin (16.5).Themeaningof this inequalityandits
implicationsin grouptheoryareyet to beunderstood.

PROBLEMS
1. Let ÿ > and ÿ b besubgroupsof a finite group ÿ . Show that ÿ > ��ÿ b is a

subgroupif ÿ is Abelian.

2. Let ï > and ï b begroupcharacterizableentropy functions.

a) Prove that ð > ï > Ñ ð b ï b is groupcharacterizable,where ð > and ð b
areany positive integers.

b) For any positive realnumbers� > and � b , constructasequenceof group
characterizableentropy functionsÄ hAä i for íñ6 ÔDÓkDwÓ�Õ�Õ�Õ8Ó suchthat� ½4¼ä Å�Æ Ä hAä i�:� Ä hAä i �:� 6 ¯�:� ¯ �:� Ó
where ¯ò6�� > ï > Ñ � b ï b .
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3. Let Ë ÿÂÓ~ÿ > Ó~ÿ b Ó�Õ�Õ�Õ8Ó~ÿ�å Í be a group characterizationof ï ð ÷�øå , whereï is the entropy function for randomvariablesû > Ó-û b Ó�Õ�Õ�ÕêÓ-û�å . Fix any
nonemptysubsetÏ of �Jå , anddefine ¯ by°ó 6]ô Î�õ ó Ð ô Î
for all nonemptysubsets¶ of � å . It can easily be checked that

°�ó 6ÊÌË û ó � û Î Í . Show that Ë�ö Ó ö > Ó ö b Ó�Õ�Õ�ÕêÓ ö å Í is a groupcharacterization
of ¯ , where ö 6Mÿ Î and ö u 6 ÿ u � ÿ Î .

4. Let Ë ÿÂÓ~ÿ > Ó~ÿ b Ó�Õ�Õ�ÕêÓ~ÿ�å Í bea groupcharacterizationof ï ð ÷5øå , where ï
is theentropy functionfor randomvariablesû > Ó-û b Ó�Õ�Õ�ÕêÓ-û å . Show thatifû u is a functionof Ë û Û î'Ú ð Ï Í , then ÿ Î is asubgroupof ÿ u .

5. Let ÿ > Ó~ÿ b Ó~ÿ o besubgroupsof afinite group ÿ . Prove that� ÿ �:� ÿ > � ÿ b � ÿ o � b ® � ÿ > � ÿ b �:� ÿ b � ÿ o �:� ÿ > � ÿ o � ¦
Hint: Usetheinformation-theoretic approach.

6. Let ¯ ð ÷5øb betheentropy function for randomvariablesû > and û b such
that

° > Ñ ° b 6 ° > b , i.e. û > and û b areindependent.Let Ë ÿÂÓ~ÿ > Ó~ÿ b Í bea
groupcharacterizationof ¯ , anddefineamapping

Ý î�ÿ > Ü ÿ b m�ÿ byÝ Ë � Ók� Í 6��"�*� ¦
a) Prove that the mapping

Ý
is onto, i.e., for any element! ð ÿ , there

exists Ë � Ók� Í ð ÿ > Ü ÿ b suchthat �y� �56(! .
b) Prove that ÿ > � ÿ b is agroup.

7. Denotean entropy function ¯ ð ÷ øb by Ë ° > Ó ° b Ó ° > b Í . Constructa group
characterizationfor eachof thefollowing entropy functions:

a) ¯ > 6 Ë �:��� DwÓ0þ�Ó �:��� D Í
b) ¯ b 6 Ë þ�Ó �:��� DwÓ �:��� D Í
c) ¯ o 6 Ë �:��� DwÓ �:��� DwÓ ����� D Í .

Verify that ÷ b is theminimalconvex setcontainingtheabove threeentropy
functions.

8. Denotean entropy function ¯ ð ÷ øo by Ë ° > Ó ° b Ó ° o Ó ° > b Ó ° b o Ó ° > o Ó ° > b o Í .Constructa groupcharacterizationfor eachof thefollowing entropy func-
tions:

a) ¯ > 6 Ë �:��� DwÓ0þ�Ó0þ�Ó �:��� DwÓ0þ�Ó �:��� DwÓ �:��� D Í
b) ¯ b 6 Ë �:��� DwÓ �:��� DwÓ0þ�Ó ����� DwÓ �:��� DwÓ �:��� DwÓ �:��� D Í
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c) ¯ o 6 Ë �:��� DwÓ �:��� DwÓ ����� DwÓ �:��� DwÓ �:��� DwÓ ����� DwÓ �:��� D Íd) ¯ � 6 Ë �:��� DwÓ �:��� DwÓ ����� DwÓ �:��� î Ó �:��� î Ó ����� î Ó �:��� î Í .
9. Ingletoninequality Let ÿ beafinite Abeliangroupand ÿ > Ó~ÿ b Ó~ÿ o , and ÿ �

besubgroupsof ÿ . Let Ë ÿQÓ~ÿ > Ó~ÿ b Ó~ÿ o Ó~ÿ�� Í beagroupcharacterizationofï , where ï is the entropy function for randomvariablesû > Ó-û b Ó-û o , andû�� . Prove thefollowing statements:

a) � Ë ÿ > � ÿ o Í � Ë ÿ > � ÿ �8Í � Ï � ÿ > � Ë ÿ o � ÿ �8Í �
Hint: Show that Ë ÿ > � ÿ o Í � Ë ÿ > � ÿ�� Í z ÿ > � Ë ÿ o � ÿy� Í .b) � ÿ > � ÿ o �ñÿ�� � Ï � ÿ > �:� ÿ o � ÿ�� �:� ÿ > � ÿ o � ÿ�� �� ÿ > � ÿ o �:� ÿ > � ÿy� � ¦

c) � ÿ > � ÿ b �ñÿ o � ÿ�� � Ï � ÿ > � ÿ o �ñÿy� �:� ÿ b �ñÿ o �ñÿy� �� ÿ o �ñÿ�� � ¦
d) � ÿ > � ÿ b � ÿ o � ÿ�� �Ï � ÿ > �:� ÿ b �:� ÿ o �:� ÿ�� �:� ÿ > � ÿ o � ÿy� �:� ÿ b � ÿ o � ÿy� �� ÿ > � ÿ o �:� ÿ > � ÿ�� �:� ÿ b � ÿ o �:� ÿ b � ÿ�� �:� ÿ o � ÿ�� � ¦
e) � ÿ > � ÿ o �:� ÿ > � ÿ�� �:� ÿ b � ÿ o �:� ÿ b � ÿ�� �:� ÿ o � ÿ�� �Ï � ÿ o �:� ÿ�� �:� ÿ > � ÿ b �:� ÿ > � ÿ o � ÿy� �:� ÿ b � ÿ o � ÿ�� � ¦
f) ÊfË û > o Í�Ñ ÊfË û > �8Í�Ñ ÊfË û b o Í?Ñ ÊfË û b �FÍ?Ñ ÊfË û o �8Í® ÊfË û o Í�Ñ ÊfË û�� ÍHÑ ÊfË û > b ÍHÑ ÊfË û > o � ÍHÑ ÊfË û b o � Í Ó

whereÊÌË û > o � Í denotesÊfË û > Ó-û o Ó-û�� Í , etc.

g) Is the inequality in f) implied by the basicinequalities?And doesit
alwayshold?Explain.

TheIngletoninequality[105] (seealso[158]) wasoriginally obtainedasa
constrainton therankfunctionsof vectorspaces.Theinequalityin e) was
obtainedin the samespirit by Chan[40] for subgroupsof a finite group.
The inequalityin f) is referredto asthe Ingletoninequalityfor entropy in
theliterature.(SeealsoProblem7 in Chapter14.)
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HISTORICAL NOTES
Theresultsin thischapteraredueto ChanandYeung[42], whosework was

inspiredby a one-to-onecorrespondencebetweenentropy andquasi-uniform
arrayspreviouslyestablishedby Chan[40] (alsoChan[41]). Romashchenko et
al. [178] have developedan interpretationof Kolmogorov complexity similar
to thecombinatorialinterpretationof entropy in Chan[40].





Bibliography

[1] J. Abrahams,“Code andparsetreesfor losslesssourceencoding,” Comm.Inform. &
Syst., 1: 113-146,2001(http://www.ims.cuhk.edu.hk/~cis/).

[2] N. Abramson,InformationTheoryandCoding, McGraw-Hill, New York, 1963.

[3] Y. S.Abu-Mostafa,Ed.,Complexity in InformationTheory, Springer-Verlag,New York,
1988.

[4] J. Acz ÷ø l andZ. Dar ÷ù czy, On Measures of Information and Their Characterizations,
AcademicPress,New York, 1975.

[5] R. Ahlswede,B. BalkenholandL. Khachatrian,“Somepropertiesof fix-free codes,”
preprint97-039,Sonderforschungsbereich343,Universitúû t Bielefeld,1997.

[6] R. Ahlswede,N. Cai,S.-Y. R. Li, andR. W. Yeung,“Network informationflow,” IEEE
Trans.Inform.Theory, IT-46:1204-1216,2000.

[7] R. AhlswedeandJ. K úù rner, “Sourcecodingwith sideinformationanda conversefor
degradedbroadcastchannels,” IEEETrans.Inform.Theory, IT-21:629-637,1975.

[8] R. Ahlswedeand I. Wegener, Suchprobleme, TeubnerStudienbcher. B. G. Teubner,
Stuttgart,1979(in German).Englishtranslation:Search Problems, Wiley, New York,
1987.

[9] R.AhlswedeandJ.Wolfowitz, “The capacityof achannelwith arbitrarilyvaryingcpf’s
andbinaryoutputalphabet,” Zeitschrift f úü r Wahrscheinlichkeitstheorieundverwandte
Gebiete, 15:186-194,1970.

[10] P. Algoet andT. M. Cover, “A sandwichproof of theShannon-McMillan-Breimanthe-
orem,” Ann.Prob., 16:899-909,1988.

[11] S. Amari, Differential-GeometricalMethodsin Statistics, Springer-Verlag,New York,
1985.

[12] J.B. AndersonandS.Mohan,SourceandChannelCoding:An AlgorithmicApproach,
Kluwer AcademicPublishers,Boston,1991.

389



390 A FIRSTCOURSEIN INFORMATIONTHEORY

[13] S.Arimoto, “Encodinganddecodingof ý -ary groupcodesandthecorrectionsystem,”
InformationProcessingin Japan, 2: 321-325,1961(in Japanese).

[14] S.Arimoto, “An algorithmfor calculatingthecapacityof arbitrarydiscretememoryless
channels,” IEEE Trans.Inform.Theory, IT-18:14-20,1972.

[15] S.Arimoto, “On theconverseto thecodingtheoremfor discretememorylesschannels,”
IEEETrans.Inform.Theory, IT-19:357-359,1973.

[16] R. B. Ash, InformationTheory, Interscience,New York, 1965.

[17] E. Ayanoglu,R. D. Gitlin, C.-L. I, andJ.Mazo,“Di versitycodingfor transparentself-
healingandfault-tolerantcommunicationnetworks,” 1990IEEE InternationalSympo-
siumon InformationTheory, SanDiego,CA, Jan.1990.

[18] A. R. Barron, “The strong ergodic theorem for densities:GeneralizedShannon-
McMillan-Breimantheorem,” Ann.Prob., 13: 1292-1303,1985.

[19] L. A. Bassalygo,R.L. Dobrushin,andM. S.Pinsker, “Kolmogorov remembered,” IEEE
Trans.Inform.Theory, IT-34:174-175,1988.

[20] T. Berger, Rate Distortion Theory: A MathematicalBasis for Data Compression,
Prentice-Hall,EnglewoodClif fs, New Jersey, 1971.

[21] T. Berger, “Multiterminal sourcecoding,” in TheInformationTheoryApproach to Com-
munications, G. Longo,Ed.,CISM CoursesandLectures#229,Springer-Verlag,New
York, 1978.

[22] T. Berger andR. W. Yeung,“Multiterminal sourcecodingwith encoderbreakdown,”
IEEETrans.Inform.Theory, IT-35:237-244,1989.

[23] E. R. Berlekamp,“Block codingfor thebinarysymmetricchannelwith noiseless,de-
laylessfeedback,” in H. B. Mann, Error Correcting Codes, Wiley, New York, 1968.

[24] E. R. Berlekamp,Ed.,Key Papers in theDevelopmentof CodingTheory, IEEE Press,
New York, 1974.

[25] C. Berrou,A. Glavieux, andP. Thitimajshima,“Near Shannonlimit error-correcting
codinganddecoding:Turbocodes,” Proceedingsof the1993InternationalConferences
onCommunications,1064-1070,1993.

[26] J.BerstelandD. Perrin,Theoryof Codes, AcademicPress,Orlando,1985.

[27] D. Blackwell, L. Breiman,and A. J. Thomasian,“The capacitiesof certainchannel
classesunderrandomcoding,” Ann.Math.Stat., 31: 558-567,1960.

[28] R. E. Blahut, “Computationof channelcapacityandratedistortion functions,” IEEE
Trans.Inform.Theory, IT-18:460-473,1972.

[29] R. E. Blahut, “Information boundsof the Fano-Kullback type,” IEEE Trans.Inform.
Theory, IT-22:410-421,1976.

[30] R. E. Blahut,TheoryandPracticeof Error Control Codes, Addison-Wesley, Reading,
Massachusetts,1983.



BIBLIOGRAPHY 391

[31] R.E.Blahut,PrinciplesandPracticeof InformationTheory, Addison-Wesley, Reading,
Massachusetts,1987.

[32] R. E. Blahut,D. J. Costello,Jr., U. Maurer, andT. Mittelholzer, Ed.,Communications
andCryptography:Two Sidesof OneTapestry, Kluwer AcademicPublishers,Boston,
1994.

[33] C.Blundo,A. DeSantis,R.DeSimone,andU. Vaccaro,“Tight boundsontheinforma-
tion rateof secretsharingschemes,” Designs,CodesandCryptography, 11: 107-110,
1997.

[34] J.A. BondyandU. S.R. Murty, GraphTheorywith Applications, NorthHolland,New
York, 1976.

[35] R. C. Boseand D. K. Ray-Chaudhuri,“On a classof error correctingbinary group
codes,” Inform.Contr., 3: 68-79,Mar. 1960.

[36] L. Breiman,“The individualergodictheoremsof informationtheory,” Ann.Math.Stat.,
28: 809-811,1957.

[37] M. Burrows andD. J.Wheeler, “A block-sortinglosslessdatacompressionalgorithm,”
TechnicalReport124,Digital EquipmentCorporation,1994.

[38] R. CalderbankandN. J.A. Sloane,“Obituary: ClaudeShannon(1916-2001),” Nature,
410:768,April 12,2001.

[39] R. M. Capocelli,A. De Santis,L. Gargano,andU. Vaccaro,“On thesizeof sharesfor
secretsharingschemes,” J. Cryptology, 6: 157-168,1993.

[40] H. L. Chan(T. H. Chan),“Aspectsof information inequalitiesand its applications,”
M.Phil. thesis,TheChineseUniversityof HongKong,Jun.1998.

[41] T. H. Chan,“A combinatorialapproachto informationinequalities,” Comm.Inform.&
Syst., 1: 241- 253,2001(http://www.ims.cuhk.edu.hk/~cis/).

[42] T. H. ChanandR.W. Yeung,“On arelationbetweeninformationinequalitiesandgroup
theory,” to appearin IEEE Trans.Inform.Theory.

[43] T. H. ChanandR. W. Yeung,“Factorizationof positive functions,” in preparation.

[44] G. J. Chatin, Algorithmic Information Theory, CambridgeUniv. Press,Cambridge,
1987.

[45] H. Chernoff, “A measureof theasymptoticefficiency of testof a hypothesisbasedona
sumof observations,” Ann.Math.Stat., 23:493-507,1952.

[46] K. L. Chung,“A noteon theergodictheoremof informationtheory,” Ann.Math.Stat.,
32: 612-614,1961.

[47] T. M. Cover, “A proofof thedatacompressiontheoremof SlepianandWolf for ergodic
sources,” IEEETrans.Inform.Theory, IT-21:226-228,1975.

[48] T. M. Cover, “An algorithm for maximizing expectedlog investmentreturn,” IEEE
Trans.Inform.Theory, IT-30:369-373,1984.



392 A FIRSTCOURSEIN INFORMATIONTHEORY

[49] T. M. Cover, P. G ÷û cs,andR. M. Gray, “Kolmogorov’s contribution to informationthe-
ory andalgorithmiccomplexity,” Ann.Prob., 17:840-865,1989.

[50] T. M. Cover andR. King, “A convergentgamblingestimateof theentropy of English,”
IEEETrans.Inform.Theory, IT-24:413-421,1978.

[51] T. M. Cover andS.K. Leung,“SomeequivalencesbetweenShannonentropy andKol-
mogorov complexity,” IEEETrans.Inform.Theory, IT-24:331-338,1978.

[52] T. M. Cover and J. A. Thomas,Elementsof Information Theory, Wiley, New York,
1991.

[53] I. Csisz÷û r, “Information type measuresof differenceof probability distributions and
indirectobservations,” StudiaSci.Math.Hungar., 2: 229-318,1967.

[54] I. Csisz÷û r, “On thecomputationof rate-distortionfunctions,” IEEETrans.Inform.The-
ory, IT-20:122-124,1974.

[55] I. Csisz÷û r andJ.K úù rner, InformationTheory:CodingTheoremsfor DiscreteMemory-
lessSystems, AcademicPress,New York, 1981.

[56] I. Csisz÷û r andP. Narayan,“Arbitrarily varying channelswith constrainedinputsand
states,” IEEE Trans.Inform.Theory, IT-34:27-34,1988.

[57] I. Csisz÷û r andP. Narayan,“The capacityof the arbitrarily varying channelrevisited:
Positivity, constraints,” IEEETrans.Inform.Theory, IT-34:181-193,1988.

[58] I. Csisz÷û r andG. Tusn÷û dy, “Informationgeometryandalternatingminimizationproce-
dures,” StatisticsandDecisions, SupplementIssue1: 205-237,1984.

[59] G. B. Dantzig,Linear ProgrammingandExtensions, PrincetonUniv. Press,Princeton,
New Jersey, 1962.

[60] L. D. Davisson,“Universalnoiselesscoding,” IEEETrans.Inform.Theory, IT-19:783-
795,1973.

[61] A. P. Dawid, “Conditionalindependencein statisticaltheory(with discussion),” J. Roy.
Statist.Soc.,SeriesB, 41:1-31,1979.

[62] A. P. Dempster, N. M. Laird, andD. B. Rubin,“Maximum likelihoodform incomplete
datavia theEM algorithm,” Journal RoyalStat.Soc.,SeriesB, 39:1-38,1977.

[63] G. DueckandJ.K úù rner, “Reliability functionof adiscretememorylesschannelat rates
above capacity,” IEEETrans.Inform.Theory, IT-25:82-85,1979.

[64] P. Elias, “Universalcodeword setsand representationsof the integers,” IEEE Trans.
Inform.Theory, IT-21:194-203,1975.

[65] EncyclopediaBritannica, http://www.britannica.com/.

[66] R. M. Fano,Classnotesfor Transmissionof Information,Course6.574,MIT, Cam-
bridge,Massachusetts,1952.

[67] R. M. Fano,Transmissionof Information:A StatisticalTheoryof Communication, Wi-
ley, New York, 1961.



BIBLIOGRAPHY 393

[68] A. Feinstein,“A new basictheoremof informationtheory,” IRE Trans.Inform.Theory,
IT-4: 2-22,1954.

[69] A. Feinstein,Foundationsof InformationTheory, McGraw-Hill, New York, 1958.

[70] W. Feller, An Introductionto Probability Theoryand Its Applications, Vol. 1, Wiley,
New York, 1950.

[71] B. M. Fitingof, “Coding in thecaseof unknown andchangingmessagestatistics,” PPI
2: 3-11,1966(in Russian).

[72] L. K. Ford,Jr. andD. K. Fulkerson,Flowsin Networks, PrincetonUniv. Press,Prince-
ton,New Jersey, 1962.

[73] G. D. Forney, Jr., “Convolutional codesI: Algebraicstructure,” IEEE Trans.Inform.
Theory, IT-16:720- 738,1970.

[74] G. D. Forney, Jr., InformationTheory, unpublishedcoursenotes,StanfordUniversity,
1972.

[75] G. D. Forney, Jr., “The Viterbi algorithm,” Proc.IEEE, 61:268-278,1973.

[76] F. Fu, R. W. Yeung,andR. Zamir, “On therate-distortionregion for multiple descrip-
tions,” submittedto IEEE Trans.Inform.Theory.

[77] S.Fujishige,“Polymatroidaldependencestructureof asetof randomvariables,” Inform.
Contr., 39:55-72,1978.

[78] R. G. Gallager, “Low-densityparity-checkcodes,” IEEE Trans.Inform. Theory, IT-8:
21-28,Jan.1962.

[79] R. G. Gallager, “A simplederivation of the coding theoremandsomeapplications,”
IEEE Trans.Inform.Theory, IT-11:3-18,1965.

[80] R. G. Gallager, InformationTheoryand ReliableCommunication, Wiley, New York,
1968.

[81] R. G. Gallager, “Variationson a themeby Huffman,” IEEE Trans.Inform. Theory, IT-
24: 668-674,1978.

[82] Y. Ge andZ. Ye, “Information-theoreticcharacterizationsof lattice conditionalinde-
pendencemodels,” submitted.

[83] A. GershoandR. M. Gray, VectorQuantizationandSignalCompression, Kluwer Aca-
demicPublishers,Boston,1992.

[84] S.Goldman,InformationTheory, Prentice-Hall,EnglewoodClif fs, New Jersey, 1953.

[85] J. Dj. Goli ÷þ , “Noiselesscodingfor multiple channels,” 1994InternationalSymposium
on InformationTheoryandIts Applications,Sydney, 1994.

[86] S. W. Golomb,R. E. Peile,andR. A. Scholtz,BasicConceptsin InformationTheory
andCoding: TheAdventuresof Secret Agent00111, PlenumPress,New York, 1994.

[87] R. M. Gray, EntropyandInformationTheory, Springer-Verlag,New York, 1990.



394 A FIRSTCOURSEIN INFORMATIONTHEORY

[88] S.Guiasu,InformationTheorywith Applications, McGraw-Hill, New York, 1976.

[89] B. E. Hajek and T. Berger, “A decompositiontheoremfor binary Markov random
fields,” Ann.Prob., 15:1112-1125,1987.

[90] D. Hammer, A. Romashchenko, A. Shen,and N. K. Vereshchagin,“Inequalitiesfor
ShannonEntropy andKolmogorov Complexity,” J. Comp.& Syst.Sci., 60: 442-464,
2000.

[91] R. V. Hamming,“Error detectinganderror correctingcodes,” Bell Sys.Tech. Journal,
29:147-160,1950.

[92] T. S.Han,“Linear dependencestructureof theentropy space,” Inform.Contr., 29:337-
368,1975.

[93] T. S.Han,“Nonnegative entropy measuresof multivariatesymmetriccorrelations,” In-
form.Contr., 36:133-156,1978.

[94] T. S.Han,“A uniquenessof Shannon’s informationdistanceandrelatednon-negativity
problems,” J. Comb., Inform.,& Syst.Sci., 6: 320-321,1981.

[95] T. S.Han,“An information-spectrumapproachto sourcecodingtheoremswith afidelity
criterion,” IEEE Trans.Inform.Theory, IT-43:1145-1164,1997.

[96] T. S. Han andK. Kobayashi,“A unified achievable rateregion for a generalclassof
multiterminal sourcecoding systems,” IEEE Trans. Inform. Theory, IT-26: 277-288,
1980.

[97] G. H. Hardy, J. E. Littlewood, andG. Polya, Inequalities, 2nd ed.,CambridgeUniv.
Press,London,1952.

[98] K. P. Hau,“Multile vel diversitycodingwith independentdatastreams,” M.Phil. thesis,
TheChineseUniversityof HongKong,Jun.1995.

[99] C. Heegard andS. B. Wicker, Turbo Coding, Kluwer AcademicPublishers,Boston,
1999.

[100] A. Hocquenghem,“Codescorrecteursd’erreurs,” Chiffres, 2: 147-156,1959.

[101] Y. Horibe,“An improvedboundfor weight-balancedtree,” Inform.Contr., 34:148-151,
1977.

[102] Hu GuoDing, “On theamountof Information,” Teor. Veroyatnost.i Primenen., 4: 447-
455,1962(in Russian).

[103] D. A. Huffman,“A methodfor theconstructionof minimumredundancy codes,” Proc.
IRE, 40:1098-1101,1952.

[104] L. P. Hyvarinen,InformationTheoryfor SystemsEngineers, Springer-Verlag,Berlin,
1968.

[105] A. W. Ingleton,“Representationof matroids,” in CombinatorialMathematicsand Its
Applications, D. J.A. Welsh,Ed.,149-167,AcademicPress,London,1971.



BIBLIOGRAPHY 395

[106] P. JacquetandW. Szpankowski, “Entropy computationsvia analyticdepoissonization,”
IEEE Trans.Inform.Theory, IT-45:1072-1081,1999.

[107] E. T. Jaynes,“On the rationaleof maximumentropy methods,” Proc. IEEE, 70: 939-
052,1982.

[108] F. Jelinek,ProbabilisticInformationTheory, McGraw-Hill, New York, 1968.

[109] V. D. Jerohin,“ ÿ -entropy of discreterandomobjects,” Teor. Veroyatnost.i Primenen, 3:
103-107,1958.

[110] O. Johnsen,“On theredundancy of binaryHuffmancodes,” IEEE Trans.Inform. The-
ory, IT-26:220-222,1980.

[111] G. A. JonesandJ.M. Jones,InformationandCodingTheory, Springer, London,2000.

[112] Y. Kakihara,Abstract Methodsin Information Theory, World-Scientific,Singapore,
1999.

[113] J. Karush,“A simpleproof of aninequalityof McMillan,” IRE Trans.Inform. Theory,
7: 118,1961.

[114] T. Kawabata,“Gaussianmultiterminalsourcecoding,” Masterthesis,Math.Eng.,Univ.
of Tokyo, Japan,Feb. 1980.

[115] T. KawabataandR. W. Yeung,“The structureof the � -Measureof a Markov chain,”
IEEE Trans.Inform.Theory, IT-38:1146-1149,1992.

[116] A. I. Khinchin, MathematicalFoundationsof InformationTheory, Dover, New York,
1957.

[117] J. C. Kieffer, “A survey of the theoryof sourcecodingwith a fidelity criterion,” IEEE
Trans.Inform.Theory, IT-39:1473-1490,1993.

[118] J.C. Kieffer andE.-h.Yang,“Grammar-basedcodes:A new classof universallossless
sourcecodes,” IEEETrans.Inform.Theory, IT-46:737-754,2000.

[119] R. KindermannandJ.Snell,Markov RandomFieldsandTheirApplications, American
Math.Soc.,Providence,RhodeIsland,1980.

[120] R. KoetterandM. M ÷ø dard, “An algebraicapproachto network coding,” 2001 IEEE
InternationalSymposiumon InformationTheory, Washington,D.C.,Jun.2001.

[121] A. N. Kolmogorov, “On theShannontheoryof informationtransmissionin thecaseof
continuoussignals,” IEEETrans.Inform.Theory, IT-2: 102-108,1956.

[122] A. N. Kolmogorov, “Three approachesto the quantitative definition of information,”
Problemsof InformationTransmission, 1: 4-7,1965.

[123] A. N. Kolmogorov, “Logical basisfor informationtheoryandprobabilitytheory,” IEEE
Trans.Inform.Theory, IT-14:662-664,1968.

[124] L. G. Kraft, “A device for quantizing,grouping and coding amplitude modulated
pulses,” M.S. thesis,Dept.of E.E.,MIT, 1949.



396 A FIRSTCOURSEIN INFORMATIONTHEORY

[125] F. R. Kschischang,B. J.Frey, andH.-A. Loeliger, “Factorgraphsandthesum-product
algorithm,” IEEETrans.Inform.Theory, IT-47:498-519,2001.

[126] S.Kullback,InformationTheoryandStatistics, Wiley, New York, 1959.

[127] S.Kullback,Topicsin StatisticalInformationTheory, Springer-Verlag,Berlin, 1987.

[128] S.KullbackandR. A. Leibler, “On informationandsufficiency,” Ann.Math.Stat., 22:
79-86,1951.

[129] G. G. Langdon,“An introductionto arithmeticcoding,” IBM J. Res.Devel., 28: 135-
149,1984.

[130] S.L. Lauritzen,GraphicalModels, Oxford SciencePublications,Oxford,1996.

[131] M. Li andP. Vit ÷û nyi, An Introductionto Kolmogorov Complexity andIts Applications,
2nded.,Springer, New York, 1997.

[132] S.-Y. R.Li, R.W. YeungandN. Cai,“Linear network coding,” to appearin IEEETrans.
Inform.Theory.

[133] S. Lin andD. J. Costello,Jr., Error Control Coding:FundamentalsandApplications,
Prentice-Hall,EnglewoodClif fs, New Jersey, 1983.

[134] T. Linder, V. Tarokh,and K. Zeger, “Existenceof optimal codesfor infinite source
alphabets,” IEEE Trans.Inform.Theory, IT-43:2026-2028,1997.

[135] L. Lovasz,“On theShannoncapacityof a graph,” IEEE Trans.Inform. Theory, IT-25:
1-7,1979.

[136] D. J. C. MacKay, “Good error-correctingcodesbasedon very sparsematrices,” IEEE
Trans.Inform.Theory, IT-45:399-431,Mar. 1999.

[137] F. M. Malvestuto,“A uniqueformal systemfor binarydecompositionsof databasere-
lations,probabilitydistributions,andgraphs,” Inform.Sci., 59:21-52,1992;with Com-
mentby F. M. MalvestutoandM. Studen÷� , Inform.Sci., 63:1-2,1992.

[138] M. Mansuripur, Introductionto InformationTheory, Prentice-Hall,Englewood Clif fs,
New Jersey, 1987.

[139] K. Marton, “Error exponentfor sourcecodingwith a fidelity criterion,” IEEE Trans.
Inform.Theory, IT-20:197- 199,1974.

[140] J. L. Massey, “Shift-registersynthesisandBCH decoding,” IEEE Trans.Inform. The-
ory, IT-15:122-127,1969.

[141] J.L. Massey, “Causality, feedbackanddirectedinformation,” in Proc.1990Int. Symp.
on Inform.TheoryandIts Applications, 303-305,1990.

[142] J.L. Massey, “Contemporarycryptology:An introduction,” in Contemporary Cryptol-
ogy: TheScienceof InformationIntegrity, G. J.Simmons,Ed.,IEEEPress,Piscataway,
New Jersey, 1992.

[143] A. M. Mathai andP. N. Rathie,BasicConceptsin InformationTheoryand Statistics:
AxiomaticFoundationsandApplications, Wiley, New York, 1975.



BIBLIOGRAPHY 397

[144] F. Mat ÷���� , “Probabilisticconditionalindependencestructuresandmatroidtheory:Back-
ground,” Int. J. of General Syst., 22:185-196,1994.

[145] F. Mat ÷���� , “Conditional independencesamongfour randomvariablesII,” Combina-
torics,Probability& Computing, 4: 407-417,1995.

[146] F. Mat ÷���� , “Conditional independencesamongfour randomvariablesIII: Final conclu-
sion,” Combinatorics,Probability& Computing, 8: 269-276,1999.

[147] F. Mat ÷���� andM. Studen÷� , “Conditional independencesamongfour randomvariables
I,” Combinatorics,Probability& Computing, 4: 269-278,1995.

[148] R. J. McEliece, The Theoryof Information and Coding, Addison-Wesley, Reading,
Massachusetts,1977.

[149] W. J. McGill, “Multi variateinformationtransmission,” TransactionsPGIT, 1954Sym-
posiumon InformationTheory, PGIT-4: pp.93-111,1954.

[150] B. McMillan, “The basictheoremsof informationtheory,” Ann.Math. Stat., 24: 196-
219,1953.

[151] B. McMillan, “Two inequalitiesimpliedby uniquedecipherability,” IRETrans.Inform.
Theory, 2: 115-116,1956.

[152] S. C. Moy, “Generalizationof the Shannon-McMillantheorem,” Pacific J. Math., 11:
705-714,1961.

[153] J. K. Omura,“A codingtheoremfor discrete-timesources,” IEEE Trans.Inform. The-
ory, IT-19:490-498,1973.

[154] J.M. Ooi, Codingfor Channelswith Feedback, Kluwer AcademicPublishers,Boston,
1998.

[155] A. Orlitsky, “Worst-caseinteractive communicationI: Two messagesarealmostopti-
mal,” IEEETrans.Inform.Theory, IT-36:1111-1126,1990.

[156] A. Orlitsky, “Worst-caseinteractive communication—II:Two messagesarenot opti-
mal,” IEEETrans.Inform.Theory, IT-37:995-1005,1991.

[157] D. S. Ornstein,“Bernoulli shifts with the sameentropy areisomorphic,” Advancesin
Math., 4: 337-352,1970.

[158] J.G. Oxley, Matroid Theory, Oxford Univ. Press,Oxford,1992.

[159] A. Papoulis, Probability, Random Variables and Stochastic Processes,2nd ed.,
McGraw-Hill, New York, 1984.

[160] J.Pearl,ProbabilisticReasoningin IntelligentSystems, MorganKaufman,SanMeteo,
California,1988.

[161] A. Perez,“Extensionsof Shannon-McMillan’s limit theoremto moregeneralstochas-
tic processes,” in Trans.Third PragueConferenceon InformationTheory, Statistical
DecisionFunctionsandRandomProcesses,545-574,Prague,1964.



398 A FIRSTCOURSEIN INFORMATIONTHEORY

[162] J.R. Pierce,An Introductionto InformationTheory: Symbols,SignalsandNoise, 2nd
rev. ed.,Dover, New York, 1980.

[163] J. T. Pinkston,“An applicationof rate-distortiontheory to a converseto the coding
theorem,” IEEETrans.Inform.Theory, IT-15:66-71,1969.

[164] M. S. Pinsker, Informationand InformationStability of RandomVariablesand Pro-
cesses, Vol. 7 of theseriesProblemyPereda�� i Informacii, AN SSSR,Moscow, 1960(in
Russian).Englishtranslation:Holden-Day, SanFrancisco,1964.

[165] N. Pippenger, “What arethe laws of informationtheory?”1986SpecialProblemson
CommunicationandComputationConference,PaloAlto, California,Sept.3-5,1986.

[166] C. Preston,RandomFields, Springer-Verlag,New York, 1974.

[167] M. O. Rabin,“Efficientdispersalof informationfor security, loadbalancing,andfault-
tolerance,” J. ACM, 36: 335-348,1989.

[168] I. S.ReedandG. Solomon,“Polynomialcodesovercertainfinite fields,” SIAMJournal
Appl.Math., 8: 300-304,1960.

[169] A. R ÷ø nyi, Foundationsof Probability, Holden-Day, SanFrancisco,1970.

[170] F. M. Reza,An Introductionto InformationTheory, McGraw-Hill, New York, 1961.

[171] J.Rissanen,“GeneralizedKraft inequalityandarithmeticcoding,” IBM J. Res.Devel.,
20:198,1976.

[172] J. Rissanen,“Universalcoding,information,prediction,andestimation,” IEEE Trans.
Inform.Theory, IT-30:629-636,1984.

[173] J. R. Roche, “Distributed information storage,” Ph.D. thesis, Stanford University,
Mar. 1992.

[174] J. R. Roche,A. Dembo,andA. Nobel, “Distributedinformationstorage,” 1988IEEE
InternationalSymposiumon InformationTheory, Kobe,Japan,Jun.1988.

[175] J. R. Roche,R. W. Yeung,andK. P. Hau, “Symmetricalmultilevel diversity coding,”
IEEETrans.Inform.Theory, IT-43:1059-1064,1997.

[176] R.T. Rockafellar, Convex Analysis, PrincetonUniv. Press,Princeton,New Jersey, 1970.

[177] S.Roman,CodingandInformationTheory, Springer-Verlag,New York, 1992.

[178] A. Romashchenko, A. Shen,andN. K. Vereshchagin,“Combinatorialinterpretationof
Kolmogorov complexity,” ElectronicColloquiumonComputationalComplexity, vol. 7,
2000.

[179] K. Rose,“A mappingapproachto rate-distortioncomputationand analysis,” IEEE
Trans.Inform.Theory, IT-40:1939-1952,1994.

[180] F. Ruskey, “A survey of Venndiagrams,”
http://www.combinatorics.org/Surveys/ds5/VennEJC.html.



BIBLIOGRAPHY 399

[181] S. Shamai,S. Verd ÷� , “The empiricaldistribution of goodcodes,” IEEE Trans.Inform.
Theory, IT-43:836-846,1997.

[182] S. Shamai,S. Verd ÷� , andR. Zamir, “Systematiclossysource/channelcoding,” IEEE
Trans.Inform.Theory, IT-44:564-579,1998.

[183] A. Shamir, “How to sharea secret,” Comm.ACM, 22:612-613,1979.

[184] C. E. Shannon,“A MathematicalTheoryof Communication,” Bell Sys.Tech. Journal,
27: 379-423,623-656,1948.

[185] C. E. Shannon,“Communicationtheoryof secrecy systems,” Bell Sys.Tech. Journal,
28: 656-715,1949.

[186] C. E.Shannon,“Predictionandentropy of printedEnglish,” Bell Sys.Tech. Journal, 30:
50-64,1951.

[187] C.E.Shannon,“Thezero-errorcapacityof anoisychannel,” IRETrans.Inform.Theory,
IT-2: 8-19,1956.

[188] C. E. Shannon,“Coding theoremsfor a discretesourcewith a fidelity criterion,” IRE
NationalConventionRecord, Part 4, 142-163,1959.

[189] C.E.Shannon,R.G.Gallager, andE.R.Berlekamp,“Lowerboundstoerrorprobability
for codingin discretememorylesschannels,” Inform. Contr., 10: 65-103(Part I), 522-
552(Part II), 1967.

[190] C. E. ShannonandW. W. Weaver, TheMathematicalTheoryof Communication, Univ.
of Illinois Press,Urbana,Illinois, 1949.

[191] P. C. Shields,The Ergodic Theoryof Discrete SamplePaths, AmericanMath. Soc.,
Providence,RhodeIsland,1996.

[192] J. E. Shoreand R. W. Johnson,“Axiomatic derivation of the principle of maximum
entropy andtheprincipleof minimumcross-entropy,” IEEE Trans.Inform.Theory, IT-
26: 26-37,1980.

[193] I. Shunsuke, Informationtheoryfor continuoussystems, World Scientific,Singapore,
1993.

[194] M. Simonnard,Linear Programming, translatedby William S. Jewell, Prentice-Hall,
EnglewoodClif fs, New Jersey, 1966.

[195] D. S.Slepian,Ed.,Key Papers in theDevelopmentof InformationTheory, IEEE Press,
New York, 1974.

[196] D. S. Slepianand J. K. Wolf, “Noiselesscoding of correlatedinformationsources,”
IEEE Trans.Inform.Theory, IT-19:471-480,1973.

[197] N. J.A. SloaneandA. D. Wyner, Ed.,ClaudeElwoodShannonCollectedPapers, IEEE
Press,New York, 1993.

[198] L. Song,R. W. YeungandN. Cai, “Zero-errornetwork codingfor acyclic networks,”
submittedto IEEETrans.Inform.Theory.



400 A FIRSTCOURSEIN INFORMATIONTHEORY

[199] F. Spitzer, “Randomfieldsandinteractingparticlesystems,” M. A. A. SummerSeminar
Notes,1971.

[200] D. R. Stinson,“An explication of secretsharingschemes,” Designs,CodesandCryp-
tography, 2: 357-390,1992.

[201] D. R. Stinson,“New generallower boundson the information rateof secretsharing
schemes,” in Adv. in Cryptology – CRYPTO ’92, Lecture Notesin Comput.Sci., vol.
740,168-182,1993.

[202] M. Studen÷� , “Multiinformation and the problemof characterizationof conditional-
independencerelations,” ProblemsControl Inform.Theory, 18:1, 3-16,1989.

[203] W. Szpankowski, “Asymptotic averageredundancy of Huffman (and other) block
codes,” IEEE Trans.Inform.Theory, IT-46:2434-2443,2000.

[204] J.C. A. vanderLubbe,InformationTheory, CambridgeUniv. Press,Cambridge,1997
(Englishtranslation).

[205] E. C. van der Meulen,“A survey of multi-way channelsin informationtheory:1961-
1976,” IEEE Trans.Inform.Theory, IT-23:1-37,1977.

[206] E. C. vanderMeulen,“Somereflectionson the interferencechannel,” in Communica-
tionsandCryptography:Two Sideof OneTapestry, R. E. Blahut,D. J.Costello,Jr., U.
Maurer, andT. Mittelholzer, Ed.,Kluwer AcademicPublishers,Boston,1994.

[207] M. van Dijk, “On the information rate of perfectsecretsharingschemes,” Designs,
CodesandCryptography, 6: 143-169,1995.

[208] M. vanDijk, “Secretkey sharingandsecretkey generation,” Ph.D.thesis,Eindhoven
Universityof Technology, Dec.1997.

[209] S. Vembu, S. Verd ÷� , andY. Steinberg, “The source-channelseparationtheoremrevis-
ited,” IEEE Trans.Inform.Theory, IT-41:44-54,1995.

[210] S.Verd ÷� andT. S.Han,“A generalformulafor channelcapacity,” IEEETrans.Inform.
Theory, IT-40:1147-1157,1994.

[211] S.Verd ÷� andT. S.Han,“The role of theasymptoticequipartitionpropertyin noiseless
sourcecoding,” IEEE Trans.Inform.Theory, IT-43:847-857,1997.

[212] S.Verd ÷� andS.W. McLaughlin,Ed.,InformationTheory: 50Yearsof Discovery, IEEE
Press,New York, 2000.

[213] A. J. Viterbi, “Error boundsfor convolutional codesandan asymptoticallyoptimum
decodingalgorithm,” IEEE Trans.Inform.Theory, IT-13:260-269,1967.

[214] A. J. Viterbi and J. K. Omura,Principles of Digital Communicationsand Coding,
McGraw-Hill, New York, 1979.

[215] T. A. Welch,“A techniquefor high-performancedatacompression,” Computer, 17: 8-
19,1984.

[216] P. M. Woodard, Probability and Information Theory with Applications to Radar,
McGraw-Hill, New York, 1953.



BIBLIOGRAPHY 401

[217] S.B. Wicker, Error Control Systemsfor Digital CommunicationandStorage, Prentice-
Hall, EnglewoodClif fs, New Jersey, 1995.

[218] S. B. Wicker andV. K. Bhargava, Ed., Reed-SolomonCodesand Their Applications,
IEEE Press,Piscataway, New Jersey, 1994.

[219] F. M. J. Willems, Y. M. Shtarkov, and T. J. Tjalkens, “The context-tree weighting
method:basicproperties,” IEEE Trans.Inform.Theory, IT-41:653-664,1995.

[220] J. Wolfowitz, “The codingof messagessubjectto chanceerrors,” Illinois Journal of
Mathematics, 1: 591-606,1957.

[221] J. Wolfowitz, Coding Theoremsof Information Theory, Springer, Berlin-Heidelberg,
2nded.,1964,3rded.,1978.

[222] A. D. Wyner, “On sourcecodingwith sideinformationat the decoder,” IEEE Trans.
Inform.Theory, IT-21:294-300,1975.

[223] A. D. WynerandJ.Ziv, “The rate-distortionfunctionfor sourcecodingwith sideinfor-
mationat thedecoder,” IEEE Trans.Inform.Theory, IT-22:1-10,1976.

[224] E.-h.YangandJ.C. Kieffer, “Efficient universallosslessdatacompressionalgorithms
basedon a greedysequentialgrammartransform– Part one:Without context models,”
IEEE Trans.Inform.Theory, IT-46:755-777,2000.

[225] C. YeandR. W. Yeung,“Somebasicpropertiesof fix-freecodes,” IEEETrans.Inform.
Theory, IT-47:72-87,2001.

[226] C. YeandR. W. Yeung,“A simpleupperboundon theredundancy of Huffmancodes,”
to appearin IEEETrans.Inform.Theory.

[227] Z. YeandT. Berger, InformationMeasuresfor DiscreteRandomFields, SciencePress,
Beijing/New York, 1998.

[228] R. W. Yeung,“A new outlook on Shannon’s informationmeasures,” IEEE Trans.In-
form.Theory, IT-37:466-474,1991.

[229] R. W. Yeung,“Local redundancy andprogressive boundson theredundancy of a Huff-
mancode,” IEEE Trans.Inform.Theory, IT-37:687-691,1991.

[230] R.W. Yeung,“Multile vel diversitycodingwith distortion,” IEEETrans.Inform.Theory,
IT-41:412-422,1995.

[231] R. W. Yeung,“A framework for linear informationinequalities,” IEEE Trans.Inform.
Theory, IT-43:1924-1934,1997.

[232] R. W. YeungandT. Berger, “Multi-w ay alternatingminimization,” 1995IEEE Inter-
nationSymposiumon InformationTheory, Whistler, British Columbia,Canada,Sept.
1995.

[233] R.W. Yeung,T. T. LeeandZ. Ye,“Information-theoreticcharacterizationof conditional
mutual independenceand Markov randomfields,” to appearin IEEE Trans. Inform.
Theory.



402 A FIRSTCOURSEIN INFORMATIONTHEORY

[234] R.W. YeungandY.-O.Yan,Information-TheoreticInequalityProver(ITIP), http://user-
www.ie.cuhk.edu.hk/~ITIP/.

[235] R. W. YeungandZ. Zhang,“On symmetricalmultilevel diversitycoding,” IEEETrans.
Inform.Theory, IT-45:609-621,1999.

[236] R. W. YeungandZ. Zhang,“Distributedsourcecodingfor satellitecommunications,”
IEEETrans.Inform.Theory, IT-45:1111-1120,1999.

[237] R. W. Yeung and Z. Zhang, “A class of non-Shannon-typeinformation in-
equalities and their applications,” Comm. Inform. & Syst., 1: 87-100, 2001
(http://www.ims.cuhk.edu.hk/~cis/).

[238] Z. ZhangandR. W. Yeung,“A non-Shannon-typeconditionalinequalityof information
quantities,” IEEETrans.Inform.Theory, IT-43:1982-1986,1997.

[239] Z. ZhangandR. W. Yeung,“On characterizationof entropy function via information
inequalities,” IEEE Trans.Inform.Theory, IT-44:1440-1452,1998.

[240] S. Zimmerman,“An optimal searchprocedure,” Am.Math. Monthly, 66: 8, 690-693,
1959.

[241] K. Sh.Zigangirov, “Numberof correctableerrorsfor transmissionover a binarysym-
metrical channelwith feedback,” ProblemsInform. Transmission, 12: 85-97, 1976.
Translatedfrom ProblemiPeredachi Informatsii, 12:3-19(in Russian).

[242] J. Ziv andA. Lempel,“A universalalgorithmfor sequentialdatacompression,” IEEE
Trans.Inform.Theory, IT-23:337-343,1977.

[243] J.Ziv andA. Lempel,“Compressionof individual sequencesvia variable-ratecoding,”
IEEETrans.Inform.Theory, IT-24:530-536,1978.



Index

a posteriordistribution,218
Abel, N.H., 368
Abeliangroup,368,381,384,386
Abrahams,J.,xv, 59,389
Abramson,N., 124,389
abstractalgebra,365
Abu-Mostafa,Y.S.,389
acyclic network, 245–250,338,364
Acz �	 l, J.,389
Ahlswede,R., 58,186,260,262,389
Algoet,P., 389
almostperfectreconstruction,65,66,233
alternating optimization algorithm, 216–218,

221
convergence,226

Amari, S.,39,389
Anantharam,V., xv
Anderson,J.B.,389
appliedmathematics,4
appliedprobability, 3
Arimoto, S.,viii, 174,186,231,390

SeealsoBlahut-Arimotoalgorithms,xiv
arithmeticmean,159
artificial intelligence,viii
ascendant,55
Ash,R.B.,390
asymptoticallyreliablecommunication,152
atomof afield, 96

weightof, 137
audiosignal,189
audiosource,323
auxiliary randomvariable,310,311,324,340–

361
averagedistortion,188, 189,191,206,210,215

expected,206
averageprobabilityof error, 159,185
Ayanoglu,E.,262,390

Balkenhol,B., 58,389
Barron,A.R., 390

basicinequalities,23, 22–25,92,103,139,264,
279–301,313,322–325,365,381

Bassalygo,L.A., 390
Bayesiannetwork, 9, 160,291,300

intersection,9
BCH (Bose-Chaudhuri-Hocquenghem)code,

174
Beethoven’s violin concerto,1
belief propagation,viii
Bell TelephoneLaboratories,2
Berger, T., ix, xii, xv, 94, 122, 214, 231, 390,

394,401
Berlekamp,E.R.,390,399
Berrou,C., 174,390
Berstel,J.,390
Bhargava,V.K., xv, 401
biasedcoin,41
binaryarbitrarily varyingchannel,186
binarycoveringradius,212
binaryentropy function,11,29,30,201
binaryerasurechannel,156, 179
binary symmetric channel (BSC), 149, 155,

183–186
alternative representationof, 155

binomialformula,132,295,297
bit, 3, 11,236
Blackwell,D., 390
Blahut,R.E., viii, xv, 186,214, 231, 390, 391,

400
Blahut-Arimotoalgorithms,xii, 157,204,215–

231
channelcapacity, 218–223,231

convergence,230
rate-distortionfunction,223–226,231

blockcode,64
block length,64,151,160,187,215
Blundo,C., 123,391
Bondy, J.A.,140,391
Bose,R.C.,391

SeealsoBCH code,xiv

403



404 A FIRSTCOURSEIN INFORMATIONTHEORY

bottleneck,235
brain,323
branchingprobabilities,54
Breiman,L., 71,390,391

SeealsoShannon-McMillan-Breimanthe-
orem,xiv

BSC,seebinarysymmetricchannel,xiv
Burrows,M., 391

Cai,N., xv, 77,260,262,364,389,396,399
Calderbank,R., 391
capacityof anedge,234
Capocelli,R.M., 122,391
Cartesianproduct,216
cascadeof channels,184
causality, 184
Ces�
 ro mean,34
chainrule for

conditionalentropy, 18
conditionalmutualinformation,19
entropy, 17, 26
mutualinformation,18, 27

Chan,A.H., xv
Chan,T.H., xv, 10,92,386,387,391
Chan,V.W.S.,xv
channelcapacity, 3, 154, 149–186,215

computationof, viii, xii, 157, 186, 218–
223,226,231

feedback,174–180
channelcharacteristics,149
channelcode,149,160,183

probabilityof error, 150
rate,152,159
with feedback,175
without feedback,158

channelcoding theorem,vii, xii, 3, 39, 160,
158–160,186

achievability, 158,166–171
converse,158,179
randomcode,166
strongconverse,165,186

channelwith memory, 183
Chatin,G.J.,391
Chernoff bound,77
Chernoff, H., 391
child, 55
chronologicalorder, 242
Chung,K.L., 71,391
ciphertext, 116,122
classicalinformationtheory, 233
closure,in agroup,366
codealphabet,42
codetree,46, 46–57,59

pruningof, 55
codebook,158,192,207
codeword, 64,158,192,207
codingsession,242,247,248,339

transaction,242,261
codingtheory, 173,174
columnspace,275
combinatorics,86
communicationengineer, 3
communicationengineering,149
communicationsystem,1, 3

Shannon’s model,2
communicationtheory, 3
commutative group,seeAbeliangroup,xiv
commutativity, 368,369
compactdisc,1
compactset,154,229
compositefunction,369
compoundsource,213
computationalprocedure,283,287
computercommunication,174
computernetwork, 233,240
computerscience,11
computerstoragesystems,174
concavity, 36,37,112,115,226,227,229,230
conditionalbranchingdistribution,54
conditionalentropy, 5, 12
conditionalindependence,xiii, 6, 147,276–277,

291,300
elementalforms,298
structureof, 10,325

conditionalmutualindependence,126–135
conditionalmutualinformation,5, 15
constantsequence,191
continuouspartialderivatives,216,221,229
convex closure,341,343,377,380
convex cone,306,307,346
convexity, 21,37,113,192,195,198,206,216,

221,225,266,308
convolutionalcode,174
convolutionalnetwork code,260
CornellUniversity, ix, xv
coset

left, 370, 371,373
right, 370

Costello,Jr., D.J.,391,396,400
countablealphabet,71
Cover, T.M., xi, xv, 231,389,391,392
crossover probability, 149, 184–186,202
CroucherFoundation,xv
Csisz�
 r, I., xii, xv, 39,94,124,231,278,392
cyclic network, 251–259

D-adicdistribution,48, 53
D-arysourcecode,42
D-it, 11,44,57������

, 191,195,198,201� �����
, 205

Dantzig,G.B.,392
Dar �� czy, Z., 389
datacommunication,174
datapacket, 240



INDEX 405

dataprocessingtheorem,vii, 28, 118,164,244,
289,323

Davisson,L.D., 392
Dawid, A.P., 292,392
DeSantis,A., 122,123,391
DeSimone,R., 123,391
decoder, 64,166,207,240
decodingfunction,70,158,175,192,242,247,

258,339,354
deepspacecommunication,174
Delchamps,D.F., xv
Dembo,A., 262,398
Dempster, A.P., 392
dense,347
dependency graph,160,176,186

directededge,160
dottededge,160
parentnode,160
solid edge,160

descendant,47,56
destination,2
destinationnode,233
digital, 3
digital communicationsystem,3
directedgraph,234

acyclic, 245,337
cut,235,350

capacityof, 235
cycle,245,252
cyclic, 245
edges,234
max-flow, 235
min-cut,235
nodes,234
path,245,252
rateconstraints,234,235,337
sinknode,234
sourcenode,234

directionalderivative, 229
discretechannel,153

alternative representationof, 183
discretememorylesschannel(DMC), vii, 152–

157,175,183,184,215
achievablerate,160
symmetric,185

diskarray, 239,335,362
distinguishablemessages,248
distortionmeasure,187–214

average,188
context dependent,189
Hamming,189,201,203
normalization,189,199
single-letter, 188
square-error, 189

distortion-ratefunction,195
distributedsourcecoding,364
divergence,5, 20, 19–22,37,39,318

convexity of, 37
divergenceinequality, vii, 21, 22,37,219,318
diversitycoding,239,336
DMC, seediscretememorylesschannel,xiv
Dobrushin,R.L., 390
doubleinfimum,218,225
doublesupremum,216,218,220,221
duality theorem,286

dual,286
primal,286

Dueck,G., 392
dyadicdistribution, 48
Dyckman,H., vii

eardrum,323
east-westdirection,217
eavesdropper, 116
efficient sourcecoding,66–67
elementalinequalities,281, 279–281,285,301,

302� -inequalities,294–298

ó
-inequalities,294–298

minimality of, 293–298
Elias,P., 392
EM algorithm,231
emotion,1
empiricaldistribution,93

joint, 210
empiricalentropy, 62, 64,73
encoder, 64,166,207,240
encodingfunction,70,158,175,192,242,246,

247,257,339,353
EncyclopediaBritannica,4, 392
engineering,3, 183
English,entropy rateof, 69
ensembleaverage,68
entropic,266,305,342,374
entropies,linear combinationof, 10, 24, 124,

267,281
entropy, vii, viii, 3, 5, 10, 39,372

concavity of, 112
relationwith groups,365–387

entropy bound,xii, 44, 42–45,48,50,53,57
for prefixcode,54

entropy function, xi, 266, 301, 306, 308, 313,
322,372

continuityof, 380
groupcharacterization,375, 372–376

entropy rate,xii, 5, 33, 32–35,187
of English,69

entropy space,266,269,281,301,341,372
equivalencerelation,138
erasureprobability, 156
ergodic,68
ergodicstationarysource,68, 71,180

entropy rate,69
Euclideandistance,220,309
Euclideanspace,266,302,341



406 A FIRSTCOURSEIN INFORMATIONTHEORY

expecteddistortion,191,223
minimum,191,201

extremedirection,305,314,321

facsimile,1
fair coin,41
Fano’s inequality, vii, 30, 28–32,39, 67, 164,

179,182,186,245,344
simplifiedversion,31
tightnessof, 38

Fano,R.M., 39,186,392
fault-tolerantdatastoragesystem,239,322
fault-tolerantnetwork communication,335
FCMI, seefull conditionalmutual independen-

cies,xiv
feedback,vii, xii, 153,154,183–185
Feinstein,A., 186,393
Feller, W., 393
ferromagneticmaterial,140,147
field, in measuretheory, 96
Fine,T.L., xv
finite alphabet,29, 32, 67, 70, 71, 82, 93, 154,

167,180,188,207,215,352,358,
380

finite group,367, 365–387
finite resolution,1
finite-dimensionalmaximization,215
Fitingof, B.M., 393
fix-freecode,58
flow, 234, 251

conservationconditions,235
valueof, 235
zeroflow, 252

Ford,Jr., L.K., 393
Forney, Jr., G.D.,393
frequency of error, 189
Frey, B.J.,396
Fu,F., xv, 119,393
Fujishige,S.,300,393
Fulkerson,D.K., 393
full conditionalindependence,xii
full conditional mutual independencies,126,

135–140,291
axiomatization,147
imageof, 136, 138
set-theoreticcharacterization,147

functionaldependence,276,358
fundamentalinequality, xii, 20, 45
fundamentallimits, 3

G �
 cs,P., 392
Gallager, R.G.,xv, 174,185,186,393,399�
Ø

, 281–301���
Ø

, 266, 282,301,364,366� �
Ø

, 305
groupcharacterizationof, 377–380

Gargano,L., 122,391

Ge,Y., 147,393
genericdiscretechannel,153, 166,215,218
Gersho,A., 393
Gitlin, R.D.,262,390
Glavieux,A., 390
globalMarkov property, 140, 146
Goldman,S.,393
Goli �� , J.Dj.,309,393
Golomb,S.W., 393
gradient,228
graphtheory, 140,234
graphicalmodels,xii, 147
Gray, R.M., 392,393
group,366, 365–387

associativity, 366, 367–369,372
axiomsof, 366
closure,368,369,372
identity, 366, 367–370,372,373
inverse,366–368,370
orderof, 365,367,370

groupinequalities,365–380,384,387
grouptheory, ix, xi, xiii, 94,306

relationwith informationtheory, 365–387
group-characterizableentropy function, 375,

372–376
Guiasu,S.,394

Hajek,B.E.,xv, 394
half-space,269,347
Hammer, D., 325,394
Hammingball, 212
Hammingcode,174
Hammingdistance,185
Hammingdistortionmeasure,189
Hamming,R.V., 394
Han,T.S.,xv, 37,124,278,309,394,400
Hardy, G.H.,39,394
Hau,K.P., 363,364,394,398
He,Y., xv
Heegard,C., xv, 394
Hekstra,A.P., xv
hiker, 217
Ho, S.-W., xv
Hocquenghem,A., 394

SeealsoBCH code,xiv
homeentertainmentsystems,174
Horibe,Y., 394
Hu, G.D.,vii, 124,394
Huffmancode,48, 48–53

expectedlength,50,52
optimality of, 50

Huffmanprocedure,48, 48–53
dummysymbols,49

Huffman,D.A., 59,394
humanfactor, 1
hypergraph,147
hyperplane,268,273,277,305,321,347
Hyvarinen,L.P., 394



INDEX 407

I, C.-L., 262,390�
-Measure,vii, viii, xii, 102, 95–147,162,302,

308
emptyatom,100
Markov chain,105–111,119,143–145
Markov structures,125–147
negativity of, 103–105
nonemptyatom,100
uniqueness,102–103,107
universalset,97,100

i.i.d. source,64,68,70,73,188,213,215
bivariate,83,84

image,189
imperfectsecrecy theorem,116
implication problem, xiii, 276–277,291–293,

300
involvesonly FCMI’s,138,276

inclusion-exclusionformula,99
avariationof, 119

incompletedata,231
incompressible,66,239
independenceboundfor entropy, 25,66
independenceof randomvariables,5–10

mutual,6, 26,33,36,107,121,208,270,
290,359

pairwise,6, 36,104,303
independentparallelchannels,185,299
inferior, 329,347

strictly, 347
infinite alphabet,29,32,70,93
infinite group,367
InformationAge,4
informationdiagram,vii, xii, 105, 95–124,287,

293,312
Markov chain, 108–111,119, 143–145,

162
informationexpressions,263

canonicalform, 267–269
alternative, 277
uniqueness,268,277,278

nonlinear, 278
symmetrical,277

informationidentities,xii, 24, 124,263
constrained,272,284–285
unconstrained,269

information inequalities,xi, xii, 24, 112, 263,
364,366,380–384

constrained,270–272,284–285
equivalenceof, 273–276,278

framework for, xiii, 263–278,340,341
machine-proving, ITIP, 265,287–291
non-Shannon-type,viii, xiii, 25,301–325
Shannon-type,viii, xiii, 279–300
symmetrical,298
unconstrained,269, 283–284,305, 366,

380
informationrate-distortionfunction,196, 206

continuityof, 206
propertiesof, 198

informationsource,2, 32,42,187,233,242
informationaldivergence,seedivergence,xiv
Ingletoninequality, 325,386
Ingleton,A.W., 394
inputchannel,240,247,339
inputdistribution,154, 166,215,218,224

strictly positive, 221,231
interleave, 254
internalnode,46, 46–57

conditionalentropy of, 54
Internet,233
invertibletransformation,268
Isingmodel,140,147
iterative algorithm,186,214,216,224,231
ITIP, viii, xiii, xvi, 287–291,300,310,324

efficient implementation,294

Jacquet,P., 395
Jaynes,E.T., 395
Jelinek,F., 395
Jensen’s inequality, 205
Jerohin,V.D., 213,395
Jewell, W.S.,399
Johnsen,O., 58,395
Johnson,R.W., 399
joint entropy, 12, 265
joint source-channelcoding,181,183
Jones,G.A., 395
Jones,J.M.,395

Kakihara,Y., 395
Karush,J.,59,395
Kawabata,T., 108,124,147,395
Keung-Tsang,F.-O.,xvi
key, of acryptosystem,116,122
Khachatrian,L., 58,389
Khinchin,A.I., 395
Kieffer, J.C.,395,401
Kindermann,R., 395
King, R., 392
Kobayashi,K., xv, 394
Koetter, R., 262,364,395
Kolmogorov complexity, xi, 325,387
Kolmogorov, A.N., 395
K �� rner, J.,xii, 94,124,278,389,392
Kraft inequality, vii, xii, 42, 44, 45, 47, 48, 52,

58,59
Kraft, L.G., 395
Kschischang,F.R.,xv, 396
Kullback,S.,39,396
Kullback-Leiblerdistance,seedivergence,xiv

L’Hospital’s rule,17
Lagrangemultipliers,222
Lagrange’s Theorem,371
Laird, N.M., 392



408 A FIRSTCOURSEIN INFORMATIONTHEORY

Langdon,G.G.,396
Lapidoth,A., xv
LATEX, xvi
latticetheory, 124
Lauritzen,S.L.,396
laws of informationtheory, xiii, 264,321,325
leaf,46, 46–57
Lebesguemeasure,278,305
Lee,J.Y.-B., xvi
Lee,T.T., 147,401
Leibler, R.A., 39,396
Lempel,A., 402
letter, 32
Leung,S.K.,392
Li, M., 396
Li, P., xv
Li, S.-Y.R.,260,262,389,396
Lin, S.,396
Linder, T., 59,396
line of sight,336
linearcode,174
linearconstraints,270,273
linearnetwork code,262
linear programming,viii, xiii, 279, 281–287,

300,346
linearsubspace,271,314,321
Littlewood,J.E.,39,394
local Markov property, 146
local redundancy, 56
local redundancy theorem,56–57
Loeliger, H.-A., 396
log-optimalportfolio, 231
log-suminequality, 21,37,230
longestdirectedpath,245
Longo,G.,390
losslessdatacompression,3, 59
losslesssourcecoding,vii
Lovasz,L., 396
low-densityparity-check(LDPC)code,viii, 174

MacKay, D.J.C.,174,396
majority vote,151
Malvestuto,F.M., 147,396
Mann,H.B., 390
Mansuripur, M., 396
mappingapproach,214
marginaldistribution, 310–312
Markov chain,xii, 5, 7, 27, 107,108,111,112,

115,117,119,125,126,140,143–
145,161,179,184,244,275,287,
289,310,312,323

informationdiagram,107–111,119,143–
145,162

Markov graph,140
Markov randomfield, xii, 111, 126, 140–143,

147
hypergraphcharacterizationof, 147

Markov star, 146
Markov structures,xii, 125–147
Markov subchain,8
Marton,K., 396
Massey, J.L.,xv, 116,396
Mathai,A.M., 396
mathematicallogician,viii
mathematicalphysics,ix
mathematics,ix
MATLAB, 287
Mat ����� , F., 276,309,325,397
Maurer, U., 391,400
max-flow, 235,244,252
max-flow bound,xiii, 236, 242, 242–259,262,

327,350
achievability, 245–259

max-flow bounds,328–330,361
max-flow min-cuttheorem,viii, 235,244,249
maximalprobabilityof error, 159,166,181,185
maximumlikelihooddecoding,185
Mazo,J.,262,390
McEliece,R.J.,397
McGill, W.J.,124,397
McLaughlin,S.W., 400
McMillan, B., 59,71,397

SeealsoShannon-McMillan-Breimanthe-
orem,xiv

meanergodic,69
mean-squareerror, 189
meaningfulinformation,1
measuretheory, 68,96
M �	 dard,M., 262,364,395
membershiptable,373
message,236
messageset,149,158
methodof types,77,94
microelectronics,173
min-cut,235,244
minimumdistancedecoding,185
Mittelholzer, T., 391,400
modulo2 addition,238,261,367–368,375,376
modulo3 addition,261
Mohan,S.,389
mostlikely sequence,64
Moy, S.C.,397� � , see

�
-Measure,xiv

multi-dimensionaldirection,217
multi-sourcenetwork coding,vii, viii, xiii, 327–

364� � , 342� � , 342
achievable information rate region, 327,

340
innerbound,340–342
LP bound,346–350
outerbound,342–346

achievableinformationratetuple,339



INDEX 409

algebraicapproach,364
network codefor acyclic network, 337–

340
randomcode,352
superposition,330–334,362,364
variablelengthzero-error, 341

multicast,viii, xiii, 233, 233–262,327–364
multilevel diversitycoding,335–336,364

symmetrical,336,364
multipledescriptions,119
multiple informationsources,234
multiterminalsourcecoding,214
Murty, U.S.R.,140,391
mutualinformation,5, 13, 223

betweenmorethantwo randomvariables,
105

concavity of, 115
convexity of, 113,199

mutuallyindependentinformationsources,327–
361

Narayan,P., xv, 77,392
nerve impulse,323
network coding,xi, xiii, 240, 233–262,327–364
neuralnetwork, viii
Nobel,A., 262,398
nodeof a network, 233,240
noisesource,2
noisychannel,3, 149,171
noisyenvironment,1
non-Shannon-typeinequalities, viii, xiii, 25,

264, 265,287,301–325
constrained,315–321
unconstrained,310–315,366,384

nonlinearoptimization,216
nonnegative linearcombination,285, 286
nonnegative orthant,266,268,282,302,309
north-southdirection,217
null space,273
numericalcomputation,157,204,215–231

Omura,J.K.,397,400
Ooi, J.M.,397
optimalcodingscheme,3
orderof a node,47
ordinate,223
Orlitsky, A., xv, 397
Ornstein,D.S.,397
orthogonalcomplement,274
outputchannel,237,240
Oxley, J.G.,397

Papoulis,A., 124,397
paritycheck,174
partition,138,353
PC,xvi, 287
Pearl,J.,397

Peile,R.E.,393
perceiveddistortion,189
Perez,A., 397
perfectsecrecy theorem,Shannon’s, xii, 116
permutation,368
permutationgroup,368–370
Perrin,D., 390
physicalentity, 236
physicalsystem,4
physics,xi
Pierce,J.R.,398
Pinkston,J.T., 214,398
Pinsker’s inequality, 22,38,39,77
Pinsker, M.S.,39,390,398
Pippenger, N., 325,398
plain text, 116,122
point-to-pointchannel,149,233,234

error-free,233
point-to-point communication network, xiii,

233–235,327
point-to-pointcommunicationsystem,2, 233
Polya,G., 39,394
polymatroid,297,300,325
polynomial,278
practicalcommunicationsystem,149,174
prefixcode,vii, xii, 42,45, 45–57

entropy bound,xii
existenceof, 47
expectedlength,55
randomcoding,58
redundancy, vii, xii, 54–57

prefix-freecode,seeprefixcode,xiv
Preston,C., 147,398
probabilisticcoding,70,183
probabilitydistribution

rational,377
strictly positive, 5, 9, 218,299

factorizationof, 10
with zeromasses,5, 146,218

probabilityof error, 30, 64, 150,165,189,196,
339

probabilitytheory, xi, 276,321
productsource,213,299
projection,346
pyramid,282,285

quantizedsamples,188
quasi-uniformstructure,374

asymptotic,91,374

Rabin,M.O., 262,398
randomcode,166,207,247,262,352,363
randomcodingerrorexponent,186
randomnoise,149
rankfunction,386
rankof amatrix,273

full, 274–276



410 A FIRSTCOURSEIN INFORMATIONTHEORY

rateconstraints,234, 236, 242, 243, 245, 247,
251,259,332,337,339

rate-distortioncode,191, 187–215
rate-distortion function, 195, 191–196, 206,

213,215
binarysource,201

forwardchanneldescription,212
reversechanneldescription,202

computationof, viii, xii, 204, 214, 223–
226,231

normalization,214
productsource,213,299
propertiesof, 195
Shannonlower bound,213

rate-distortionpair, 192, 204
rate-distortionregion,192, 196,223
rate-distortiontheorem,vii, xii, 197, 196–204,

214
achievability, 206–212
converse,204–206
randomcode,207
relationwith sourcecodingtheorem,203

rate-distortiontheory, viii, xii, 187–214
Rathie,P.N., 396
rationalnumber, 193,194,377
raw bits,66, 239

almostraw bits,67
Ray-Chaudhuri,D.K., 391

SeealsoBCH code,xiv
reachingprobability, 54,55
receiver, 2
receiving point,233,330
rectangularlattice,140,147
reducedcodetree,51
reducedprobabilityset,51
redundancy

of prefixcode,vii, xii, 54–57
of uniquelydecodablecode,45

Reed,I.S.,398
Reed-Solomoncode,174
relative entropy, seedivergence,xiv
relative frequency, 73,82
R �	 nyi, A., 398
repetitioncode,151
replicationof information,237,238
reproductionalphabet,188,201,207
reproductionsequence,187–189,194,207
resultantflow, 235,252
Reza,F.M., 124,398
Rissanen,J.,398
Roche,J.R.,262,363,364,398
Rockafellar, R.T., 398
Roman,S.,398
Romashchenko, A., 325,387,394,398
Rose,K., 214,398
routing,236,238
row space,274

Rubin,D.B., 392
Ruskey, F., 398
Russian,124

Sason,I., xv
satellitecommunicationnetwork, 335–336
Scholtz,R.A., 393
science,3
scienceof information,the,3
secretkey cryptosystem,116,122
secretsharing,122, 123,290

accessstructure,122
information-theoreticbounds, 122–123,

290,291
participants,122

securitylevel of cryptosystem,116
self-information,14
semi-graphoid,299,300

axiomsof, 292
separatingrate-distortioncoding and channel

coding,214
separatingsourceandchannelcoding,153,180–

183
separationtheoremfor sourceandchannelcod-

ing, 183
setfunction,266

additive, 96,120,135
setidentity, 99,124,132
setoperations,95,96
settheory, xii, 95
Shamai,S.,xv, 399
Shamir, A., 399
Shannoncode,53
Shannon’s informationmeasures,xii, 5, 10–16,

24,95
continuityof, 16
elementalforms,280, 298
irreducible,279, 298
linearcombinationof, 263
reducible,279, 298
set-theoreticstructureof, see

�
-Measure,

xiv
Shannon’s papers,collectionof, 4
Shannon,C.E., vii, viii, xi, 2, 39, 59, 64, 71,

186,213,214,300,325,399
Shannon-McMillan-Breimantheorem,xii, 35,

68, 68–69,181
Shannon-typeidentities

constrained,284–285
Shannon-typeinequalities,viii, xiii, 264, 265,

279–300,309
constrained,284–285
machine-proving, ITIP, 279, 287–291,

301
unconstrained,283–284

Shen,A., 325,387,394,398
Shields,P.C.,399
Shore,J.E.,399



INDEX 411

Shtarkov, Y.M., 401
Shunsuke, I., 399
siblings,50
side-information,214
signal,149
signedmeasure,96, 102,103
Simmons,G.J.,396
Simonnard,M., 399
simplepath,252

maximumlength,253
simplex method,284,285

optimality test,284,285
single-inputsingle-outputsystem,149,153
single-lettercharacterization,215
single-letterdistortionmeasure,215
single-sourcenetwork code� -code,241,242,247

causalityof, 244

ó
-code,246,247,257,338! -code,257

phase,258
single-sourcenetwork coding, viii, 233–262,

327,328,348,350
achievableinformationrate,242,259
algebraicapproach,262
onesink node,236
randomcode,247,262
threesinknodes,239
two sink nodes,237

sinknode,234,236
Slepian,D.S.,214,399
Slepian-Wolf coding,214
Sloane,N.J.A.,391,399
Snell.J.,395
Solomon,G., 398

SeealsoReed-Solomoncode,xiv
Song,L., xv, 364,399
soundwave,323
sourcecode,42,183,187
sourcecodingtheorem,vii, xii, 3, 64, 64–66,71,

187,196,203
codingrate,64
converse,66
directpart,65
generalblockcode,70

sourcenode,234,236
sourcerandomvariable,213
sourcesequence,187–189,194,207
Spitzer, F., 147,400
stationarysource,xii, 34, 68

entropy rate,5, 32–35
statisticalmechanics,viii
Steinberg, Y., 400
still picture,2
Stinson,D.R.,400
Stirling’s approximation,84
stockmarket,231

strongasymptoticequipartitionproperty(AEP),
61, 74, 73–81,93, 209, 352, 353,
357

stronglaw of largenumbers,69
strongtypicality, xii, 73–94,207,351

consistency, 83,168,209
joint, vii, 82–92
joint AEP, 84
joint typicality array, 90,374
jointly typical sequence,83
jointly typical set,83
typical sequence,vii, 73
typical set,73
vsweaktypicality, 81

Studen�" , M., 123,299,300,325,396,397,400
subcode,194
subgroups,xiii, 365–387

intersectionof, 365,372
membershiptable,373

substitutionof symbols,99
suffix code,58
summitof amountain,217
support,5, 11,17,19,36,70,73,188,304,375

finite, 358
switch,240
Szpankowski, W., xv, 395,400

tangent,223
Tarokh,V., 59,396
Telatar, I.E., xv
telephoneconversation,174
telephoneline, 1, 174
telephonenetwork, 233
television broadcastchannel,2
thermodynamics,viii, 39
Thitimajshima,P., 390
Thomas,J.A.,xi, 392
Thomasian,A.J.,390
timeaverage,68
time-parametrizedacyclic graph,251

layersof nodes,251
time-sharing,193,359
Tjalkens,T.J.,401
transitionmatrix, 153,184,198,215,218,223,

224
strictly positive, 226

transmitter, 2
transmittingpoint,233,330
triangularinequality, 20,37
Tsang,M.-W., xvi
Tsang,P.-W.R.,xvi
turbocode,viii, 174
Tusn�
 dy, G., 231,392
TypeI atom,141
TypeII atom,141
typeof anempiricaldistribution, 93

uncertainty, 2, 11



412 A FIRSTCOURSEIN INFORMATIONTHEORY

undirectedgraph,140
component,140
cutset,140
edge,140
loop,140
vertex, 140

uniform distribution, 155, 157, 158, 167, 213,
247,304,308,374,375

unionbound,76,168,181,195,249,250
uniquelydecodablecode,xii, 42, 45,47,48,50,

54,58,59
expectedlength,43
redundancy, 45

universalsourcecoding,70
Unix, xvi, 287

Vaccaro,U., 122,123,391
vanderLubbe,J.C.A.,400
vanderMeulen,E.C.,400
vanDijk, M., 123,400
variablelengthchannelcode,179
variationaldistance,22,38
vectorspace,386
Vembu, S.,400
Venndiagram,xvi, 14,96,105,124
Verd �� , S.,xv, 399,400
Vereshchagin,N.K., 325,387,394,398
videosignal,189
Vit �
 nyi, P., 396
Viterbi, A.J.,400

waterflow, 234
waterleakage,234
waterpipe,171,234
weakasymptoticequipartitionproperty(AEP),

xii, 61, 61–71
SeealsoShannon-McMillan-Breimanthe-

orem,xiv
weakindependence,121
weaklaw of largenumbers,61,62,151

weaktypicality, xii, 61–71,73,82
typical sequence,vii, 62, 62–71
typical set,62, 62–71

Weaver, W.W., 399
Wegener, I., 389
Wei, V.K., xv
Welch,T.A., 400
Welsh,D.J.A.,394
Wheeler, D.J.,391
Wicker, S.B.,394,401
Willems,F.M.J.,xv, 401
wirelesscommunication,174
Wolf, J.K.,xv, 214,399

SeealsoSlepian-Wolf coding,xiv
Wolfowitz, J.,186,389,401
Woodard,P.M., 400
Wyner, A.D., 399,401
WYSIWYG, 112

Yan,Y.-O.,viii, xvi, 300,320,402
Yang,E.-h.,395,401
Ye,C., xv, 59,401
Ye,Z., 147,393,401
Yeh,Y.N., xvi
Yeung,G.,xvi
Yeung,R.W., vii, viii, 10, 57, 59, 77, 119,122,

124,147,231,260,262,278,300,
324, 325,363, 364, 389–391,393,
395,396,398,399,401,402

Yeung,S.-W.S.,xvi

Zamir, R., 119,393,399
Zeger, K., xv, 59,396
zero-errordatacompression,xii, 41–59,61
zero-errorreconstruction,233,242
Zhang,Z., viii, xv, 292,324,325,364,402
Zigangirov, K.Sh.,402
Zimmerman,S.,59,402
Ziv, J.,401,402


